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ABSTRACT

We address the problem of classifying a signal that has been
corrupted by an unknown linear time-invariant filter. This
problem is common in remote-sensing and non-destructive
evaluation applications where multipath and spreading are preva-
lent. A traditional approach is blind deconvolution to estimate
the original signal, followed by classification of the estimated
signal. Blind deconvolution is an ill-posed estimation prob-
lem, and if only a classification is needed, then we hypothe-
size it is an unnecessary step. We present an alternative max-
imum likelihood classifier that uses second-order probability
models for the original signal and the unknown corrupting fil-
ter. The resulting quadratic discriminant analysis classifier is
shown to perform well over a range of signal-to-noise ratios
for two different models of multipath, and in all cases per-
forms consistently better than a standard blind deconvolution
method followed by a quadratic discriminant analysis classi-
fier.

Index Terms— multipath, deconvolution, classification,
Gaussian process

1. INTRODUCTION

Consider the problem of classifying a signalz as one of a
finite number of classesy = {1, 2, . . . , G} wherez is defined
by

z = h ∗ x + n, (1)

where∗ is the convolution operator,h has lengthMh and is
the impulse response of a linear time-invariant filter, andx
is a signal of lengthMx. The signalz is known andh, x
andn are assumed to be unknown, but some information will
be assumed about their distributions. This problem of clas-
sifying a signal that has undergone unknown filtering arises
in many remote-sensing and non-destructive evaluation sce-
narios, where the signal-of-interest isx, but one receives the
corrupted signalz, andh characterizes the effect of multipath
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or other spreading characteristics of the media through which
the signalx has traveled.

Many researchers have approached the problem by sug-
gesting that one first form an estimate of the deconvolved sig-
nal x̂ using a blind deconvolution technique, and then classify
x̂ [1–3]. In previous work, we have demonstrated that simple
methods to jointly address deconvolution and classification
can outperform deconvolution followed by classification [4].
That approach treats signals deterministically, and the perfor-
mance depends on how closely test signals match training sig-
nals in a deterministic sense.

In this paper we propose a maximum likelihood classifier
that stochastically modelsx, h andn and avoids the ill-posed
problem of estimating a deconvolved signalx̂. Instead, the
deconvolution is treated probabilistically as part of the max-
imum likelihood optimization that produces the class label.
In Section 2 we present the classification method based on
second order statistics of the unknown signals. Experimen-
tal setup is described in Section 3 and results are presented in
Section 4. We close with a discussion in Section 5.

2. JOINT QDA CLASSIFIER

Let the class-conditional distribution of a random signalX
belonging to classy have finite meanµxy and finite covari-
anceΣxy. We model the noise signaln as a realization of
the random noise signalN , and assumeN is drawn indepen-
dently and identically fromN (0, σ2

nI) and is independent of
X. Assume the filter’s impulse responseh is a realization of a
random impulse responseH that is independent ofX andN
and that the distribution ofH has finite meanµh and finite co-
varianceΣh. We model the received signalz as a realization
of a random signalZ where

Z = X ∗H + N. (2)

A standard approach to classification is quadratic discrim-
inant analysis (QDA), which models each class-conditional
distribution as a Gaussian distribution [5, 6]. We apply QDA
to the (Mx + Mh − 1)-dimensional feature space formed by
the coefficients of the corrupted signalz, such thatp(z|y) is



modeled as a Gaussian distributionN (µzy,Σzy). One moti-
vation for QDA is that the Gaussian distribution is the max-
imum entropy (i.e. least assumptive) distribution given fixed
second-order statistics.

Given QDA’s class-conditional Gaussian models forZ,
the maximum likelihood class of the corrupted signalz is the
classy∗ that maximizes the class-conditional Gaussian prob-
ability p(z|y), that isy∗ solves

arg min
y=1,2,...,G

(
log |Σzy|+ (z − µzy)T Σ−1

zy (z − µzy)
)
. (3)

Next, we give closed-form solutions forµzy andΣzy given
µxy, Σxy, µh, Σh, andσn. Specifically, themth component
of the mean signalµzy is derived from(2) to be

µzy[m] = Ep(z|y)[Z[m]] (4)

= Ep(x|y)p(h)p(n) [(X ∗H)[m] + N [m]]

= Ep(x|y)p(h)

[∑
k

X[k]H[m− k]

]
=

∑
k

Ep(x|y) [X[k]]Ep(h) [H[m− k]]

=
∑

k

µxy[k]µh[m− k],

and thusµzy = µxy∗µh. Using∗∗ to denote two-dimensional
convolution,

Σzy = Ep(z|y)

