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Full-Wave Analysis of Large-Scale Interconnects
Using the Multilevel UV Method With the
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Abstract—Moving towards the goal of analyzing whole printed
circuit boards (PCBs) and packages using full-wave electromag-
netic (EM) methods, the multilevel UV method is applied to the
method-of-moments (MoM) solution of the current on large-scale
interconnects. The MoM solution uses the layered media Green s
functions computed using the numerical modi ed steepest-descent
path (NMSP) method, and is applied to the exterior layers of the in-
terconnect structure. The sparse matrix iterative approach (SMIA)
is used to speed up the solution of the iterative matrix solver. The it-
erative solver is also accelerated by using larger blocks in the block
diagonal inverse preconditioner. With the multilevel UV method,
a fast solution is presented for solving the current on large-scale
interconnects on thin layered structures at high frequencies. We
show an example of an interconnect structure that has horizontal
dimensions of 12.675 A x 12.876 A with 24 848 current unknowns
and an interconnect fractional area of approximately 31%. This
problem takes a total of 21 min 20 s to solve for the current on the
traces on a Pentium 3.2-GHz CPU with 4 GB of RAM.

Index Terms—Computation time, electromagnetic analysis, in-
terconnections, simulation.

. INTRODUCTION

HERE is an increasing need to analyze electrically large
and complex interconnect structures quickly and accu-
rately. A lot of progress is made in circuit modeling and mixture
of circuit and full-wave or quasi-static modeling of intercon-
nects. Researchers have worked on passive macro modeling [1],
[2], moment matching [3], and neural networks [4] to increase
the speed and accuracy of interconnect modeling. The advan-
tage of circuit modeling is the speed of simulation. Its major
drawback is the lack of accuracy at high frequencies when mod-
eling discontinuities, coupling, and crosstalk. Some components
and coupling mechanisms need to be modeled using full-wave
or quasi-static solvers to extract circuit parameters.
The signal integrity community in industry uses a combi-
nation of circuit solvers, quasi-static solvers, and full-wave
solvers. General full-wave solvers can only solve for structures
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of a few wavelengths, depending on the memory and speed of
the computer. The challenge is to have full-wave electromag-
netic (EM) solvers that can compute the current on high-speed
high-density interconnects on PCBs and packages relatively
quickly. The ultimate goal is to solve for the whole board and
packages inclusive of vias using fast full-wave EM solvers.

We have solved the problem of interconnects and vias in
the exterior and interior layers of PCBs using the Foldy-Lax
multiple scattering equations for the interior problem and the
method-of-moments (MoM) approach based on the layered
medium Green’s function for the exterior problem. The interior
layers consist only of vertical vias between reference planes.
The network parameters of the vias in the interior layers have
been solved semi-analytically using the Foldy-Lax multiple
scattering equations [5]. The results of the S-parameters of the
interior layers are accurate and computed much faster than
simulations using Ansoft HFSS [6]. The exterior layers consist
of traces, pads, and exterior vias, and are solved using the MoM
[71, [8]- The solution of the current on the exterior layers is much
slower than the solution of the network parameters for the vias
in the interior layers, as the latter is largely analytic whereas the
former is numerical. This means that although a large number of
interior layer vias can be solved, only a few exterior layer traces
can be solved without fast methods. This paper will address the
issue of solving the current for many traces in the exterior layer
relatively quickly using the UV multilevel method.

Fast EM computation methods can be broadly classified into
fast multipole methods (FMMs), fast Fourier transform (FFT)-
based methods, and rank-based methods. All these methods have
been previously applied to solve for currents on metal surfaces
ondielectric substrates. The FMM was applied using closed form
layered media Green’s functions [9]. The FMM also has been ap-
plied to thin layer structures as the thin stratified medium fast-
multipole algorithm (TSM-FMA) [10] and in conjunction with
the perfectly matched layer [11]. FFT-based methods such as the
sparse matrix canonical grid (SMCG) method [12], the adaptive
integral method (AIM) [13], and the precorrected FFT method
[14] have also been applied to layered media problems. Recently,
rank-based methods, originating from singular value decompo-
sition (SVD)-based matrix compression [15], have been used.
These include the single-level IE-QR method [16] and the mul-
tilevel UV method [17].

