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Abstract—The electromagnetic fields of a Hertzian dipole in
layered negative refractive index material (NIM) are efficiently
calculated using the fast all modes method (FAM) combined with
the numerical modified steepest-descent path method (NMSP).
The exact locations of all surface wave modes and all leaky wave
modes are found for various NIM slab thicknesses. Both lossless
and lossy cases are studied. It is observed that there are different
types of surface wave modes or even no surface wave mode at cer-
tain slab thicknesses. The electromagnetic fields vary significantly
when modes are excited or disappear at certain thicknesses.

Index Terms—Fast all modes method (FAM), layered media
Green’s functions, leaky wave modes, metamaterials, negative
refractive index material (NIM), surface wave modes.

I. INTRODUCTION

R ECENTLY, we used the fast all modes method (FAM)
combined with the numerical modified steepest-descent

path method (NMSP) to solve the spatial Green’s functions for
lossless and multilayered lossy media [1], [2]. The merit of the
FAM method is the ability to calculate accurately hundreds of
mode locations in the complex plane. The NMSP method in-
tegrates along the steepest-descent path (SDP) using minimal
CPU time by sampling only a few integration points after the ex-
traction of the nearby singularity poles. Recently, the radiation
of waves on layered negative refractive index material (NIM)
has drawn significant interest. Presently, no fast technique ex-
ists to compute Green’s functions of layered NIM media. In this
letter, we use the FAM/NMSP method to efficiently compute the
layered medium Green’s functions of a NIM slab.

Metamaterials have been investigated as a new class of ma-
terials in recent years [4]. Pendry (2000) predicted a NIM slab
could produce focusing [5], and later work verified this claim
[6]. Our research and theoretical analysis in this letter is based
on the experimental verification by Shelby et al. [7]. We use
the homogenization approach assuming an effective permittivity
and permeability. Mode propagation in NIM slab waveguides
using homogenization approaches was also investigated in [8],
[9].
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Fig. 1. Side view of the geometry.

In this letter, we present a complete solution of the layered
media Green’s functions including finding all modes for a NIM
slab between conventional materials. The modes include for-
ward and backward surface wave modes (SWMs) and all leaky
wave modes (LWMs) for various slab thicknesses. Different
from positive index materials (PIM), the NIM slab can sup-
port forward and backward SWMs as well as not supporting
any SWMs at certain thicknesses. The complication of the con-
tour integration analysis of layered medium Green’s functions
in NIM media lies in that, in the complex plane, the poles are
on both sides of and very close to the Sommerfeld integration
path (SIP) [10]. Despite this, the FAM/NMSP approach is able
to calculate the electromagnetic fields efficiently. The fields vary
significantly when modes are excited or disappear. Using Intel
C2D 2.0 GHz processor with Matlab, the FAM/NMSP method
takes only 0.17 second of CPU time to find 400 modes. It then
requires only milliseconds of CPU time to compute the electric
field per distance point with an accuracy of 0.2%.

II. COMPUTATION OF ELECTRIC FIELD FOR A VERTICAL
ELECTRIC DIPOLE (VED)

A. Electric Field Equation

We consider a vertical electric dipole (VED) placed at the
origin on the interface of a lossless, homogeneous, infinite NIM
slab, where and (Fig. 1). The electric field
on the interface can be described by

(1)

where and .
We can write (1) in terms of sines and cosines in the integrand

(2)
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Fig. 2. Conventional SIP and modes locations on the complex � plane when
� � ������� � � �� � �����j, � � ����	 m , and 
��
����� � ��

GHz.

B. Pole Locations and Sommerfeld Integration Path

The pole locations are given by the roots of the denominator
of (2). The poles in Fig. 2 on the upper Riemann sheet are based
on using vertical branch cuts (VBCs). The advantage of VBC
is that the SIP can be deformed to VBC which is also the SDP.
The Sommerfeld branch cuts (SBCs) are also often used which
give different poles on the upper Riemann sheet. However, the
complication in using the SBC is that the deformation is first
from SIP to the SBC followed by a second deformation to the
SDP.

When discussing LWMs, the terminology of proper and im-
proper modes is largely based on using the SBCs. We find it con-
venient to use the VBCs because the VBCs are often the final
integration paths when the field points are close to the interface.
Whether a pole lies on the upper or lower Riemann sheet de-
pends on the choice of branch cuts. To avoid confusion, we do
not use the terms “proper” and “improper” to describe LWMs
in this letter. Instead we use the terms “captured” and “non-cap-
tured.” “Capturing” means that the pole lies between the de-
formed path and the original path of integration. In such a case,
the residue is taken as it contributes to the total field. On the
other hand, “non-capturing” means that the residue is not taken
as it lies outside the domain between the original path and the
deformed path.

Since the mode equation involves only and , which
are functions of , the poles occur at equal and opposite .
For lossless materials, the SWMs lie on the real axis on both
positive and negative sides. To correctly identify the modes, we
put a very small imaginary part in , such that ,
where , and . Then the poles lie above and below
the real axis on both the right and left half-planes.

In Fig. 2, poles in the fourth quadrant of the plane are the
forward SWMs and must be captured in the integral deforma-
tion. Backward SWMs in the third quadrant of the plane are
also captured. But poles in the first and second quadrant of the

plane will not be captured. Because of the small imaginary
part in , the SIP can lie on the positive real axis. We also
show the LWMs in the lower half-plane. They lie on the upper
Riemann sheet based on the VBCs. The corresponding poles of
opposite in the upper half-plane are also shown.

