
good agreement with experimental result [9], and the bandwidth of
the antenna is found to be 32.5%. From Figure 7, it is observed that
the directivity of ESPA decreases with frequency and the direction
of maximum radiation are shifted by 5° from the broad side
direction. Thus, from the above discussion it is found that the
antenna length �l � controls the higher resonant frequency, while
the notch controls the lower resonant frequency and matching
condition. Similar experimental observations were also observed
by Yang et al. [9].

5. CONCLUSION

It may be concluded that due to dual resonance nature ESPA
shows a wide-bandwidth characteristic. It is also concluded that
the notch length, width, and position are important parameters in
controlling the achievable bandwidth.
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ABSTRACT: The effects of a random rough surface between dielectric
and lossy conductive medium on power absorption are analyzed by con-
sidering incident plane waves impinging on the interface. We use two
methods to formulate and solve the 2-D problem: the two-media small
perturbation method to second order (SPM2) and the numerical system

Figure 6 Variation of return loss with frequency for ln � 40 mm, pn �
10 mm, and s � 6 mm

Figure 7 E-plane radiation patterns at different frequencies
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transfer operator matrix method, referred to as T-matrix method. The
two methods are in agreement within the regimes of validity. The
results show significant difference between absorption of a rough
surface and that of a smooth surface. Surface fields are further ex-
amined numerically. © 2006 Wiley Periodicals, Inc. Microwave Opt
Technol Lett 49: 7–13, 2007; Published online in Wiley InterScience
(www.interscience.wiley.com). DOI 10.1002/mop.22023

Key words: conductors; perturbation methods; T-matrix method; rough
surfaces

1. INTRODUCTION

The roughness of the interfaces between metal and dielectric
layers, especially in microelectronic packaging based on organic
materials, is often used to facilitate the adherence of the copper
structures to the dielectrics. Since the speed of interconnects is
now in the multi-GHz region, the roughness of the surface can
have significant effects, especially on conductor loss, which can be
detrimental for insertion loss limited designs. Therefore, in order
to guide substrate technology research and development, it is
imperative to understand these effects in detail. Presently the
common results for quantifying the impact of conductor surface
roughness on Ohmic loss are due to Morgan’s classic paper [1] and
the Hammerstad and Bekkadal formula [2]. Their model is also
adopted in many of the existing commercial design tools. How-
ever, Morgan only used a periodic ridge structure as rough surface
which may misrepresent the roughness-induced loss.

The underlying physics is focused on the analysis of the inter-
actions of electromagnetic waves with the rough surface. Research
by Sanderson [3] shows that the Rayleigh-Rice perturbation tech-
nique [4, 5] gives good results for periodic surface roughness when
slopes are small to moderate. Rytov [6] and Tsang et al. [7] further
speculate that this may also be true for random or non-periodic
roughness. More recently, we applied Rayleigh-Rice perturbation
technique of second order to a random rough surface and derived
a closed-form formula of power absorption enhancement factor
[8]. Similar to Morgan’s assumption, we enforced a constant
magnetic field as the boundary condition and only solved the fields
in the conductor as a one-medium problem.

In this paper, we extend the SPM2 approach to two-media
studies including both the dielectric region and conductor region.
The rough interface is modeled by the characteristics of RMS
height, correlation length, and correlation function. The absorption
is calculated by two methods: the analytic small perturbation
method to second order (SPM2) and the numerical system transfer
operator matrix (T-matrix) method. The results of absorption based
on SPM2 are in terms of the spectral density of the random rough
surface. Furthermore, instead of assuming constant magnetic fields
on the rough interface, the new methods in this paper take into
account both dielectric region and conductor region by considering
a plane wave impinging on the interface.

Characterization of random rough surfaces is discussed in
Section 2. Section 3 and Section 4 include formulation and solu-
tion of analytic and numerical methods. Numerical results are
illustrated in Section 5.