The multilevel UV method has been successfully applied
to the analysis of scattering from rough surfaces [18], [19],
propagation over terrain and urban environments [20], volume
scattering by discrete scatterers [21], and microwave absorption
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Fig. 1. Complex , plane for thin layered media showing the Sommerfeld in-
tegration path C and the steepest descent path .

and emission from ocean foam [22]. Recently, the multilevel
UV method has been applied to a square perfect electric con-
ductor (PEC) patch on layered media [17]. This paper will
present the fast solution of the currents on conductors (traces)
on single-layered media using the multilevel UV method.
This will provide a fast solution to compute the currents on
large-scale interconnects.

Most multilevel FMM, multilevel rank-based, and FFT
methods have memory requirement and CPU time scale as O(N
log N) or even O(N). Single level rank-based methods scale
as O(N'3). (N is the number of unknowns in the problem.)
FMM methods require a harmonic expansion of the closed
form Green’s function. FFT-based methods require the pro-
jection of the source and field points onto a regular grid so
that the FFT can be applied on a Toeplitz matrix. For the trace
and via problem on the exterior layers, using FMM requires
obtaining the closed form expansions of the layered media
Green’s functions [9], or plane wave expansions and expansion
of the Hankel function [10]. Rank-based methods are based
on the rank deficiency of the submatrices of the nonnear-field
interactions. These methods are independent of the integration
kernel and do not require projection onto uniform grids. They
are hence easier to apply for a wide variety of problems. The
multilevel UV method has CPU time and memory scaling as
O(rN log N), where r is the typical (average) rank at the largest
level. For small number of levels, the UV method scales closer
to O(N'-?).

For thin substrates, the authors have recently developed a fast
method known as the numerical modified steepest descent path
(NMSP) method to rapidly generate the Green’s functions [23].
It has been shown [24] that for thin structures less than about
0.05 wavelength thick, there are no leaky wave modes between
the Sommerfeld integration path (SIP) and the steepest descent
path I'g, which is the shaded region in Fig. 1. The Sommer-
feld integral is thus an evaluation of the residue for the TMg
(trapped) surface wave pole k,, and the integration on I'g. The
integration on I'y is accelerated by removing the effects of the
surface wave pole k,, from the integrand, resulting in a smooth
integrand. The effect of the surface wave pole in Iy is a closed
form complementary error function. The TSM-FMA [10] also
assumed no leaky wave modes, but does not perform the pole
extraction from the integrand on I'y. For stripline cases (not con-
sidered in this paper), the method of evaluation of the Green’s
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function is different as there are only guided wave and evanes-
cent modes [25].

The matrix iterative solver used in this paper is the general-
ized minimal residue (GMRES) method [26]. Matrix precondi-
tioning is performed to reduce the condition number of large
matrixes and hence the number of iterations. A simple precon-
ditioner to implement for the multilevel UV method is the block
diagonal inverse preconditioner. This can be constructed from
the self-block interaction matrixes at the lowest level. Larger
diagonal blocks can be constructed, but this will require some
preprocessing time. These block diagonal inverse matrixes (or
their LU decompositions) are computed once per frequency be-
fore the first iteration, stored and used for all the iterations. It
will be shown in the results section that using larger blocks for
the preconditioner can significantly reduce the matrix solving
time.

For large matrixes, the matrix multiplication contributes sig-
nificantly to the time per iteration. A way to reduce the time per
iteration is to use the sparse matrix iterative approach (SMIA)
[18], [27]. In the SMIA, the matrix is decomposed into a sparse
(strong) matrix and a weak matrix. The iterations are performed
on a sparse matrix and the right-hand side (RHS) is updated
using the weak matrix. The examples in the results section will
show the use of the SMIA with the preconditioned GMRES
method.

Although the original intention of the paper is to analyze
PCB structures, the examples given in the results section will
consist of relatively wide traces (around 1-mm trace width)
analyzed at high frequencies (10 and 20 GHz). This is because
some of the examples had to be electrically large while main-
taining significant intertrace coupling. It was also desired that
the examples can be solved with the resources of a personal
computer. More realistic PCB and package structures that are
densely packed, such as multichip packages, would involve
more MoM unknowns. The multilevel UV method should still
be competitive with other fast MoM methods because it is suit-
able for parallelization. This is because the UV decompositions
are applied independently to each level and each block [28].

