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Abstract�In this paper, a new multilevel Green�s function inter-
polation method (MLGFIM) is presented to solve integral equa-
tions for large-scale electrostatic problems. In MLGFIM, the
problem domain is �rst divided into multilevel cubes. Next, the
peer-level Green�s function interpolation technique is employed,
and then, a new lower-to-upper-level Green�s function interpola-
tion technique is devised. They are used with the multilevel dis-
cretization to speed up the matrix�vector multiplications in the
iterative solution in which a computational complexity of O(N)
is achieved. The MLGFIM is used to extract the capacitances
encountered in radio frequency integrated circuits (RFICs) and
microelectromechanical systems. Moreover, to demonstrate its
ef�ciency both in simulation speed and memory storage require-
ment, MLGFIM is compared with FastCap for free space prob-
lems and applied to extract capacitances from multilayered
structures. For problems with 375 000 unknowns, the proposed
method only requires 343 MB of computer memory.

Index Terms�Capacitance, microelectromechanical system,
multilevel Green�s function interpolation method (MLGFIM),
RFIC.

I. INTRODUCTION

NOWADAYS, in radio frequency integrated circuit (RFIC)
and microelectromechanical system design [2], [3], elec-

tromagnetic (EM) coupling analysis, e.g., the mutual capac-
itance parameter extraction, is becoming increasingly important
due to the increasing complexity of the circuit components and
their close proximity.

Existing methods such as the �nite-difference method, �nite-
element method, and method of moments (MoM) [4]�[7] can
be used to simulate the EM coupling of the simple components
encountered in RFIC. The �rst two methods require volumetric
discretization as opposed to surface discretization of the con-
ducting traces in the MoM. This causes the drastic increase of
the number of unknowns when the circuit is very complex. The
third method (MoM), although rigorous and accurate, generates
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a dense matrix system that has to be solved by iterative methods
when the number of unknowns becomes large. The computa-
tional complexity of the matrix�vector multiplication is O(N2)
when an iterative solver such as the conjugate gradient method
(CGM) is employed. There exist several fast algorithms for
matrix�vector multiplication such as the fast multipole method
(FMM) [1], [8]�[14], conjugate gradient fast Fourier transform
(CG-FFT) [15], precorrected FFT (PFFT) [16], [17], the sparse-
matrix/canonical grid (SMCG) method [18], adaptive cross
approximation (ACA) [19], [20], etc. The FastCap solver [1]
based on FMM originated by Greengard and Rokhlin [8], [9]
has a complexity of O(N). However, FMM depends on the type
of Green�s function used for the speci�c problem. Therefore, if
the problem type is changed, for instance, an increase in the
number of the dielectric substrates, then the problem has to be
reformulated as more multipoles are required to represent the
Green�s function. These fast multipole-based methods become
cumbersome when dealing with structures embedded in a multi-
layered medium. In contrast, the CG-FFT method is indepen-
dent of the Green�s function with a complexity of O(N log N).
However, since a uniform discretization is necessary for the
use of FFT, its ef�ciency is highly dictated by the geometrical
shape of the problem. The PFFT method and the SMCG method
relax this requirement by adopting a nonuniform discretization.
The former employs an interpolation technique, while the latter
expands the Green�s function with a Taylor series about a
uniform grid, allowing the use of FFT. Both methods can be
applied to multilayered media. These methods, however, are
ef�cient only when three-dimensional (3-D) conducting traces
are densely packed together as a volumetric grid is required.
There also exists another fast method with O(N) complexity,
viz., ACA [19], [20], that employs an interpolation algorithm on
low-rank submatrices describing interactions far apart. Because
the interpolations are directly performed on these submatrices,
it is more �exible for solving problems with complex medium.
However, it is dif�cult to use the translational invariance char-
acteristics of the Green�s functions in many problems such as
free space problem, the multilayered planar strati�ed problem,
etc., to further enhance the ef�ciency of ACA.

In this paper, a new multilevel Green�s function interpolation
method (MLGFIM) is proposed. In MLGFIM, with the same
hierarchical partition as that in FMM [1], [11], [12], the prob-
lem geometry is �rst meshed into some points and then divided
into some cubes in a multilevel manner, which forms a cube tree
(Section IV). Instead of computing the in�uences of the points
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located within one cube over the points within another cube at
the same level directly, a more ef�cient method is employed,
viz., the peer-level Green�s function Lagrange interpolation
technique (described in Section III), which is referred to as
the projection technique in PFFT [16]. As a result, only the
calculation of the in�uences of the interpolation points of a
cube over the interpolation points of another cube is needed.
Other in�uences can be viewed as the linear interpolations of
these in�uences. In order to further enhance its ef�ciency, a
new lower-to-upper-level interpolation technique has also been
developed (discussed in Section IV) to interpolate the mutual
in�uences, i.e., interactions among the interpolation points in
children (de�ned in Section IV) at the lower level to interactions
among the interpolation points in their corresponding parents
(de�ned in Section IV) at the upper level. Combining these
two interpolation techniques, an MLGFIM for accelerating
the matrix�vector multiplications with a complexity of O(N)
is obtained. In contrast to the multipole expansion method
used in FMM, the peer-level and lower-to-upper-level Lagrange
interpolations are used here to expand the Green�s function and,
thus, are easier to be effectively adopted for problems with
complex medium, e.g., multilayered medium.