2. RANDOM ROUGH SURFACES

For a 2-D problem of random rough surface, the height function
f�x� is treated as a stationary Gaussian random process. The two
point ensemble average of the random process is

�f� x1� f� x2�� � h2C��x1 � x2��, (1)

where h2C�x� is the correlation function. Two common correlation
functions are the Gaussian correlation function with C�x�

� exp��x2/l2� and exponential correlation function with C�x�
� exp���x�/l �, where l is the correlation length. The exponential
correlation profile appears significantly rougher than that for the
Gaussian correlation function. In generating the roughness profiles
[9], we use the spectral density function W�kx� which is the Fourier
transform of the correlation function. The spectral density of
the Gaussian correlation function is given by W�kx�

�
h2l

2��
exp��kx

2l2/4� and that of the exponential correlation func-

tion by W�kx� �
h2l

��1 � kx
2l2�

[10].

3. ANALYTIC SMALL PERTURBATION METHOD

3.1. Two-Media Formulation
Consider a random rough surface profile z � f�x�, as shown in
Figure 1. In a 2-D transverse magnetic (TM) problem, the mag-
netic field in the ŷ direction is denoted as �. Let � and �1 be the
magnetic fields in the upper dielectric and lower conductor region,
respectively. A plane wave with incident angle �i is expressed as
follows:

�inc�r�� � exp�ikixx � ikizz�, (2)

where kix � k sin�i, kix � k cos�i, and k is the wave number in
the dielectric.

Since the tangential electric and magnetic fields are continu-
ous at the boundary, namely, ��r�� � �1�r�� and

n̂ � ���r�� �
�

�1
n̂ � ��1�r�� where � and �1 are the permittivity of

the dielectric and conductor, we can define surface field unknowns
as follows:

a� x� � �1� x, f� x��, (3)

b� x� � �1 � � df

dx�
2

�n̂ � ��1�r��	z�f� x�. (4)

Applying the extinction theorem to both dielectric and conduc-
tor regions [11] gives

�inc�r�
� ��
S

dx�a�x��1 � �df

dx�
2

n̂ � �g�r�,r�
� � g�r�,r�
�
�

�1
b�x��

� 0 for z
 � f�x
�, (5)

�
S

dx�a� x��1 � � df

dx�
2

n̂ � �g1�r� ,r�
� � g1�r� ,r�
�b� x��
� 0 for z
 	 f�x
�, (6)

Figure 1 A plane wave impinging on a rough surface with incident angle
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where g�r�,r�
� and g1�r�,r�
� are the plane wave representation of the
Green’s function in the two regions:

g�r� ,r�
� �
i

4��
��

�

dkx

1

kz
exp�ikx�x
�x� � ikz�z
�z��, (7)

g1�r� ,r�
� �
i

4��
��

�

dkx

1

k1z
exp�ikx�x
�x� � ik1z�z
�z��. (8)

Here kz � �k2 � kx
2, k1z � �k1

2 � kx
2, k1 � �1 � i�/
, 
 is the

skin depth (
 � �2/����
�), 
 is the conductivity of the con-
ductor, � is its magnetic permeability, and � � 2�f is the angular
frequency.

We use a second order perturbation method, letting A�kx� and
B�kx� be the Fourier transforms of the field unknowns a�x� and
b�x�.

3.2. Zeroth-Order, First-Order, and Second-Order Solution
Balancing (5) and (6) to second order after substituting (7) and (8)
gives the solutions of zeroth, first and second order as follows.

The zeroth-order solution is:

A�0��kx� � Ã0
�kx � kix�, (9)

B�0��kx� � B̃0
�kx � kix�, (10)

where

Ã0 �
2kiz�1

kiz�1 � �k1zi
, (11)

B̃0 �
�2ik1zikiz�1

kiz�1 � �k1zi
, (12)

and k1zi � �k1
2 � kix

2 and 
�kx� is the Dirac delta function.
The first-order solution is:

A�1��kx� � Ã1�kx� F�kx � kix�, (13)

B�1��kx� � B̃1�kx� F�kx � kix�, (14)

where F�kx� is the Fourier transform of f�x� and Ã1�kx� and B̃1�kx�
obey the following two simultaneous equations:

�ikzÃ1�kx� �
�

�1
B̃1�kx� � �kz

2Ã0 � kx�kx � kix�Ã0 �
�

�1
ikzB̃0, (15)

ik1zÃ1�kx� � B̃1�kx� � �k1z
2 Ã0 � kx�kx � kix�Ã0 � ik1zB̃0. (16)