Section Il will describe the methodology for the analysis of
the interconnects. The MoM with the layered media Green’s
functions, the multilevel UV method and the SMIA approach
will all be described. How the diagonal block inverse precon-
ditioner is constructed and how larger blocks can improve the
preconditioner will be explained. Section I11 will present results
of the current from the simulation of densely packed intercon-
nects as well as interconnects with weak coupling. Results of
the current simulation for interconnects with different fractional
areas will be shown to demonstrate the speed and accuracy of
using larger diagonal blocks in the preconditioner and using
the SMIA. How CPU time and memory varies with number
of unknowns will be given. The memory required if free-space
Green’s functions are used instead of layered media will be
compared. The tradeoff between accuracy and the threshold for
matrix compression will also be demonstrated. We have also
made a comparison with another fast method that has been ap-
plied to the layered microstrip problem in terms of CPU require-
ment and memory. The UV method is also compared with An-
soft Designer in terms of CPU time.
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Fig. 2. Layered media with source and field points on the top surface.

Il. FORMULATION

A. Integral Equations

For this paper, we will solve the MoM problem for the source
and field points on the surface of the layered media, as shown
in Fig. 2. The Rao—Wilton-Glisson (RWG) basis functions are
used [29], along with the Galerkin method.

Tangential to the surface of perfect electric conductors
(PECs), the excitation field E’ is equal to negative of the scat-
tered electric field £°. From Green’s theorem, we can derive
that on the dielectric surface, the excitation field is given by

E'=E™(1+R) @

where E¢ s the incident electric field and R is the reflection
coefficient of a wave incident on the surface of the dielectric.
For the nonnear field, the electric field integral equation

(EFIE) is used
-EJ _
7) = G (7, 7)) J(7)ds 2
)= L& e ae @

where E is the scattered electric field vector, GEJ(f, 7) is the
dyadic EFIE Green’s function due to an electric current source,
and J, is the surface electric current vector. The Green’s func-
tion values are stored in lookup tables and interpolated in the
MoM program. For thin layered media, the EFIE Green’s func-
tion is evaluated using the NMSP for source-to-field distances
p > 2.2h [23].

By means of Galerkin testing, the integral equation is con-
verted into a matrix equation

ZI=V

where I is a column vector containing all the current density
coefficients and V is a column vector consisting of the inner
product of the excitation field and the RWG basis functions.
< - > denotes the symmetrical inner product. The centroid ap-
proximation is used for the RWG triangles

=EJ

Il

T_irj_< )-GO (T, ) -yt () 4)
l,» is the length of the nonboundary edge of the mth RWG
basis function and p¢t(7) is the vector pointing from the free
vertex to the centroid of the plus portion of the mth RWG basis
function. The above equation is for the interaction of the plus

15 =

portion of the source basis to the plus portion of the field basis.
The four portions for plus—plus (++), plus—minus (4 —),
minus—plus (—+), and minus—-minus (——) are summed to
obtain the impedance matrix element.

The use of the centroid approximation for the RWG triangles
has been proven to be quite accurate for computing the surface
integrals in MoM solutions even when compared with exact so-
lutions [30].

For the near field, the mixed potential integral equation for the
scattered electric field due to the current on the traces is used

B (F :_w// G ) - T s
_;vs//SG’”(f,f’)V’s~Js(f’)d8’ ®)

where w is the angular frequency and GA is the magnetic vector
potential dyadic Green’s function due to an electric current
source and G is the scalar electric potential Green’s function
due to an electric charge.

Singularities may exist if the source and the field points coin-
cide. As such, the mixed potential layered media Green’s func-
tions are split into the static and nonstatic portions. The static
portions are available in closed form and are a summation of
images. The expressions for the static mixed potential Green’s
functions are found in the Appendix. The nonstatic portion is
evaluated using the NMSP and subtracting the static part. The
nonstatic portion is evaluated down to p = 0.005\.

In our code, to discriminate between the near-field and non-
near field, we have set the cutoff distance to be 5 h, where & is
the height of the substrate. If the minimum distance between
two vertices of any two triangles of the “source” and “field”
RWG’s is greater than or equal to the cutoff distance, the non-
near field formula is used. The choice of the cutoff distance is
a rule-of-thumb based on the frequency of simulation and the
thickness of the dielectric.