MLGFIM is used for the ef�cient calculation of the capaci-
tances of some components encountered in integrated circuits.
The complexity analysis in Section VIII shows that the perfect
conducting cube problem with 375 000 unknowns can be solved
by MLGFIM with 343 MB of memory. It performs similarly
with other examples presented in this paper. The comparisons
with FastCap and the ef�cient simulations of multilayered
electroquasistatic problems encountered in RFIC and micro-
mechanical systems demonstrated its high ef�ciency in both
speed and memory storage requirements. At the end of this
paper, qualitative comparisons with PFFT and ACA are given
to position the method in the �eld of low-frequency integral
equation methods.

II. PROBLEM DESCRIPTION

A low-frequency EM problem can be described using an
integral equation. For simplicity, here, the authors only discuss
the scalar problem. The vector problem can be viewed as the
combination of three scalar problems. The integral equation can
be written as

�

S

dS �G(r, r�)�(r�) = 4���(r). (1)

Here, the basis function is chosen to be the piecewise constant
function with the form as

Pi(r) =
1
Si

(2)

where Si is the area of the support of basis function i. Conse-
quently, the source can be expanded as �(r) =

�N
i=1 xiPi(r).

Substituting it into (1) and applying the Galerkin method give

Ax = F . (3)

Fig. 1. Two-dimensional pictorial representation of the 3-D geometry. It is
discretized into a number of points (black circles) and then partitioned into
several equally sized cubes.

The entries in A can be written as

Aij =
�

Si

dS
1
Si

�

Sj

dS � 1
Sj

G(r, r�). (4.a)

If a collocation method [letting G(r, r�) � G(ri, r�)] is used,
where ri is the center of the ith basis function, (4.a) can be
rewritten as

Aij =
�

Sj

dS � 1
Sj

G(ri, r�). (4.b)

For the off-diagonal entries, the Nystrom method can be used
[setting G(r, r�) � G(ri, rj)]. Thus, (4.a) is rewritten as

Aij =

�
�

�

G(ri, rj), i �= j�

Si

dS 1
Si

�

Sj

dS � 1
Sj

G(r, r�), i = j . (4.c)

From (4.c), it can be seen that the off-diagonal entries in the
MoM matrix can be viewed as the Green�s function values
generated from the source points to the �eld points. To solve
(3), the CGM is used. Because A is a dense matrix, both the
complexity of the memory requirement and the complexity of
matrix�vector multiplication in (3) are O(N2).

III. PEER-LEVEL GREEN�S FUNCTION INTERPOLATION

Fig. 1 depicts a geometry that is partitioned into several
equally sized cubes. It is a two-dimensional (2-D) pictorial
representation of the 3-D geometry. (For simplicity and clarity,
the 2-D pictorial representations of 3-D problems will be used
in some �gures of this paper.) Correspondingly, the moment
matrix in (3) is also divided into several submatrices. Now,
let Amn denote a submatrix of the moment matrix, which
represents the in�uences of the points in the source cube Gn
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Fig. 2. Two-dimensional pictorial representation of 3-D locations of the
interpolation points (white circles) and interpolated points (gray circles) in the
source cube Gm and �eld cube Gn. K = 27.

on the points in the �eld cube Gm. Here, G denotes a group
representing the cubes. These two cubes are well separated
from each other, as shown in Fig. 2. Thus, the entry SAij in
Amn can be expressed as a source point-�eld point Lagrange
interpolation form [21]

SAij =
K�

p=1

K�

q=1

�m,p(ri)�n,q(rj)G (rGm,p, rGn,q) (5)

where rGm,p, p = 1, . . . , K denote the 3-D Lagrange interpo-
lation points in the �eld cube Gm, and rGn,q , q = 1, . . . ,K
denote the 3-D Lagrange interpolation points in the source
cube Gn. Also in (5), �m,p(r) and �n,q(r) are the Lagrange
interpolation functions. Their expressions can be found in the
Appendix. The entry SAij in Amn, namely, the Green�s func-
tion, is �rst interpolated in the source cube and then interpolated
in the �eld cube, just as expressed in (5). Here, it is assumed
that the number of interpolation points in the source cube is
the same as that in the �eld cube. For a 3-D problem, a six-
dimensional (6-D) Lagrange interpolation is used in Green�s
function calculation, i.e., Green�s function is interpolated along
its six variables (x, y, z; x�, y�, z�). Fig. 2 shows the 2-D
pictorial representation of the 3-D locations of the interpolation
points (white circles) and interpolated points (gray circles) in
the source cube and �eld cube. For each variable, only three
points are used as the interpolation points, and then, K =
3 × 3 × 3 = 27 in (5).

