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Modeling Active Microwave
Remote Sensing of Snow Using
Dense Media Radiative Transfer (DMRT)
Theory With Multiple-Scattering Effects
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Donald W. Cline, and Yunhua Tan

Abstract Dense media radiative transfer (DMRT) theory is
used to study the multiple-scattering effects in active microwave
remote sensing. Simpli ed DMRT phase matrices are obtained in
the 1 2 frame. The simpli ed expressions facilitate solutions of
the DMRT equations and comparisons with other phase matrices.
First-order, second-order, and full multiple-scattering solutions
of the DMRT equations are obtained. To solve the DMRT equa-
tion, we decompose the diffuse intensities into Fourier series in
the azimuthal direction. Each harmonic is solved by the eigen-
quadrature approach. The model is applied to the active
microwave remote sensing of terrestrial snow. Full multiple-
scattering effects are important as the optical thickness for snow at
frequencies above 10 GHz often exceed unity. The results are illus-
trated as a function of frequency, incidence angle, and snow depth.
The results show that cross polarization for the case of densely
packed spheres can be signi cant and can be merely 6 to 8 dB
below copolarization. The magnitudes of the cross polarization
are consistent with the experimental observations. The results
show that the active 13.5-GHz backscattering coef cients still have
signi cant sensitivity to snow thickness even for snow thickness
exceeding 1 m.

Index Terms Active microwave dense

media, snow.

remote sensing,

I. INTRODUCTION

HE SCATTERING problem by random discrete scatterers
has been applied to active and passive microwave remote
sensing [1] [3]. To calculate the scattering problem by many
particles, the classical theory assumes independent scattering
in which the scattering intensity is set equal to the sum of

Manuscript received June 21, 2006; revised October 10, 2006. This work was
supported in part by the National Aeronautics and Space Administration and in
part by the Hong Kong RGC Central Allocation under Grant 8730017 to the
City University of Hong Kong.

L. Tsang and D. Liang are with the Department of Electrical Engineering,
University of Washington, Seattle, WA 98195-2500 USA.

J. Pan is with the Department of Microwave Engineering, University of
Electronic Science and Technology of China, Chengdu 610054, China.

Z. Li is with the College of Electrical Engineering, Zhejiang University,
Hangzhou 310027, China.

D. W. Cline is with the National Operational Hydrologic Remote Sensing
Center, Hydrologic Services Division, Of ce of Climate, Water, and Weather
Services, National Weather Service, National Oceanic Atmospheric Adminis-
tration, Chanhassen, MN 55317 USA.

Y. Tan is with the Department of Electronic Engineering, City University of
Hong Kong, Kowloon, Hong Kong.

Color versions of one or more of the gures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identi er 10.1109/TGRS.2006.888854

scattering intensities from each particle [4], [5]. For the case
of scattering by spheres much smaller than the wavelength,
the classical theory has the following features in the results:
1) the extinction is proportional to the fractional volume;
2) the scattering coef cient is proportional to the frequency
to the fourth power; and 3) the phase matrix is that of the
Rayleigh phase matrix that has mean cosine of the scattering
equal to zero. The classical approach ignores the coherent
wave interaction among the particles. To take into account the
collective scattering effects, quasi-crystalline approximation
(QCA) can be used in the Dyson equation for the coherent eld,
and the correlated ladder approximation is used for the Bethe
Salpeter equation for the incoherent eld [6], [7]. The QCA
and correlated ladder analytic approximations lead to the dense
media radiative transfer (DMRT) theory. The pair distribution
functions of the Percus Yevick approximations are used to
describe the correlations of particle positions. An advantage
of the sticky particle model is the few number of parameters
needed. The physical input parameters for QCA/DMRT in this
paper are the single grain size, fractional volume, and stickiness
parameter . No particle size distribution is used in this paper.
However, in the sticky particle model, the particles have an
attractive force that makes them adhere to form aggregates [3].

With the advent of computers, large-scale 3-D electro-
magnetic problems can be solved by numerical solutions of
Maxwell equations. We have used numerical approaches to
solve wave scattering by thousands of particles that are densely
packed together. The approach is named numerical Maxwell
model of 3-D simulations (NMM3D) [8]. The results show
good agreement with those obtained by the QCA/DMRT for
particle densities up to 25% by volume. QCA/DMRT and
NMM3D have very different physical features from classical
independent scattering, namely: 1) the extinction saturates at
high fractional volume; 2) the scattering coef cient has weaker
frequency dependence than the fourth power in spite of the
smallness in size of the particles; and 3) the mean cosine of the
phase matrix is not equal to zero, and the phase matrix shows
more forward scattering.