If the source and field patches are not too close relative to the
height of the substrate, the seven point integration rule is used
over the RWG triangles for the first few images of the static por-
tion. The seven point integration rule is for increased accuracy in
the surface integration. The nonstatic portion is evaluated using
the centroid approximation as the static portion is expected to
dominate

N
[Zalh = 1 [Zwii%(m)

1;=1

7
=(s),_ _ 4
: Z w;, G 4 (7"111, s r’ib) : Pj{ (r’ib)

ip=1

iy )éff’)(m'm*(r')]

7 7
[Zu ]k = lmln [Z Wi, Z Wi, GSJS)(fZ?F?}:)

ip=1 ip=1
+G$,."><r;,+,r,i+>] (6)
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Fig. 3. Example of three-level UV partitioning.

where w is the weight of the seven-point integration rule, éif)

and G*(:) are, respectively, the static and nonstatic portions of
the magnetic vector potential dyadic Green’s function due to
an electric current source and GS,S) and Gf,.") are, respectively,
the static and nonstatic portions of the scalar electric potential
Green’s functions due to an electric charge.

Regarding the static portion, images further from the source
point can be summed by the centroid approximation. For source
and field patches that are close or overlapping, closed form eval-
uations of the integrals of the static portion for the primary and
1st image are undertaken [31].

B. Multilevel UV Method

The multilevel UV method is based on the rank-deficiency
of the interaction (impedance) matrix between two conductor
blocks that are not neighboring each other. Details of the multi-
level UV algorithm for 3-D structures are found in [17] and [19].

We assume that the interconnects are located within a square
region. Fig. 3 shows an example of a three-level UV partition.
The highest level has four blocks and the lowest level has 4
blocks where P is the maximum level of the partitioning. We
decompose the impedance matrix into P sparse matrixes as
follows:

© 50 ~(P-1)

+otZ

7= +7Z

ANl

Y

where 2(0) is the matrix containing the interaction of the self

. . =) . . .
and neighboring blocks at level 1. 7" is the matrix containing
the interaction of the neighboring blocks at level 2 and so forth.

. . .o =01
Some of the interactions that are supposed to be in Z M are
. =00 . .
already calculated in Z ( ). These interactions are not repeated.

Thus the size of the blocks used in the calculag&r; of Z(l) are
actually those of level 1, not level 2. Similarly, 7"~ uses blocks
which have sizes corresponding to level 2.

To illustrate this, refer to Fig. 3. Let us consider the interaction

of block 1 with block 2 at level 3 for the Z(Z) matrix. We see that
at level 2, we have already calculated the interactions of blocks
2 and 6 with blocks 3 and 7. Hence, these interactions are not
repeated, but are set to null submatrixes in the Z(z) matrix. We
only have to calculate the interactions of blocks 1 and 5 with
blocks 3, 4, 7, and 8 and the interactions of blocks 2 and 6 with
blocks 4 and 8, all at level 2, for the interaction of block 1 with
block 2 at level 3.

For the self block interactions, the matrixes are full ranked.
For neighboring block interactions, the whole submatrix is eval-
uated and its numerical rank is evaluated using singular value
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decomposition (SVD). The matrix is then decomposed into U
and V matrixes such that I/ times V' gives a good approximation
of the actual matrix of the interaction between the two blocks.
If n is the size of the interaction matrix and r is its rank, U is of
dimension n x r and V is of dimension r x n. Thus, the neigh-
boring block interactions require memory of O(2rn) instead of
O(n?). Matrix postmultiplication with a vector z of size n re-
quires O(2rn) operations instead of O(n?).

Time is further saved from nonneighboring block interaction
matrixes because not all matrix elements need to be evaluated.
A rank table can be constructed that tabulates the estimated rank
as a fraction of the larger dimension of the block at a given
level. This rank table is obtained from the MoM computation
of three typical interactions for a given level (starting from the

interactions in Z(l)) using large rank estimates. The matrix el-
ements are sampled uniformly row-wise and column-wise ac-
cording to the upper estimate of the rank. The upper estimate
is about 10%—-20% more than the value obtained from the rank
table. A better estimate of the rank of the matrix is determined
from the sampled matrix using SVD. The matrix is resampled
using the better rank estimate so as to construct the U and V
matrixes. Thus memory, matrix filling time, and matrix-vector
multiplication time (for the iterative solver stage) are all saved
using the multilevel UV method.

The multilevel UV method has CPU time and memory scaling
as O(rN log N), where r is the average rank at the highest level
and N is the total number of unknowns in the problem. This is
true for a sizable number of levels. For problems where there
are only a few levels, the CPU time and memory scales closer
to O(N'?).