Certainly, (5) can be written as the vector operation form

SAij = �m,iGmn�n, j . (6)

Subsequently, Amn can be rewritten as

Amn =

�

			


�T
m,1

�T
m,2...

�T
m,Mm

�

���

Gmn [�n,1, �n,2, . . . , �n,Mn ]

= WmGmnW
T
n (7)

where Mm and Mn denote the numbers of unknowns in cube
Gm and cube Gn, respectively. From (5)�(7), it can be seen that
Wm and Wn are Mm × K and Mn × K interpolation matri-

ces, respectively, while Gmn is a K × K matrix. It is obvious
that if K � min(Mm,Mn), the computation of Wm, Wn, and
Gmn will be signi�cantly faster than that of Amn. Equation (7)
is termed the peer-level Green�s function interpolation as cube
Gm and cube Gn are at the same level. (The two cubes are at
the same level if they have the same size.) This idea is not new
since it can be found in [16]. However, it will be used here with
the multilevel scheme.

The accuracy analysis of the interpolation is very important
before the approach proposed above can be applied to the mul-
tilevel scheme. In order to check if the Lagrange interpolation
can provide suf�cient accuracy with a small number of interpo-
lation points K, the authors compute the 3-D Green�s function
1/R. In low-frequency problems, the Green�s functions are
primarily due to 1/R for the reason that the phase factor
eikR of scalar potential or vector potential approaches one.
Here, the authors let the size of the cube be 1 m. As shown
in Fig. 2, the �eld cube and the source cube are separated
by only one cube. To the �eld cube, the source cube is the
nearest separated cube. Thus, the Green�s function interpolation
between other cubes will be more accurate than that between
these two cubes, given the same number of interpolation points
K. In each of these two cubes, 10 × 10 × 10 evenly distributed
points are chosen to check the Green�s function interpolation.
Hence, (10 × 10 × 10)2 Green�s functions have been tested.
Fig. 3(a) shows the average relative error of the interpolated re-
sults versus the number of interpolation points K, and Fig. 3(b)
shows the average error of the interpolated results versus the
ratio of the cube-center-distance to the cube size. Here, the
cube-center-distance is the distance between the center point of
the source cube and that of the �eld cube, while the cube size is
the edge length of a cube. From Fig. 3(b), it can be seen that if
K = 27, the average relative error is less than 0.0047759.

IV. MULTILEVEL DIVISION

From the discussion above, it can be seen that in order to
accurately use the peer-level interpolation technique in com-
puting a Green�s function value from the point of one cube to
that of another cube, the ratio of the cube-center-distance to the
cube size must be at least 2. (The two cubes are well separated
from each other if they satisfy this condition. Otherwise, they
are near each other. Two cubes that are near each other share
at least one edge point [11].) Fig. 4(a) shows a 3-D geometry
being divided into 4 × 4 × 4 = 64 equally sized cubes at the
same level. Fig. 4(b) is the 2-D pictorial representation of this
3-D problem. Here, the cube marked with Gf is denoted as the
�eld cube. Obviously, it is well separated from 64 � 8 = 56
source cubes marked with W . Therefore, (7) can be used to
calculate the in�uences of the points in these source cubes
on the points in Gf . However, there are eight cubes [includ-
ing Gf itself and seven cubes marked with N , as shown in
Fig. 4(b)] that are near Gf . They are the neighbors of Gf .
(The terminology neighbor is de�ned in the next paragraph.)
Thus, the in�uences of the points in these neighbors on the
points in Gf should be calculated straightforwardly. This will
cost a lot of CPU time if the sizes of these cubes are large
because the numbers of points contained in them will also be
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Fig. 3. Average relative error of the (10 × 10 × 10)2 interpolated Green�s
function (a) versus the number of interpolation points (cube � center �
distance/cubesize = 2) and (b) versus the ratio of cube-center-distance to
the cube size.

large. Hence, all the cubes at this level are further divided,
viz., each of them is subdivided into eight equally sized child
cubes (de�ned in the next paragraph). Fig. 4(c) only shows
the further division of the eight neighbors of Gf . It can be
seen that G�

f , which is the child of Gf , also has 56 well-
separated cubes marked with W �. Hence, (7) can again be used
to calculate their in�uences. This division can be viewed as a
special case of two-level cube division. In general, a two-level
division divides each cube at the current level into eight equally
sized child cubes, resulting in a new cube level that consists of
these new generated children. To construct a multilevel division
to further enhance the ef�ciency of the peer-level interpolation,
we must �rst include the object into one large cube (which is
marked with level 0) and then perform the two-level division
recursively to multilevel, i.e., divide this cube into a cube set
that forms a cube tree. Fig. 4(d) shows a three-level (L = 3 and
l = 0, 1, 2, and L) cube tree for this 3-D problem. Note that in
Fig. 4(d), some tree nodes are null, i.e., they contain no points.
Consequently, no operation and memory allocation are needed
for them.