All the past multiple-scattering results of DMRT were for
passive remote sensing and were applied to Special Sensor
Microwave/Imager (SSM/I) and Advanced Microwave Scan-
ning Radiometer (AMSR) data. With the recent interests in
developing synthetic aperture radar at 10 and 17 GHz for
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potential penetration up to 5 m of snow, it becomes important
to obtain results of DMRT for active remote sensing.

In this paper, we study multiple scattering in active re-
mote sensing by using the QCA/DMRT theory. In our earlier
work, the DMRT phase matrix was complicated in form
[6, pp. 301 307]. In this paper, the phase matrices are con-
siderably simpli ed by using addition theorems for vector
spherical harmonics and vector spherical wave functions. With
these simpli ed expressions, it is easier to code the DMRT
phase matrix. The simpli ed expressions also facilitate solu-
tions of the DMRT equations and comparisons with other phase
matrices. We decompose the diffuse intensities into Fourier
series in the azimuthal direction. Each harmonic is solved
by the eigenquadrature approach. The solution includes full
multiple-scattering effects within DMRT. We also derived ana-
Iytic expressions for the rst-order and second-order solutions.
Comparisons are made between the full multiple-scattering
solutions and the rst-order and second-order solutions. The
model is applied to the active microwave remote sensing of
terrestrial snow. Full multiple-scattering effects are important
as the optical thickness for snow often exceed unity above
10 GHz. The results are illustrated as a function of frequency,
snow depth, and grain size. We show that even at snow depths
of more than 1 m, the active 13.4-GHz backscattering co-
ef cients still have signi cant sensitivity to snow thickness.
Cross polarization is often attributed to rst-order scattering
by nonspherical particles [9]. However, the rst-order theory
is valid only for small optical thickness. An intrinsic problem
with nonspherical particle theory is that it will introduce more
parameters, e.g., aspect ratios, orientation distributions, etc.
All these parameters for nonspherical particles are dif cult to
obtain in real life snow. In dense media, because the extinction
rate is large, the optical thickness is appreciable at 13.4 and
17.5 GHz. This paper shows that the cross polarization of
multiple scattering by spheres in dense media can be signi cant
and can be only 6 8 dB below copolarization.

In Section I, we summarize the equations for the effective
propagation constant, extinction coef cient, and scattering co-
ef cient. In Section Ill, we give the new simpli ed form of
the phase matrix for QCA/DMRT in the 1 2 frame. We also
compare the QCA/DMRT phase matrices with other common
phase matrices that have been used to study snow. The results of
the phase matrix are illustrated numerically and compared with
classical independent Mie theory. In Section 1V, we describe
the multiple-scattering solutions of active remote sensing in
DMRT. The rst-order and second-order solutions of DMRT
are given in Appendix Il. Numerical results of bistatic scattering
coef cients and backscattering coef cients are illustrated in
Section V. In Section VI, results are compared with QuikSCAT
data taken at Fraser, CO [Cold Land Processes Field Experi-
ment (CLPX)].

Il. EFFECTIVE PROPAGATION CONSTANT
AND EXTINCTION COEFFICIENT

We summarize the equations of the effective propagation
constant, extinction coef cient, and absorption coef cient. The
parameters are single particle diameters , fractional volume
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complex permittivity of particles, and stickiness parameter
Let the background media be air.

In QCA/DMRT, the Lorentz Lorenz (L L) law and the
Ewald Oseen (E O) theorem are used to calculate the effective
propagation constant in snow and the average multipole

amplitudes and . Let the equations be truncated at
multipole . The choice of maximum multipole is
, Where means the nearest integer less than

L L law is a system of equations of dimension for
and . In the microwave remote sensing of snow,
is at most 3, so the dimension of L L law is at most 6.

is the wavenumber of air.

The L L law, as given in [6, egs. (6.1.46a) and (6.1.46b)], is

max

(1a)

max

(1b)

where and

(6.1.39)], are

, as given in [6, egs. (6.1.34) and

(2a)

(2b)

In (1a) and (1b), is the particle number density, so that
is the fractional volume. Note that the sum-

mation of is only from to . and
are given in [6, egs. (6.1.44a) and (6.1.44b)], while

and are given in

[3, egs. (10.4.14) and (10.4.15)]. and are T matrix

coef cients that are given in [2, egs. (1.6.14b) and (1.6.15b)].
in (2a) is the pair distribution function. The pair function
for sticky particles is given in Appendix I.
To solve the L L law, we note that (1a) and (1b) form a
system of simultaneous homogeneous equations for
unknown amplitudes: , and