In the actual program, the sparse impedance matrix is stored
using a linked list of block matrixes. Each element of the linked
list contains pertinent information such as the level (of the UV
method), the index of the “receive” and “transmit” blocks and
either the whole matrix for self interactions or the U and V
matrixes for nonself interactions. Other information is stored in
the linked list as needed by the algorithm.

C. Preconditioning for the Iterative Solver

In MoM problems, the matrix equation Az = b, where A isan
N x Nmatrix and z and b are N-element vectors, is required to be
solved for the unknown vector z. For large N, matrix inversion
of A is impractical. Iterative methods are usually used to solve
such equations. Iterative methods may require a lot of iterations
if matrix A is ill-conditioned. To improve the condition number
of A, preconditioning methods are commonly applied [32], [33].
In this paper, the block diagonal inverse preconditioner is used.
If we can find a matrix A that approximates A such that we can
easily obtain its inverse, we can instead solve for

M Az =MD,

®)
The resulting matrix M_lﬁ has a lower condition number and
the matrix equation requires fewer iterations to obtain the un-
known vector z.

For the multilevel UV method, the easiest way of constructing
a preconditioner is to have M be a block diagonal matrix con-
taining all the self block interactions. As an example, if there are
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eight blocks at the lowest level (for illustration purposes only),
the preconditioner would be

]\:4- = diag(?th 2

s, Zss, Zee, Zrr, Zss). (9)

NH

The inverse of M is just a block diagonal matrix containing
the inverse of all the block matrixes. The preconditioner can be
improved by using larger blocks in the block diagonal matrix.
For the multilevel UV method at level 1, interactions that are
three blocks away are still stored as level 1 interactions in Z(l)
Thus, we can conveniently create a preconditioner with block
sizes roughly four times the size of the self-block

=/ =
w=|%n
LV 2]
Zu Ziw2 Zis Zia
7' |4 Zan Zaz Zn
H Z31 Z32 Z3z Zsa
_?41 ?42 ?43 ?44_
[ Zss Zse Zsr Zss |
= Zes Zes Lot ZLes
= |3 = = = 10
> Zrs Zre Lt Zrs (10)
| Zss Zss Zsr Zss

This requires some preprocessing time, but for a large number
of unknowns, this method generally saves time in solving the
matrix equation.

D. Sparse Matrix Iterative Approach

The SMIA [18], [27] is an iterative method for solving the
matrix equation Az = b by decomposing A into a sparse ma-
trix representing the strong interactions and a weak matrix rep-
resenting the weak interactions

(s)

A=7"4 7",

+7Z (11)

The method is based on updating the RHS of the matrix equation
=b
B = (w) ( )

S ALO) (12)
Each iteration in the SMIA is solved using GMRES or other

maltrlx iterative solvers. Z( ) can be chosen to be Z( ) or ¢ Z(O) +
Z() etc. Using Z() 0 and Z() M
be referred to as SMIAQ and SMIAL1 respectively. Choosing a

Z9 + 72 win
sparser Z(S) will result in more iterations for the SMIA but faster
time per iteration in the matrix iterative solver. The SMIA works

efficiently if Z(w) does not change the RHS too greatly.

I11. NUMERICAL RESULTS AND DISCUSSION

Some examples of the simulation of interconnects are shown
in this section. The interconnects are meander lines. Up to 16

0.09 |
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0.01f

0

0 0.02 0.04 0.06 0.08 0.1

Fig.4. Eightmeander traces with 31% fractional area. Current density is solved
using the three-level UV method. All dimensions are in meters.

meander lines of various interconnect fractional areas are sim-
ulated using the UV method. The merits of using larger blocks
in the preconditioner and using the SMIA for loosely coupled
interconnects are examined. In all cases, the iterative solver is
the GMRES with at least the self-block preconditioner. The
threshold for the UV matrix compression is 10~# unless spec-
ified otherwise. All CPU times are taken on a 3.2-GHz Pen-
tium IV PC with 4 GB of RAM, unless specified otherwise.
All total CPU times will include Green’s function generation
and mesh setup, which are computed in Matlab, and the rank
table setup, which consists of both Matlab and Fortran 90 codes.
The UV algorithm for the matrix assembly, the MoM algorithm
and the matrix solver (GMRES, LU and SMIA) are all coded in
Fortran 90.