After constructing a cube tree, numerical operations can be
performed on it. Here, the same multilevel structure as that
in FMM will be used. Thus, �ve concepts are borrowed from

Fig. 4. Multilevel division of a 3-D problem. (a) The 3-D object is divided
into 64 cubes. (b) The 2-D pictorial representation of this 3-D problem. Here,
Gf is well separated from 64 � 8 = 56 cubes marked with W . It has eight
neighbors including itself and other seven cubes marked with N . (c) The eight
neighbors of Gf are further divided. (d) A cube tree. Each tree node (cube) has
eight branches and eight children (described with ellipsis).

FMM: child node, parent node, neighbor, interaction list cube,
and interaction list of one cube [11]. Their de�nitions are
provided as follows. Cube A/B is the parent/child node of
cube B/A if cube B is a cube that is directly subdivided from
cube A; cube A is the neighbor/interaction list cube (i.e., cube
of the interaction list) of cube B at level l (l = 0, 1, 2, . . . , L) if
cube A is near/well separated from cube B, and their parent
cubes are neighbors of each other. Fig. 5(a) and (b) are the
2-D pictorial representations of these de�nitions for the 3-D
problem. The sphere-�lled cube in Fig. 5(a) obviously has 27
neighbors (including itself); the sphere-�lled cube in Fig. 5(b)
is one child node of the sphere-�lled cube in Fig. 5(a) and
has 27 neighbors and 189 interaction list cubes, according to
the above de�nitions. Fig. 5(c) is the augmented topologic
structure used to describe the interaction list of a cube. This
�gure shows that the interaction list of a cube contains at most
316 cubes.
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Fig. 5. Two-dimensional pictorial representations of the neighbors and inter-
action list of a cube in 3-D problems. (a) All the cubes are the neighbors of the
sphere-�lled cube. Nneighbor = 27. (b) The dash-line-�lled cubes form the
interaction list of the sphere-�lled cube. Ncos sin = 189. (c) The augmented
topologic structure of the interaction list of the sphere-�lled cube. Nac = 316.

Then, the peer-level interpolation (7) can be written as a
multilevel version, viz.,

Am,l;n,l = Wm,lGm,l;n,lW
T
n,l. (8)

In (8), Am,l;n,l is the submatrix of A describing the in�uences
of the points within cube n at level l on the points within cube m
at the same level; Wm,l is the Lagrange interpolation matrix of
cube m at level l; Gm,l;n,l denotes the Green�s function matrix
presenting the in�uences of the interpolation points in cube n at
level l on interpolation points in cube m at the same level. Their
expressions can be found in the Appendix. Note that cube n is
an interaction list cube of cube m, and from then on, Gm,l is
denoted as cube m at level l.

Now, reconsider (3). The most time-consuming step in solv-
ing it using the CG solver is the matrix�vector multiplica-
tion b := Ax. Before analyzing it, some matrices and vectors
are �rst introduced. Letting Nl be the number of cubes at
level l, where l = 2, . . . , L, then b = [bT

1,l, . . . , b
T
Nl,l]

T , and
x = [xT

1,l, x
T
2,l, . . . , x

T
Nl,l]

T. xi,l and bi,l denote the subvectors
of b and x corresponding to the points in cube i at level l,
respectively. Also, AmL,L;nl,l (de�ned in the Appendix) is used
to denote the submatrix of A that describes the in�uences from
the points within Gnl,l on the points within GmL,L, where
GmL,L � • • • � Gml,l, and Gnl,l is the interaction list cube of
Gml,l. Here, A � B means that A is one child of B. Obviously,
there exists a relation as

AmL,L;n,l = UmL,L;ml,lAml,l;nl,l. (9)

UmL,L;ml,l is used to pick the corresponding rows from
Aml,l;nl,l to form AmL,L;nl,l. (Note that it is a sparse matrix and
unnecessary to be generated or stored in the real calculation,
because (9) is just a row-picking operation.) Consequently,

using (9), a part of the matrix�vector multiplication can be
rewritten as

bmL,L :=
NL�

j=1

AmL,L;j,Lxj,L

=
�

GnL,L�neighbors
of GmL,L

�
AmL,L;nL,LxnL,L

�

+
L�

l=2

�

Gnl,l�interaction
list of Gml,l

AmL,L;nl,lxnl,l

=
�

GnL,L�neighbors
of GmL,L

�
AmL,L;nL,LxnL,L

�

+
L�

l=2

�

���UmL,L;ml,l
�

Gnl,l�interaction
list of Gml,l

Aml,l;nl,lxnl,l

�

���

=I + � (10.a)