[
ZZT

]
− Ep(z|y) [Z]Ep(z|y) [Z]T

= E
[
(X ∗H + N)(X ∗H + N)T

]
− µzyµT

zy

a= E
[
(X ∗H)(X ∗H)T

]
+ E

[
NNT

]
− µzyµT

zy

b= E
[
(XXT ) ∗ ∗(HHT )

]
+ σ2

nI − µzyµT
zy

c= E
[
(XXT )

]
∗ ∗E

[
(HHT )

]
+ σ2

nI − µzyµT
zy

= (Σxy + µxyµT
xy) ∗ ∗(Σh + µhµT

h )

+σ2
nI − µzyµT

zy,

where the expectations are taken with respect to the appro-
priate distributions, recalling thatp(z|y) = p(x|y)p(h)p(n).
Note that (c) follows from (b) due to the linearity of both
expectation and convolution, and that (a) can be re-written
as (b) because thenth-mth component of the outer product
(X ∗H)(X ∗H)T can be expressed as(∑

k

X[k]H[n− k]

)(∑
i

X[i]H[m− i]

)
=

∑
k

∑
i

X[k]H[n− k]X[i]H[m− i]

=
∑

k

∑
i

(X[k]X[i]) (H[n− k]H[m− i]) ,

and thus(X ∗H)(X ∗H)T = (XXT ) ∗ ∗(HHT ).

This classification approach requires the second-order statis-
tics for the random processes generatingh andx; most blind
deconvolution algorithms also require some information or
assumptions about eitherx or h or both [3,7].

3. EXPERIMENTS

Two-class classification experiments were conducted with two
different models of multipath filtering for the filterh. For
all of the experiments the signalsX were drawn from class-
conditional Gaussian random processes, with known mean-
signals and covariance matrices. Each signalX had length
Mx = 500 and was drawn iid from one of two classes with
equal probability, and thenX ∼ N (µxy,Σxy), where the
µxy signal was constant over time and theΣxy was diago-
nal (these values are given in Tables 1 and 2). Each signal
Z = X ∗ H + N was created by randomly drawing a signal
X andH, and then different noise signalsN were added for
different SNRs. Results averaged over 1000 test signals are
given in Tables 1 and 2 for different class distributions.

The first model for the multipath was that each coeffi-
cient of the random filterH was drawn independently from
a Laplacian random process with parametersµ[k], b[k]:

p(h[k]|µ[k], b[k]) =
1

2b[k]
e−(|x−µ[k]|/b[k]), (5)

for all k = 1, . . . , 100, whereµh[1] = 1 and µh[k] = 0
for all k > 1, and the scale parameterb decays ask grows:
b[k] = 0.2e−0.024(k−1). The decay parameter coefficients for
this experiment were chosen to model oceanic multipath fil-
tering of sonar signals. An example realization of a filter
h drawn from (5) is shown in Fig. 1. Laplacian random
processes create sparse realizations which are an appropriate
model for some multipath filtering phenomena. Results with
this multipath model are given in Table 1.

A second multipath model was formed such that the stochas-
tic filter H had independent components where thenth com-
ponent was

H[n] =

 exp(−βn) with probabilityp/2
− exp(−βn) with probabilityp/2
0 with probability1− p.

(6)

for n > 1, H[1] = 1, and to model oceanic-sonar multipath,
we setp = 0.15 andβ = 0.024. This stochastic model is sim-
ilar to the standardK-impulse deterministic model of multi-
path whereh =

∑K
k=1 αkδ[n−nk] whereαk = ± exp(−βnk)

to model propagation loss at rateβ [4,8], but rather than spec-
ify the number of impulsesK, in our stochastic model the
probability of an impulse at a given time is specified. An
example realization of the sparse multipath defined above is
shown in Fig. 2. With multipathH specified in (6), the mean
is µh[n] = 0 for all n > 1 andµh[1] = 1, and the covari-
anceΣh is a diagonal matrix, where the first component of
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Fig. 1. Example realization of the random filterH drawn
from a multivariate Laplace distribution to model multipath.

the diagonal is zero, and thenth component of the diagonal is
p exp(−2βn) for n > 1.
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Fig. 2. Example realization of the random filterH drawn
from the mulitpath model given in (6).

The proposed joint QDA classifier given in (3) was com-
pared to a two-step classifier that first uses blind deconvolu-
tion to estimate the signal̂x, then classifieŝx using quadratic
discriminant analysis. That is, the signalz is classified based
on the maximum-likelihood classification of the estimated de-
convolved signal̂x such that the estimated classŷ maximizes
p(x̂|y), that isŷ solves

arg min
y=1,2,...,G

(
log |Σxy|+ (x̂− µxy)T Σ−1

xy (x̂− µxy)
)
.