For the second-order solution, we only need to calculate the
ensemble average of A�2� and B�2� :

� A�2��kx�� � Ã2
�kx � kix�, (17)

�B�2��kx�� � B̃2
�kx � kix�, (18)

where Ã2 and B̃2 obey two simultaneous equations:

�ikizÃ2 �
�

�1
B̃2 �

�i
kiz

3

2
Ã0�

��

�

dkxW�kx � kix� � ikixkizÃ0�
��

�

dkxW�kx � kix��kx�kix�

�kiz
2�

��

�

dkxW�kx � kix�Ã1�kx� � kix�
��

�

dkx�kix � kx�W�kx

� kix�Ã1�kx�

�
�

�1

kiz
2

2
B̃0�

��

�

dkxW�kx � kix� �
�

�1
ikiz�

��

�

dkxW�kx � kix�B̃1�kx�,

(19)

ik1ziÃ2 � B̃2 �

i
k1zi

3

2
Ã0�

��

�

dkxW�kx � kix� � ikixk1ziÃ0�
��

�

dkxW�kx � kix��kx � kix�

�k1zi
2 �

��

�

dkxW�kx � kix�Ã1�kx� � kix�
�

�

dkx�kix � kx�W�kx

� kix�Ã1�kx�

�
k1zi

2

2
B̃0�

��

�

dkxW�kx � kix� � ik1zi�
��

�

dkxW�kx � kix�B̃1�kx�. (20)

3.3. Coherent and Incoherent Scattered Field
The total scattered fields �s can be determined using the extinction
theorem [11]:

�s�r�
� ��
S

dx�a�x��1 � �df

dx�
2

n̂ � �g�r�,r�
� � g�r�,r�
�
�

�1
b�x�� for z


	 f�x
�. (21)

To calculate absorption, we need to sum the contribution from
coherent and incoherent scattered fields respectively. In the case of
2-D rough surface, the coherent scattering occurs at zeroth order
and second order while incoherent scattering occurs at first order.

Using the aforementioned solution of surface fields gives the
coherent solution to second order. The zeroth-order coherent scat-
tered field is

�s
�0��kx� � �̃s

�0�
�kx � kix�, (22)

where

�̃s
�0� �

�1kiz � �k1zi

�1kiz � �k1zi
(23)

The second-order coherent scattered field is

��s
�2��kx�� � �̃s

�2�
�kx � kix�, (24)

where
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�̃s
�2� � �

kiz
2 h2

2
�̃s

�0� �
ikiz

2 �
��

�

dkxÃ1�kx�W�kix � kx�

�
kix

2kiz
�

��

�

dkxÃ1�kx�W�kix � kx�i�kix � kx�

�
Ã2

2
�

�

2�1
�

��

�

dkxB̃1�kx�W�kix � kx� �
i�

2kiz�1
B̃2, (25)

The solution of first-order incoherent scattered field is

�s
�1��kx� � �̃s

�1��kx�F�kx � kix�, (26)

where

�̃s
�1��kx� �

i

2kz
��kz

2Ã0 � kx�kx � kix�Ã0 � ikzÃ1�kx� � ikz

�

�1
B̃0

�
�

�1
B̃1�kx��. (27)

3.4. Power Absorption Due to Coherent and Incoherent Scattering
In the 2-D problem, power scattered per unit area in the ẑ direction
can be calculated by using Poynting’s theorem:

S� s � ẑ � Re� i

2����s

�

�z
�*s��. (28)

Since the total incident power per unit area in the �ẑ direction
is S� inc � ��ẑ� � � cos�i/2, the emissivity of the lossy conductive
medium is given by

ev � 1 �
�S� s � ẑ�coh

S� inc � ��ẑ�
�

�S� s � ẑ�incoh

S� inc � ��ẑ�

� 1 � ��̃s
�0��2 � 2Re��̃s

�0��̃s
�2�*
 �

1

k cos�i

�
�k

k

dkx��̃s
�1��kx��2W�kx � kix�kz, (29)

where the second and the third term represent coherent reflectivity
and the last term is incoherent reflectivity. Note that as a result of
the analytic derivation, the limits of integration in (25) are from
� � to �, whereas in the last term of (29) they are from � k to
k.