. The determinant is of dimension
and is required to vanish, yielding an
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Fig. 1. Orthogonal system for polarization of 1 2 system.

equation for the effective propagation constant , which is
solved numerically. After s solved, we replace one of the

equations of the L L law by the E O theorem, which is
a single equation given in [6, eq. (6.1.49)] as

max

©)

and then we solve the system of the equations to

calculate the multipole amplitude and ,
. Next, the absorption coef cient is calculated by

max

(4)

where , and

®)

The real part of the effective dielectric constant of snow is
calculated as

I1l. QCA/DMRT PHASE MATRIX AND COMPARISONS

The quantities , and from the L L law and
E O theorem are next used to calculate the phase matrix . The
previous expressions for phase matrices in [6, pp. 301 307] are
complicated. Recently, we were able to simplify the expressions
considerably by applying vector additional theorems to vector
spherical harmonics and vector spherical wave equations in
[6, egs. (6.4.25) (6.4.31)]. The supplied expressions are given
in Appendix I.

The phase matrix is conveniently expressed ina 1 2 frame,
as shown in Fig. 1. The 1 2 scattering plane contains the inci-
dent direction  and the scattered direction . Let the angle
between and be . The polarization unit vectors

are perpendicular to the scattering plane. Then, polarization
is perpendicular to both  and , while polarization s
perpendicular to both  and . The expressions for these unit
vectors are given in [2, egs. (1.1.34) (1.1.36)].
In QCA/DMRT phase matrix, we rst calculate

max

(6a)

(6b)

where and are functions de ned in [10].
The phase matrix relates the scattered wave Stokes parame-
ters to the incident wave Stokes parameters as

@)
Note that because spheres are used, the cross polarization
in the QCA-DMRT phase matrix represented by and
is zero.
The phase matrix components are
(82)
(8b)
$ (9a)
(9b)
$ (9¢c)
(9d)
Not that and are not the scattering amplitudes.
In the phase matrix expression, there is an additional factor of
$ .Inthel 2frame, $ %

The structure factor % is the Fourier transform of the pair
distribution function minus 1, i.e.,

%  — - T &

(10)

where

(11)
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The scattering coef cient is then calculated by

(12)

and the extinction coef cient is .

We next compare the QCA/DMRT phase matrix with other
phase matrices. It is often more convenient to compare the
phase matrix that is normalized by the scattering coef cient

A. Classical Mie Phase Matrix

In the classical Mie phase matrix, the scattering ampli-
tudes are

(13a)

(13b)
The phase matrix components are

(14a)
(14b)

Note that (6a) and (6b) of QCA-DMRT look similar to
(13a) and (13b) of classical Mie except that QCA-DMRT has
the effective propagation constant , the average multipole
amplitudes ” from the L L law and E O theorem, and the
structure factor $

B. Rayleigh Phase Matrix

The classical Rayleigh is based on independent intrinsic
dipole scattering. The normalized phase matrix components are
and .
Because the grain size is small in snow, classical Mie is close
to classical Rayleigh in microwave remote sensing using the
physical parameters of grain size.

C. Strong Fluctuation Theory (SFT) Phase Matrix

In the microwave emission model of layered snowpacks
(MEMLS) model, which is based on SFT [11], the bistatic
scattering coef cient is proportional to (, where (is
the angle between the incident electric eld and the scattered
direction. For the case of scattering from , C ,

so that ( . For the case of scattering from ,
¢ , SO that ¢ . Hence, the normalized
phase matrix of SFT is identical to that of the Rayleigh phase
matrix. Also, since the correlation length is close to grain size,
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which is small, scattering is proportional to frequency of the
fourth power.

D. HUT Phase Matrix

The radiative transfer equation in Helsinki University of
Technology (HUT) is [12]

) * * $ * *
)

Hence, the HUT phase matrix corresponds to forward scat-
tering while scattering in other directions are ignored. The
forward scattering in HUT corresponds to a Dirac delta func-
tion in the phase matrix. Hence, the normalized phase matrix
is $+ , Note that $ is
taken as 0.96. This corresponds to 96% of the incident power
being scattered in the forward direction.

(15)

E. Former DMRT Phase Matrix [1]

The former version of DMRT utilizes the nonsticky particle
model [1]. The code of this former version is available from
http://ceta.mit.edu/emwave/. Because the grain sizes are small
and nonsticky, the resulting phase matrix was the Rayleigh
phase matrix. The nonstickiness also results in a frequency
dependence of the fourth power. In this present version of
the QCA_DMRT_Sticky model [7], the Sticky pair distribution
function is used. Since the grains stick to form aggregates that
are larger than the individual grain, higher-order multipoles are
used as indicated in (1) and (6).