(7)
The blind deconvolution method used to estimatex̂ was pro-
posed by Cabrelli for signals that have undergone unknown

multipath filtering [9]. Cabrelli’s method was shown to pro-
duce deconvolved signal estimatesx̂ that were significantly
better correlated with the truex than the deconvolution esti-
mates produced by other blind deconvolution methods, partic-
ularly in the presence of additive noise [3]. The approach uses
the D-norm sparseness criterion to estimate the multipath fil-
terh as well as an estimate ofx̂−1 which must be inverted to
form an estimate of̂x [3]. Given Cabrelli’sx̂−1, we estimated
x̂ using a regularized inversion in the Fourier domain.

As a baseline comparison, the two methods were also com-
pared to a QDA classifier that ignores multipath. That is, each
test signalz was truncated to be of lengthMz = Mx = 500,
and QDA was performed on the truncated test signal using the
true mean and covariance class-conditional statistics for ran-
dom signalsX. Each classification algorithm used the true
mean and covariance statistics ofX, and the joint QDA clas-
sifier also used the true mean and covariance statistics ofH.

4. RESULTS

The results are given in Tables 1 and 2 and show that the pro-
posed joint QDA classifier can use both differentiating infor-
mation in the signal means and signal covariances to achieve
significantly better classification accuracy than the compared
methods. In particular, in the fourth case the means are close,
but the covariances are very well-separated, and thus the two
signal classes can be differentiated. The proposed Joint QDA
method captures the differentiating covariancek information,
and uses it to improve its performance over the 3rd case, where
the class covariances were the same. In cases where the class
covariances differed, the blind-deconvolution-then-QDA method
classified almost all signals as the higher-variance class.

5. DISCUSSION AND OPEN QUESTIONS

We proposed a maximum likelihood architecture we termed
Joint QDA to classify signals corrupted by unknown convolu-
tion noise and unknown additive noise that does not attempt
ill-posed blind deconvolution as an intermediate step. The ex-
periments showed that this joint-classification-and-deconvolution
approach can outperform the two-step approach of Cabrelli’s
blind deconvolution followed by classification. Cabrelli’s blind
deconvolution method was designed to deconvolve out sparse
filters h, and has been previously proposed for use with mul-
tipath [3,9]. Joint QDA did not use the fact thath is expected
to be sparse, but did use second-order statistics of the random
process generatingh.

Gaussian mixture model classifiers have less model bias
than QDA, and it would increase the applicability of the pro-
posed classifier if the class-conditional probability model for
the corrupted signalsz was extended to be a mixture of Gaus-
sians. To improve robustness, the maximum likelihood archi-
tecture could be replaced by a Bayesian integration [6]. Also,



Table 1. Average classification accuracy for Laplacian multi-
path for 1000 iid test signals for each case.

Well-separated Means, Same Covariances
µx1 = −2,Σx1 = I andµx2 = 2, Σx2 = I
SNR -10 -5 0 5 10

Joint QDA 84.8 94.9 98.5 98.7 99.2
Blind Deconv+QDA 64.2 71.0 76.0 75.9 75.4
QDA w/o Deconv 67.2 77.1 79.5 80.0 79.7

Well-separated Means, Different Covariances
µx1 = −2,Σx1 = I andµx2 = 2, Σx2 = 3I
SNR -10 -5 0 5 10

Joint QDA 95.1 99.1 100 100 99.9
Blind Deconv+QDA 51.5 51.5 51.5 51.6 51.6
QDA w/o Deconv 54.0 72.3 79.2 82.4 83.2

Close Means, Same Covariances
µx1 = 2,Σx1 = I andµx2 = 2.5, Σx2 = I
SNR -10 -5 0 5 10

Joint QDA 53.2 58.7 58.8 64.8 66.6
Blind Deconv+QDA 49.8 53.0 53.8 52.6 55.2
QDA w/o Deconv 51.3 52.1 51.4 52.4 52.5

Close Means, Different Covariances
µx1 = 2,Σx1 = I andµx2 = 2.5, Σx2 = 10I
SNR -10 -5 0 5 10

Joint QDA 100 100 100 100 100
Blind Deconv+QDA 51.5 51.5 51.5 51.6 51.8
QDA w/o Deconv 49.2 50.0 51.5 52.8 53.2

it is an open question how sensitive the classifier is to the ac-
curacy of the second-order statistics, which in practice might
have to be estimated from data.
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