where mL = 1, 2, . . . , NL. The �rst part I denotes the strong
in�uences from the neighbors of GmL,L, while the second
part � denotes the weak in�uences due to the contributions
of the interaction lists of GmL,L, GmL�1,L�1, . . . , and Gm2,2,
where GmL,L � GmL�1,L�1 � • • • � Gm2,2. Substituting the
multilevel version of the peer-level Green�s function interpola-
tion, viz., (8), into (10.a) gives (10.b), shown at the bottom of
the page. Equation (10.b) can be viewed as the mathematical
expression of the multilevel version of the peer-level Green�s
function interpolation method being used in matrix�vector mul-
tiplication. Algorithm 1 shows the concrete calculation steps.

Algorithm 1

Step 1) Compute Snl,l := W
T
nl,lxnl,l for all cubes of the

tree, except the cubes at level 0 or 1. The complexity
is O(KLN).

Step 2) Compute

Pml,l := Wml,l
�

Gnl,l�interaction
list of Gml,l

�
Gml,l;nl,lSnl,l

�

=Wml,l�ml,l

bmL, L :=
�

GnL,L�neighbors
of GmL,L

�
AmL,L;nL, LxnL,L

�
+

L�

l=2

�

���UmL, L;ml,l ×
�

Gnl,l�interaction
list of Gml,l

�
Wml,lGml,l;nl,lW

T
nl,l

�
× xnl,l

�

���

= I + � (10.b)
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Fig. 6. Lower-to-upper level Green�s function interpolation. The white circles and the crosses denote the interpolation points at levels l and l + 1, respectively.
It is a 2-D pictorial representation of the 3-D problem.

for all cubes of the tree, except the cubes at level
0 or 1. The complexity is O(KLN + 316K2 ×�L

l=2 Nl), where Nl denotes the number of cubes
at level l of this tree.

Step 3) Compute � :=
�L

l=2 UmL,L;ml,lPml,l. The com-
plexity is O(LN).

In it, Sml,l, Pml,l, and �ml,l for Gml,l are three K × 1
matrices used to store temporarily calculated values. Their
storage complexity is O(K

�L
l=2 Nl) � O(KN). It can be

seen that the computational complexity of Algorithm 1 is
O(LN). According to the translational invariance character-
istics of most Green�s functions, for calculating the K × K
matrices Gml,l;nl,l of each level, we only need to calculate
the in�uences of the interpolation zeros of the dash-line-�lled
cubes on the interpolation zeros of this sphere-�lled cube,
as shown in Fig. 5(c). Thus, the complexity for storing and
calculating Gml,l;nl,l at all levels is only O(L × K2 × 316),
and both the CPU time and memory storage requirements are
negligible. It is clear that the memory consumption for storing
Wnl,l of all the cubes in this tree is also O(LN).

V. LOWER-TO-UPPER-LEVEL INTERPOLATION

From the discussion above, it can be seen that the complexity
of Algorithm 1 is dependent on the number of levels L. Here,
a new method based on the interpolation technique is used to
eliminate the dependency on L.

Fig. 6 shows the principle of the interpolation technique.
Note that it is also a 2-D pictorial representation of the
3-D problem. Suppose that there are two cubes Gml+1,l+1 and
Gnl+1,l+1 at level l + 1, which are well separated from each
other, and so do their parent cubes Gml,l and Gnl,l at level
l. If the �eld point rf and the source point rs are located
in Gml+1,l+1 � Gml,l and Gnl+1,l+1 � Gnl,l, respectively, ac-
cording to (6), the Green�s function from rs to rf can be
written as

Afs = �T
ml,l,fGml,l;nl,l�nl,l,s (11)

where �m,l,f is de�ned in the Appendix. It is obvious that if
the interpolation points for �eld part in (11) are chosen to
be the interpolation points of Gml+1,l+1 instead of those of

Gml,l, the interpolation accuracy in (11) will be enhanced. This
can be expressed as

Afs = �T
ml+1,l+1, fGml+1,l+1;nl,l�nl,l,s. (12)

Similarly, we have

Afs = �T
ml,l, fGml,l;nl+1,l+1�nl+1,l+1,s. (13)

Here, the newly introduced K × K Green�s function matrix
Gml+1,l+1;nl,l/Gml,l;nl+1,l+1 (de�ned in the Appendix) de-
scribes the Green�s function values generated from the inter-
polation points of Gnl,l/Gnl+1,l+1 to the interpolation points
of Gml+1,l+1/Gml,l. Afs is an entry of matrices Aml,l;nl,l,
Aml+1,l+1;nl,l, and Aml,l;nl+1,l+1, where Aml+1,l+1;nl,l/
Aml,l;nl+1,l+1 denotes the submatrix of A describing the in�u-
ences on the interpolated points of Gml+1,l+1/Gml,l from the
interpolated points of Gnl,l/Gnl+1,l+1. Thus, (11)�(13) can be
rewritten as

Aml,l;nl,l = Wml,lGml,l;nl,lW
T
nl,l (14)

Aml+1,l+1;nl,l = Wml+1,l+1Gml+1,l+1;nl,lW
T
nl,l (15)

and

Aml,l;nl+1,l+1 = Wml,lGml,l;nl+1,l+1W
T
nl+1,l+1. (16)

Gml+1,l+1;nl,l and Gml,l;nl+1,l+1 can also be interpolated using
Gm,l;n,l, viz.