C. Fast All Modes Method
We have poles when the denominator of (2) vanishes. If we

define where , our mode
equation can be written as

(3)

The essence of the FAM method is based on the observation
that (3) is an even function of . Thus a Taylor expansion of
sine and cosine functions can transfer the mode equation into
a polynomial equation of without any square root operation.
For small and moderate values of and , (3) can be written as
(4), shown at the bottom of the page.

Equation (4) is of order 2 . We solve by setting
in the summations and then find the roots of the polynomial
equation of .

For large values of and we use the asymptotic method as
follows:

(5)

where

(6)
and

(7)

We find large values of using to include
all the poles that contribute significantly. The locations of poles
for all values of and are then refined using the Newton-
Raphson method.

D. Numerical Modified Steepest-Descent Path Method
We solve by integrating along the SDP, which shows as

the VBC of on the complex plane (Fig. 2). The SDP, de-
fined by , is identical in the NIM case to the PIM
case. For NIM, we use , and j. We first

(4)
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Fig. 3. SIP, SDP, and all mode locations on the complex � plane when � �

������� � � ��� �����j, � � ����	 m , and 
��
����� � �� GHz.

consider NIM for the layer thickness , where is
free space wavelength. Using and ,
we illustrate the locations of modes, SDP and SIP in the com-
plex plane in Fig. 3. We capture all modes that lie between SIP
and SDP. The modes not between SIP and SDP do not need to
be captured; however the presence of these non-captured modes
affects the smoothness of the integration along SDP. Thus we
extract all modes near the saddle point (where and

) [1].

E. Accuracy and CPU Requirement

Using Intel C2D 2.0 GHz processor with Matlab, the FAM
preprocessing cost 0.17 second, which includes finding 400
modes and calculating the space-independent portion of the
residues. After the 400 poles are located, the subsequent com-
putation time of the electric field per distance point is less
than 2 milliseconds using a Hermite quadrature of 6 or less
by NMSP method. Results from the FAM/NMSP method are
accurate within 0.2% of those from the half space extraction
method for all distances.

III. HALF SPACE EXTRACTION METHOD FOR NIMS

We describe the half space extraction method (HSE) [3] that
has been extended to NIM. The results are used to compare with
the FAM/NMSP method. The total solution of HSE is the sum-
mation of the half space solution and the remainder portion

(11)

(12)

The half-space solution is evaluated by integration along
the VBCs on the lower half of the plane (Fig. 4). For the
half-space portion, there are branch cuts for both and on
the complex plane. Since is negative, is in the third
quadrant of the plane while is in the first quadrant

Fig. 4. Illustration of the complex � plane showing the SIP, VBCs and modes
locations for the HSE method, when � � ��� �����j.

Fig. 5. Magnitude of electric field �� � at distance 	 � �� and number of
SWMs with changing slab thickness �, when � � �� as the lossless case.

(13)

The remainder portion is evaluated along the SIP, which
is along the positive real axis. In Fig. 4, we show the integra-
tion paths on the complex plane for lossy NIM. The integral
of converges rapidly on SIP.

IV. RESULTS

For the case shown in Fig. 3, we must capture one forward
SWM in the first quadrant and two backward SWMs in the
third quadrant in the residues calculation. Unlike the PIM slab
case, even for the very thin case LWMs exist that must be cap-
tured in the third quadrant of Fig. 3. With increasing slab thick-
ness, the non-captured LWMs in the first quadrant shift along
the paths shown by the dashdot arrow lines, crossing SDP and
becoming captured LWMs. As the thickness continues to in-
crease, two LWMs then collide at , where they
become SWMs. After that, two modes trajectory diverge. With
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TABLE I
VALUES OF � FOR VARIOUS SLAB THICKNESSES, WHEN � � ��

Fig. 6. SWMs in the � -� plane using the graphical method, where � � ��.

increasing thickness, the backward SWM travels in the
direction, and the forward SWM travels in the direction
crossing the saddle point becoming a non-captured mode. The
modes in the third quadrant of Fig. 3 move in a similar fashion
along the dash-dot lines for increasing slab thickness.

Fig. 5 shows the magnitude of electric field versus
slab thickness at distance (far enough to ensure the
SWMs have major contribution to the field). Fig. 5 also shows
the number of forward (dotted line) and backward (solid line)
SWMs with changing thickness. The number of backward
SWMs will increase consistently with increasing thickness.
However, the number of forward SWMs is either one or zero
for any slab thickness. The absence of SWMs happens for the
thickness, where . The electric field

reaches a peak when two SWMs are excited together.
Table I shows the values of SWMs and low-order LWMs at the
cutting edges of the slab thickness, where the SWMs are just
excited.

We can also identify different conditions of SWMs using the
graphical method [8]. We define and

. The SWM locations are plotted on the -
plane for both even and odd modes (Fig. 6)

(9)
(10)

Fig. 7. Magnitude of the electric field �� � as a function of distance �.

SWMs occur where the radius intersects the tangent-like
arcs. Proper SWMs occur when , and improper SWMs
occur when . Fig. 6 shows three cases:

, and . As the slab thickness increases, the radius
of the circle increases, the forward SWMs will shift downward
becoming improper, whereas the backward SWMs will move
upward to the larger value.

Fig. 7 shows versus distance for two fixed slab thick-
nesses. When two SWMs are excited at , the far
field is dominated by the SWMs. When no SWM are excited at

, the electric field decays quickly with in the far field
region.
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