In Fig. 2, we compare the scattering coef cient between
QCA-DMRT and classical Mie theory as a function of fre-
quency for a grain diameter of 1.4 mm. Other parameters
are fractional volume , ice dielectric constant

, and stickiness parameter . We note that the clas-
sical Mie result is similar to Rayleigh scattering because of the
small grain size. The plot is close to a straight line on a log-log
scale, indicating a frequency dependence of close to the fourth
power. The QCA result is larger than the classical result at low
frequency and is smaller than classical Mie scattering at high
frequency. Thus, the frequency dependence of scattering coef-

cient in QCA is weaker than that of classical Mie scattering.

In Figs. 3 5, we compare the QCA phase matrix with the
classical Mie scattering phase matrix using the same particle
size of 1.4 mm as a function of  at 13.4, 17.5, and 37 GHz,
respectively. The classical Mie phase matrix is close to that
of the dipole pattern with close to a constant and
close to a dependence of . The gures show that for
the same grain size, QCA predicts more forward scattering
than classical Mie scattering. Also, forward scattering increases
as frequency increases. The procedure to transform from
1 2 frame to principal frame to be used in DMRT is as follows.
Let , be the angle that rotates from , incident vertical
polarization, anticlockwise to , and , is the angle that
rotates from , scattered vertical polarization, anticlockwise
to . The transformation matrix from the 1 2 frame to the
principal frame is a rotation about the axis and can be found
in [5, pp. 35 36]. In the principal frame, * - isthe incident
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direction, and * - s the scattered direction. * - * -
is the bistatic scattering cross section per unit volume of space,
denoting scattering from direction * - into direction * -
The transformation formula is

’ ’ i (16)

Normalized phase matrix, dia=1.4mm frequency=13.4GHz
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Fig. 3. Normalized phase matrix as a function of  with mm and

frequency GHz.

IV. DMRT EQUATIONS AND
MULTIPLE-SCATTERING SOLUTIONS

Consider a snow layer above ground, as shown in Fig. 6. The
snow layer thickness is . Region 0 is air, region 1 is snow, and
region 2 is ground.

The DMRT equations are

T * _ _ _
* s P> - / * - (17a)
T *-_
* - T * _ 6*_ .
) (17b)
7*_ ) * * _ * _ *x _
T* - . * *
_:*_ * -—
T * - (18a)
6*_ ) * * _: * _ x _
T* _ * *
- * _ * _
[ (18b)
where 1 * — . isthe speci c intensity.
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Normalized phase matrix, dia=1.4mm, frequency=17.5GHz
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Fig. 4. Normalized phase matrix as a function of  with mm and

frequency GHz.

Normalized phase matrix, dia=1.4mm, frequency=37GHz

—e— P11(Mie)/k
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W_
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Fig. 5. Normalized phase matrix as a function of  with mm and

frequency GHz.

The boundary conditions are listed as follows. At .

T * _ * 1 * _ )

I I 4o - (19a)
At . we have

T* -, T kT o, (19b)
* s in the air region. The angle is related to the snow re-
gion by Snell s law ~ * * , and * and
~ * arethere ectivity matrix on the snow air boundary and
snow ground boundary, respectively. * is the transmis-
sivity from air to snow. The Fresnel re_ectivity matrix *

* and the transmissivity matrix ~ * are found in [1]
and [2]. In the calculation of the re ectivity and transmissivity
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Radar

Fig. 6. Active microwave remote sensing.

matrices, we use the air permittivity in region 0, the ground
permittivity in region 2, and the effective dielectric constant
calculated in (3).

We decompose the speci ¢ intensity as a sum of the reduced
intensity I and diffuse intensity I :1 T T

The solution for the reduced intensity is

T o*x_ * T * * *
I =T+ = * o+ - -
* (20a)
T * _ T = x x *
I * T+ = «
+ - - *. (20b)
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T * _ _
* I * _
- * _ % _ - *
*
- * _ * _
7 * *
* * _
- * _ % _ T * _
* *
= * _ *  _
T * o (21b)
where
I = %
T = % = % *
— . *
* ! < (22a)
7 * T = % = *
— _ *
] (22b)

The boundary conditions for diffuse intensity are the same as
in (19a) and (19b) except that the second term in (18a) is absent.

The rst-order and second-order analytic solutions of the
diffuse intensity are given in Appendix II.

The diffuse intensity equations are solved numerically, giv-
ing full multiple-scattering solutions. We make Fourier expan-
sions of the diffuse speci c intensity and the phase matrix.