On the other hand, for a surface with length � L/2 to L/2 in the
x̂ direction, the average power absorption can be calculated di-
rectly by using the fields on the surface

Pa � ��dS�S� � n̂� � �
L

2
Re� 1

i��1
�

��

�

dkx�
��

�

dk
x

sin��k
x � kx�L/2�

�k
x � kx�L/2
�A*�kx�B�k
x��	. (30)

Putting the solutions of the surface fields into (30) and dividing
by the incident power � cos�i/2 gives the absorptivity of the lossy
conductive medium:

av � 1 � 
�1kiz � �k1zi

�1kiz � �k1zi

2

�Re� 1

i��1� cos�i
�

��

�

dkxÃ*1�kx�B̃1�kx�W�kx � kix�	
�Re� 1

i��1� cos�
�Ã*2B̃0 � Ã*0B̃2�	 (31)

Here � is the wave impedance in the dieletric and the limits of
integration are from �� to �. We will show ev and av in the
following numerical results, proving that SPM2 obeys reciprocity
and energy conservation.

3.5. Emissivity of Metal Surface
Next we consider a special case where the lower medium is a
highly conductive metal such as copper. On such a metal surface,
the RMS height h and correlation length l are in the order of
micrometers. The wave length k in the dielectric is in the order of
cm�1 at microwave frequencies. The incoherent reflectivity is
negligibly small because it is in the order of O�k3h2l � .

Also note that k/�k1� is of order 10�4 and �/��1� is of order 10�8.
We then calculate the solution of surface fields to the first order of
k since k is much smaller than k1. The zeroth-order solution
remains the same as in (11)–(12). For first-order solution, approx-
imating (15)–(16) by assuming kz � �k2 � kx

2 � i�kx� and
kix���kx� gives

Ã1�kx� �
2kxkix

�kx�
, (32)

B̃1�kx� � 2k1��k1 � k1z�. (33)

Approximating (19)–(20) by using (32)–(33) and assuming
W�kix � kx� � W�kx� gives the second-order solution

Ã2 �
�

ikiz�1
B̃2, (34)

B̃2 � 2ik1
2�

��

�

dkxW�kx���k1 � k1z�. (35)

Putting (32)–(35) into (25) gives the second-order scattered
field

�̃s
�2� �

ikix
2

kiz
�

��

�

dkx

kx
2

�kx�
W�kx� �

2k

cos�i
�

��

�

dkxW�kx���k1 � k1z�. (36)

Note that the first term in �̃s
�2� is purely imaginary. For the integral

�dkx, the integral limit of kx is of order 1/l and is much larger than
k .

Next we calculate the emissivity to the first order of k. Approx-
imating (23) by assuming �k1��k sin�i gives

�̃s
�0� �

k1 cos�i � k

k1 cos�i � k
, (37)
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Approximating terms in (29) to the first order of k by assuming
that cos�i is not small gives

1 � ��̃s
�0��2 �

2k


cos�i
, (38)

Re��̃s
�0�*�̃s

�2�
 � Re�̃s
�2�, (39)

Putting (38)–(39) into (29) gives

ev �
2k2


kiz
� 2Re�̃s

�2�, (40)

where

Re�̃s
�2� � �

2kh2

cos�i
Rek1 �

2k

cos�i
�

��

�

dkxW�kx�Rek1z, (41)

Here the integral in (41) is convergent because W�kx�Rek1z asymp-
totically approaches W�kx�/�


2kx� as kx becomes large. So we can
extend the limits of integration from � � to �. The emissivity of
the metal surface becomes

ev �
2k


cos�i
�

4kh2


 cos�i
�

4k

cos�i
�

��

�

dkxW�kx�Rek1z. (42)

Dividing (42) by (38) gives the power absorption ratio between
rough surface and smooth surface, leading to

Pa,rough

Pa,smooth
�

ev

2k
/cos�i
� 1 � 2�h2


2 �
2


�
��

�

dkxW�kx�Rek1z�. (43)