Gml+1,l+1;nl,l = C
T
ml,l;ml+1,l+1Gml,l;nl,l

and Gml,l;nl+1,l+1 = Gml,l;nl,lCnl,l;nl+1,l+1. (17)

Cml,l;ml+1,l+1 is the lower-to-upper level interpolation matrix
de�ned in the Appendix. Substituting (17) into (15) gives

Aml+1,l+1;nl,l = Wml+1,lC
T
ml,l;ml+1,l+1Gml,l;nl,lW

T
nl,l.

(18)
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Using the row-picking operation, viz., substituting (9) in (14)
and (18), we obtain

AmL,L;nl,l = UmL,L;ml,lWml,lGml,l;nl,lW
T
nl,l (19)

and

AmL,L;nl,l = UmL,L;ml+1,l+1Wml+1,l+1

× C
T
ml,l;ml+1,l+1Gml,l;nl,lW

T
nl,l. (20)

Comparing (20) with (19), we have

UmL,L;ml,lWml,l = UmL,L;ml+1,l+1

× Wml+1,l+1C
T
ml,l;ml+1,l+1. (21)

Equation (21) indicates that the Lagrange interpolation ma-
trix of a cube can be interpolated using the Lagrange inter-
polation matrix of its child. Hence, only Wm,L should be
calculated, where m = 1, . . . , NL. This technique was called
the lower-to-upper-level interpolation. This technique is the
interpolation of the Green�s function between two levels and
is distinct from the peer-level interpolation technique described
in Section III. Combining these two interpolation techniques
and employing them in the multilevel divided problem, an
MLGFIM for accelerating the matrix�vector multiplications
can be obtained by solving (3) iteratively. The mathemati-
cal development of MLGFIM is described in the following
section.

VI. MLGFIM

It is not dif�cult to prove that

Aml,l;nl,lxnl,l =
�

Gnl+1,l+1�Gnl,l

Aml,l;nl+1,l+1xnl+1,l+1.

(22)
Substituting (14), (16), and (17) into (22) obtains

W
T
nl,lxnl,l =

�

Gnl+1,l+1�Gnl,l

Cnl,l;nl+1,l+1W
T
nl+1,l+1xnl+1,l+1.

(23)
Using the symbol Snl,l in Algorithm 1, (23) is rewritten as

Snl,l =
�

Gnl+1,l+1�Gnl,l

Cnl,l;nl+1,l+1Snl+1,l+1,

and

SnL,L = WnL,LxnL,L. (24)

Hence, to calculate Snl,l, instead of using step 1 in Algorithm 1,
(24) can be used recursively.

Using (21), the second part of (10.b) can be rewritten as

� =
L�

l=2

UmL,L;ml,lWml,l�ml,l

=
L�

l=3

UmL,L;ml,lWml,l�ml,l + UmL,L;m2,2Wm2,2�m2,2

=
L�

l=3

UmL,L;ml,lWml,l�ml,l

+ UmL,L;m3,3Wm3,3C
T
m3,3;m2,2�m2,2

=
L�

l=4

UmL,L;ml,lWml,l�ml,l

+ UmL,L;m3,3Wm3,3

�
�m3,3 + C

T
m3,3;m2,2�m2,2

�
(25)

where

�ml,l =
�

Gnl,l�interaction
list of Gml,l

�
Gml,l;nl,lSnl,l

�
. (26)

If we let

Bml,l = �ml,l + C
T
ml,l;ml�1,l�1Bml�1,l�1

Bm2,2 = �m2,2 (27)

and use (21) recursively in (25), it can be further simpli�ed as

� = WmL,LBmL;L. (28)

Then, what we want is to compute BmL;L, which can be
obtained using recurrence (27) from the top level to the �nest
level of the cube tree. At the top level, Bm2,2 = �m2,2 is
obtained using (26), where Sn2,2 is obtained using (24) from
the �nest level to the top level of the cube tree. Thus, (24), (26),
and (27) are the mathematical expressions used to construct
MLGFIM. Before describing the MLGFIM algorithm, recall
the multilevel procedures in FMM that include two parts, viz.,
upward pass and downward pass. Recurrence (24) is similar to
the merge procedure in upward pass of FMM; (26) is similar
to the interaction phase in the downward pass of FMM; (27) is
similar to the shifting of local expansion in the downward pass
of FMM. The difference is that our method uses Green�s func-
tion interpolation instead of multipole expansion in each step.
Nevertheless, these terminologies will be adopted to describe
MLGFIM, i.e., Algorithm 2, as the multilevel structure of these
two methods is the same.