The Fourier expansions have been truncated at , Where
. We have
T ox_ T = T % >
T 2- - (23a)
:*_*_ = x % "= * * 2 - —
T oxx 2 (23h)

The zeroth harmonic obeys the equation

*__" * T * * * * T
* = x *
7 * T *
* * % % T *
(24)
For 2 , the cosine terms T and the sine
terms I are coupled. The equations are
T _ = _
*_ " * 1 * * * *
*
- * * % *
* * * x| *
* * * * 1 *
(25a)
T _ = _
* * ] * * % *
*
- * * % *
* * * * 1 *
* * * * 1 *
(25b)

The zeroth harmonic equations and the 22th harmonic
equations can be converted to a system of equations by dis-
cretizing with quadrature angles * , where ,
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and 3 *,and 3 ” are the
polynomial 3.

The solution consists of particular solution and homo-
geneous solutions. The homogeneous system is solved by
eigenanalysis. To avoid secular solution of the particular
solution, we choose *  not to coincide with any of the
quadrature angles. That is, * * . The sys-
tems of equations are then solved, and the Stokes vectors
are calculated in the directions of the quadrature angles.
Then, the nal solution in the backscattering direction of
* is obtained by interpolating from the solutions at the
quadrature angles.

After the equations are solved, the transmitted intensity in the
zeroth region is

zeros of the Legendre

=
*

*

=
*

- - (26)

where * and * are related by Snell s law.

V. RESULTS AND DISCUSSION

We illustrate the results of bistatic scattering coef cients and
backscattering coef cients.
The bistatic scattering coef cient is

* 1 *
4 * - * - r— (27)
where 5 is the scattered wave polarization and , is incident
polarization.
The backscattering coef cient is
6 * - 4 * _ * _ *
(28)

In the simulation, the ice grain relative permittivity is

, the stickiness parameter is 0.1, and the fractional vol-
ume is 25%. The other parameters are in the gure captions.
Results are illustrated at 10, 13.4, and 17.5 GHz. Results
are that of full multiple scattering unless speci ed otherwise.
Optical thickness is the product of extinction coef cient and
depth. Multiple-scattering effects become important when the
optical thickness exceeds unity. Thus, optical thickness is a
function of snow depth, grain size, and frequency. Thus, 1 m
of snow can be optically thick or optically thin depending on
frequency and grain size. The theoretical results are illustrated
for frozen ground with relative permittivity of
This choice reduces the surface re ection. In this paper, we
have not included the rough surface scattering effects so that
the magnitude of volume scattering effects can be clearly illus-
trated. QCA/DMRT are in good agreement with the numerical
solutions of Maxwell equations up to 25% by volume fraction.
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Fig. 7. VV like-polarization bistatic scattering coef cient with grain size
mm, frequency GHz, incident angle , and snow depth
cm.

However, numerical solutions of Maxwell equations require
intensive CPU with many interesting cases still not computed.
Thus, in the meantime, we still use QCA/DMRT for dense
media theory.

In all the results, only the diffuse intensities are plotted
and shown. The plotted results do not include the reduced
intensities.

In Figs. 7 9, we plot the bistatic scattering coef cients
VV, HH, and HV, respectively, in the plane of incidence at
17.5 GHz for a snow depth of 100 cm. The backward scattering
angle is denoted by a negative angle. We compare the bista-
tic scattering coef cient between the full multiple-scattering
solutions and the rst-order and second-order solutions. This
is a strong multiple-scattering case because of the appreciable
optical thickness as the computed QCA-DMRT is
We note that the multiple-scattering solutions are 5 dB above
the sum of the rst-order and second-order solutions. The
cross polarization is signi cant and is about 4 5 dB below
like polarization. We note that the VV result in Fig. 7 has a
strong angular dependence while the HH bistatic result has
a monotonic angular dependence. This is due to the strong
angular dependence in that dominates the V'V bistatic
scattering. Single bistatic scattering has close to dipole pattern
for VV but not HH. However, multiple scattering smears out
these maxima. When the albedo is close to 1, multiple scatter-
ing can cause many decibels above single- and second-order
theory [4].

In Figs. 10 12, we compare the backscattering coef cient
between the full multiple-scattering solutions and the rst-order
and second-order solutions. For backscattering, VV and HH
have similar angular dependence and comparable magnitudes.
Since the optical thickness is large, the multiple-scattering
solutions are 4 dB higher than the sum of the rst-order
and second-order solutions. We have a strong cross polariza-
tion result that is only 4 5 dB below the like-polarization
result.

Authorized licensed use limited to: University of Washington Libraries. Downloaded on September 5, 2009 at 04:03 from IEEE Xplore. Restrictions apply.
