4. NUMERICAL APPROACH USING T-MATRIX METHOD

To validate the SPM2 results, we use a numerical T-matrix method
to compute power absorption as well as magnetic field on the
rough surface. We apply the periodic boundary condition with the
period L. This is a valid approximation in random rough surface
scattering provided that the period contains many peaks and val-
leys and many correlation lengths, i.e., L��l [9]. Using the
T-matrix method on (5) and (6) to formulate matrix equations
gives

A� �� � B� �� � V� , (44)

A� 1�� � B� 1�� . (45)

In the above two equations, the matrix elements are as follows,
assuming S0 is the rough surface with length L in the x̂ direction
and x0 is a point on S0 :

A�m�Nm�1��m
�Nm�1� � �
S0

dx0 exp� � i�kxm � kxm
 � kix�x0

� ikzmf�x0�	�kxm

kzm

df

dx
� 1� (46)

B�m�Nm�1��m
�Nm�1� � �
S0

dx0 exp� � i�kxm � kxm
 � kix�x0

� ikzmf�x0�	
�

�1

i

kzm
, (47)

A1�m�Nm�1��m
�Nm�1� � �
S0

dx0 exp� � i�kxm � kxm
 � kix�x0

� ik1zmf�x0�	� kxm

k1zm

df

dx
� 1�, (48)

B1�m�Nm�1��m
�Nm�1� � �
S0

dx0 exp� � i�kxm � kxm
 � kix�x0

� ik1zmf�x0�	
� i

k1zm
, (49)

V� � �0� Nm�1

2L
0� Nm�1

�, (50)

where kxm � kix �
2�m

L
, kxm
 � kix �

2�m


L
, kzm � �k2 � kxm

2 ,

k1zm � �k1
2 � kxm

2 , m � � Nm, � Nm � 1,· · ·,Nm � 1,Nm and
m
 � � Nm
, � Nm � 1,· · ·,Nm � 1,Nm .

Surface fields can be further obtained after solving the un-
knowns �� and �� :

a� x0� � exp�ikixx0� �
m��Nm

Nm

�m exp�ikxmx0�, (51)

b� x0� � exp�ikixx0� �
m��Nm

Nm

�m exp�ikxmx0�. (52)

Then we can compute the power absorption by the conductor,
for a given width w in the ŷ direction and length L in the x̂
direction.

Pa,rough �
w

2

Re�

�L/ 2

L/ 2

dx�*1�1 � �df

dx�
2

n̂ � ��1 �
w

2

Re�

i�1

Ns

bia*i�x.

(53)

where Ns is the number of discretization elements on the surface.
In the numerical implementation, we take L � 20l, Nm

� 30, and the surface discretization is chosen as �x
� min�h/20, l/20, 
/20
. To calculate the average power absorp-
tion, we use a Monte-Carlo simulation approach. We generate a
large number of realizations of rough profiles. Solving the T-
matrix equations we then calculate the absorption ratio for every
realization and the average absorption is computed. For the sim-
ulation results shown in the next section, 600 realizations are used.

5. RESULTS AND DISCUSSION

5.1. Absorption by Copper Surface Using SPM2
In the following examples, we assume a conductor with the con-
ductivity of pure copper (
 � 5.8 � 107 S/m) and a dielectric
with a relative permittivity of 4.0. The SPM2 results are based on
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equations in Sections 3.2–3.4. They are independent of angle of
incidence, as explained in Section 3.5; an arbitrary �i � 90� can
be chosen. Figures 2–4 illustrate the results of power absorption
ratio between rough surface and smooth surface. In Figure 2, the
results are for a Gaussian correlation function with h � 1 �m.
The correlation length l varies from 2.0 to 3.0 �m. We note that the
absorption ratio increases with frequency. It also increases when
the correlation length gets smaller. In Figure 3, the results are
repeated for the case of h � 0.75 �m. The absorption ratios are
smaller than those of Figure 2 because a smaller RMS height gives
a smoother surface. In Figure 4, the results are illustrated for
surfaces with exponential correlation functions exhibiting larger
absorption than surfaces with Gaussian correlation function. The
two-media results do not assume any artificial boundary condition
and also demonstrate that the absorption depends on all three of the
roughness characteristics: RMS height, correlation length, and
correlation function. Note that the power due to incoherent scat-
tering vanishes in this case because the wave number k1 of the
lower conductor is much greater than the wave number k of the
upper dielectric.