A. Densely Packed Interconnects With Strong Coupling

Fig. 4 shows a densely packed interconnect with 31% inter-
connect fractional area. The problem has 6280 unknowns and
can be solved by the three-level UV method. The traces have
width w of 1 mm. The height of the substrate 4 is 0.25 mm,
dielectric constant ¢,. is 4 and the frequency for the simulation
was 20 GHz. The excitation is a delta gap voltage source on the
lower end of the third trace from the left. The total dimensions
of the structure are 6.271 A x 6.471 A, where A is the free-space
wavelength.

The dimensions and frequency of such a problem has some
application in analyzing interconnects in microwave circuits
[34], though the main reason these dimensions and frequency
was chosen was to ensure the following criteria are met.

» The problem had to be electrically large as small problems

can be solved by quasi-static solvers.

e The RWG elements should not be too small electrically as
other types of basis functions need to be used. We have not
tested our code for very low frequency regime.

« The number of unknowns should be manageable for a per-
sonal computer (running 32-b Windows OS) in terms of
run time and memory.

« The coupling between traces had to be significant such that
a sparse MoM matrix would not solve the problem.
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Fig. 5. Comparison of current density on third trace (from the left) computed
from MoM with and without the UV method. The x axis is the distance along
the trace from the bottom.

1) Proving That the UV Method Works: Fig. 5 shows the cur-
rent along the third trace (from the bottom) computed from with
the three-level UV method and without the UV method. The
x-axis denotes the distance along the trace from the bottom. The
convergence tolerance for the GMRES solver was set at 0.5%.
The agreement between the two results is very good. The current
took 2 min to compute using the three-level UV method. The
same current took nearly 3 h to compute using the MoM method
without UV and with LU decomposition for matrix solving. The
LU algorithm is obtained from Numerical Recipes [35]. The so-
lution from the UV method can be made more accurate by de-
creasing the threshold for the numerical rank calculation using
the SVD and decreasing the residue criteria for the iterative
solver.

2) Proving That Larger Blocks for the Preconditioner Pro-
duce Accurate Results and is Overall Faster for Large Number
of Unknowns: We analyze a structure similar to that in Fig. 4
except that there are twice as many traces and roughly twice
the trace lengths with twice as many meanders. This structure
is shown in Fig. 6 (the image is captured from Ansoft Designer
version 3). The number of unknowns is 24 848 and the problem
is solved using the level 4 UV method. The excitation is a
delta-gap voltage source on the lower end of the fifth trace from
the left. The dimensions of the structure are 12.675\ x 12.876\.

Fig. 7 shows the current on the fifth trace (from the left) with
a self block preconditioner and with the larger block precondi-
tioner. The tolerance of the iterative solver was set at 1%. The
results show that the larger block preconditioner gives the same
result. Table I shows the CPU times for the GMRES iterative
solver using the self-block and larger block preconditioner. It
can be seen that using the larger block preconditioner reduces
the number of iterations significantly and results in a much faster
overall solving time. The total CPU time for solving the cur-
rent was 21 min 20 s using the larger block preconditioner and
34 min 52 s with the self block preconditioner.

The setup time for the self block preconditioner is very small.
No subroutine was specifically written for it and hence it was not
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Fig. 6. Sixteen meander traces with 31% fractional area. Twice as many mean-
ders as that in Fig. 4. All spacings between traces and meanders are the same as
in Fig. 4. The current density is solved using the four-level UV method. Image
is captured from Ansoft Designer version 3.

Level 4: 24848 elements, 5th (excited) trace
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Fig. 7. Current density on fifth trace (from the left) computed with the self
block and larger block preconditioners. Structure analyzed is shown in Fig. 6.

timed. The time for the setup is included in the iteration time.
Since matrix inversion CPU time is O(N?) and that there are
four times more diagonal blocks for the self block precondi-
tioner, we expect that the setup time for the self block matrixes
to be about 1/16 that of the setup time for the larger blocks.

3) Proving That the SMIA Works Even for Cases Where Z<w)
is Significant: Fig. 8 shows the current density of the fifth trace
from the left for the previous 24 848 unknown structure. The
matrix solving is accomplished by GMRES with and without the
SMIAL. This is to prove the validity of the SMIA. Fig. 9 shows
the magnitude of the current density on the fifth trace solved
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