Algorithm 2 (MLGFIM)

Step 1) Compute Si,L = W
T
i,Lxi,L, from i = 1, . . . , NL at

level L. The complexity is O(KN) (upward pass).
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Step 2) Perform a merge procedure at each higher level, viz.,
to compute Snl,l using (24) for each cube Gnl,l
from level l = L � 1, L � 2, . . . , 2. The complexity
is O(K2 �L�1

l=2 Nl), where Nl denotes the number
of cubes at level l. Here, the method of lower-to-
upper-level interpolation is used (upward pass).

Step 3) Conduct the interaction phase at level 2 to compute
Bn2,2, viz., �n2,2 using (26) for each cube Gn2,2
at level 2. The complexity is O(K2 �

n2
mn2,2),

where mn2,2 is the number of interaction list cubes
of cube Gn2,2 at level 2 (downward pass).

Step 4) Carry out the shifting procedure at each level
(l = 3, . . . , L). The operation computes Bml,l us-
ing (27) for each cube Gml,l from level l =
3, . . . , L. The complexity is O(K2 �L

l=3 Nl) +
O(K2 �L

l=3
�

(ml,l) mml,l), where
�

(ml,l) mml,l
is the sum of the number of interaction list cubes
of all the cubes at level l (downward pass).

Step 5) At the �nest level, i.e., level L, compute bi,L :=
W i,L • Bi,L, from i = 1, . . . , NL. The complexity is
O(KN) (downward pass).

Step 6) Add up the contributions from the strong in�uences.
bi,L := bi,L +

�
m Ai,L;m,Lxm,L, where cube m is

the neighbor of cube i at level L. The complexity is
O(N) (strong in�uences computing).

Step 7) Complete the operation of b := Ax.

The number of interaction list cubes of cube Gml,l, namely,
mml,l, is less than 316, while the sum of the number of cubes at
all of the levels is less than the number of unknowns N , if the
average number of basis functions per cube at the �nest level
is larger than two. Therefore, the complexity in steps 2�5 is
O(N), and subsequently, the complexity of the whole algorithm
is O(N). One should also note that matrices Ai,m(i �= m)
in step 6 can be further compressed using the mature QR
factorization techniques [22], viz., Ai,m = Qi,mRi,m, for Ai,m
is always the low-rank matrix.

VII. NUMERICAL ANALYSIS

In this section, the error introduced by MLGFIM in calculat-
ing the charge distribution of a sphere is analyzed �rst . Second,
four additional examples in free space are chosen to test the
complexity of this method. Third, performance comparisons
between the proposed MLGFIM and the popular FastCap solver
are made using these four examples. Subsequently, it has been
successfully used to ef�ciently solve the capacitances of the
structures on multilayered media.

A. Error Analysis

Here, the conducting sphere problem is used [23] to perform
an error analysis of the method. The potential distributed on the
unit sphere is

�(�) =
cos �

2
. (29)

Fig. 7. Error de�ned in (31) versus the reciprocal of the number of unknowns.

Its analytical charge distribution is

�(r) =
3 cos �

8�
. (30)

The following formula was used to analyze the relative error
introduced from the method:

� =
1
Q

�

i

|xi � Si�(ri)| (31)

where xi is the entry of unknown vector x, Si is the support area
of basis function i, ri is the center point of panel i, and Q =�N

i=1 |Si�(ri)|. Fig. 7 shows the error versus the reciprocal of
the number of unknowns. From this �gure, it can be seen that
when K = 27, the error is in the order of 1%. This accuracy is
suf�cient for most engineering applications. If higher accuracy
is needed, more interpolation points should be used, and then,
K increases. In practice, the parameter that is of interest is
the capacitance, which is computed from the integration of the
charge distribution, and it enjoys a higher accuracy than the
charge distribution. In the remaining examples of this paper,
the authors choose K = 27.

B. Complexity Analysis

In order to check the complexity of the algorithm, four
examples are used here. They are the cube, 2 × 2 bus, interdigi-
tated capacitor, and solenoidal inductor shown in Fig. 8(a)�(d),
respectively.

These examples were simulated in a personal computer with
512 MB of memory and a 2.53-GHz Intel processor. Fig. 9
shows the CPU times used in one matrix�vector operation of
Ax. Fig. 10 shows the memory requirements for these exam-
ples. All these performance data for MLGFIM are measured
in actual simulations. As the complexity of the unaccelerated
MoM is O(N2), the CPU time used or memory occupied in it
is evaluated using the formula y = CN2. In Fig. 9, a constant
C is determined through the real measurement of the total
CG iteration time divided by the times of the unaccelerated
matrix�vector multiplications in the case where the number of
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Fig. 8. Four examples. (a) A cube. (b) A 2 × 2 bus. (c) An interdigitated capacitor. (d) The top view and side view of a solenoidal inductor.