5.2. SPM2 and T-Matrix Comparison
Figure 5 compares 2D SPM2 results with T-matrix results. The
modeled surface profiles are Gaussian with h � 0.48 �m and
correlation length l � 1.5 �m, l � 2.0 �m, and l � 2.5 �m,

respectively. The numerical T-matrix results are in good agree-
ment with the analytic SPM2 results for rough surfaces of small
slope.

5.3. Surface Fields by T-Matrix
The magnetic fields on the conductor surface are calculated nu-
merically by the T-matrix method, for each given rough surface
realization. Figure 6 illustrates the magnitude of the magnetic
surface field based on one rough surface profile. As normalized by
the incident field, the total magnetic field on the surface is close to
twice the value of the incident field due to scattering from a well
conducting surface. The variation of the surface magnetic field is
very small, which is consistent with Morgan’s assumption that the
surface field is constant.

5.4. SPM2 Two-Media and One-Medium Comparison
In [8], we followed Morgan’s assumption by enforcing constant
magnetic fields on the rough interface and applied SPM2 only in
the conductor region. The power absorption ratio is given by the
same closed-form formula as (43). Figure 7 compares the power
absorption ratio using two-media SPM2 and the formula based on
Morgan’s boundary condition. The absorption are illustrated for
surfaces with Gaussian correlation function and exponential cor-

Figure 2 Power absorption ratio as a function of frequency from SPM2:
Gaussian corrrelation function (h � 1 ı̀m) with varying correlation length.
[Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com]

Figure 3 Power absorption ratio: surface with Gaussian correlation
function (h � 0.75 ı̀m). [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com]

Figure 4 Power absorption ratio: surface with exponential correlation
function (h � 1 ı̀m). [Color figure can be viewed in the online issue, which
is available at www.interscience.wiley.com]

Figure 5 SPM2 versus T-matrix: surface with Gaussian correlation
function (h � 0.48 ı̀m). [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com]
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relation function (h � 1 �m and l � 2 �m). The results are in good
agreement between the two methods.

5.5. Emissivity of Soil Surface Using SPM2
Besides calculating power absorption ratio due to the rough inter-
face between a dielectric and a good conductor such as copper, the
SPM2 can also be used to solve the emissivity of a less conductive
medium, such as soil, in applications of remote sensing. Next we
use a common soil profile with Gaussian correlation function (h �
2.4 cm and l � 2 cm). The frequency of the incident plane wave
is 5.0 GHz. The relative permittivity of the soil is 15.57 � 3.71i
and the upper region is air. The emissivity of the soil surface at
different incident angles is illustrated in Figure 8. As expected, the
emissivity gives the same results as when using the absorptivity
formula. Unlike for the copper region, the wave number of the soil
medium is comparable to that of the air medium. As a result, the
emissivity has contribution from both coherent and incoherent
fields scattered by the soil surface. Also note that the emissivity of
the soil surface for the exponential correlation function does not
exist using SPM2 because of divergent integrals.

6. CONCLUSION

We have applied the 2-D analytic small perturbation method to
second order and numerical T-matrix method to study the effects
of a random rough surface on power absorption at microwave
frequencies. The new methods take into account both dielectric

and lossy conductive media. The results show the absorption
depends on the characteristics of rough surfaces: RMS height,
correlation length, and correlation function. Surface magnetic
fields are also obtained numerically.
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Figure 6 A surface profile and magnitude of surface magnetic fields.
[Color figure can be viewed in the online issue, which is available at
www.interscience.wiley.com]

Figure 7 Two-media SPM2 versus one-medium SPM2: h � 1 ı̀m and
l � 2 ı̀m. [Color figure can be viewed in the online issue, which is available
at www.interscience.wiley.com]

Figure 8 Emissivity and absorptivity versus incident angle: surface with
Gaussian correlation function (h � 2.4 cm, l � 12.0 cm), f � 5.0 GHz, and
å1/å0� 15.57 � 3.71i. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com]
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