Fig. 9. CPU times used for one operation [A][x] versus the number of
unknowns for the four different geometries shown in Fig. 8. The data for the
unaccelerated MoM are evaluated. Straight line T = 4.94 × 10�6N is also
plotted here for comparison.

unknowns is equal to 9600. In Fig. 10, the constant C is just
4, which is the size of a single precision real number. It can be
seen from these �gures that the ef�ciency of MLGFIM is very
high. For instance, to simulate a cube with 375 000 unknowns,
if MoM is used, 562.5 GB of memory would be allocated. In

Fig. 10. Memory requirements versus number of unknowns for the four
different geometries shown in Fig. 8. The data for the unaccelerated MoM
are evaluated. Straight line M = 1.127 × 10�3N is also plotted here for
comparison.

contrast, only 343 MB is needed for MLGFIM. Furthermore,
theoretically, to compute the matrix�vector operation, it would
take MoM 1401 s, as opposed to the 2.6 s needed by MLGFIM.
It demonstrated that large-scale problems can be solved on a
desktop computer using the proposed MLGFIM. Additionally,
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TABLE I
COMPARISONS BETWEEN MLGFIM AND FastCap. K = 27

two straight lines are presented in Figs. 9 and 10 to coarsely
represent the time and storage performance of the codes.

C. Performance Comparisons With FastCap

Table I displays the performance comparison between
MLGFIM and FastCap. Here, the traditional CG method
was employed as the iterative solver, as all these examples
are well conditioned and are not very complex. For speed,
single precision is used in MLGFIM. The FastCap code
has become a standard for the performance comparison of
capacitance-extraction algorithms. Here, the Nystrom method
with QR factorization was �rst used to calculate and compress

the near-�eld block submatrices in A. For fair comparison
with FastCap, the collocation method was also adopted, and
the QR compression technique was abandoned in near-�eld
calculations. From this table, it is observed that if the Nystrom
method and the QR compression are used in MLGFIM, the total
CPU time and the memory storage requirements in MLGFIM
are much less than that in the FastCap solver. However, if the
collocation method is used and the QR compression is also
abandoned, the time used in matrix �lling (including calcu-
lating near-�eld block matrices and other terms that should
be used in MLGFIM) will nearly double, and the time for a
matrix�vector multiplication also increases. All these can be
observed from Table I. Some examples in it demonstrate that
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TABLE II
CAPACITANCE ERRORS OF CUBE, COMB, BUS, AND INDUCTOR

FastCap is faster than MLGFIM. One reason is that the code
for near-�eld block matrix calculation is not optimized, and
this part can dominate the CPU time in the whole procedure.
Another reason is that, theoretically, in matrix�vector multipli-
cation, an order 2 FastCap must be faster than an MLGFIM with
K = 27, as it has only nine multipoles [1]. It was also observed
that the memory consumption in the method is much less than
that in FastCap. The possible reason is that in the FastCap
code, precondition matrices should be stored [24]. Although
the performance comparison shows that FastCap is slightly
faster than the collocation method used here, nevertheless, it
has con�rmed that the ef�ciency of the algorithm is in the
same order as FMM. For ef�ciency, the latter examples are all
calculated by MLGFIM with the Nystrom method.

Because of the interpolation error, when the number of level
increases the accumulated error during the lower-to-upper-level
interpolation will also increase. To investigate if the error due
to interpolations will drastically increase when the number of
unknowns increases, the capacitance error of the four examples
was checked when the number of unknowns for each problem
changes. Here, the matrices C0 and C were used to store the
capacitance matrix obtained by FastCap solver and the method
used here, respectively. The values of C0 refer to the FastCap
results shown in Table I. (The numbers of unknowns of these
examples in Table I are suf�cient for reaching the accuracy of
0.01 in FastCap. Although further re�nement of the meshes of
these examples can obtain more accurate results, the memory
consumptions will increase substantially in FastCap. Thus, the
results in Table I were used.) The capacitance error �C is �C =
�C � C0�F /�C0�F , where � • �F denotes the Frobenius norm
of a matrix. Table II shows the capacitance simulation errors
of the four examples by our method. It can be seen that they
agree well with the FastCap results. For the worst case in which
the comb meshed with 367 958 unknowns, its capacitance error
was only about 2%. In CG iterations of the examples above,
the iteration tolerance is chosen to be 0.001. (Note that it is
different from the accuracy of the result that is determined
by the accuracies of the geometric mesh, the Green�s function
interpolation, and the tolerance of CG iterations.) If a smaller
CG iteration tolerance is used, a higher accuracy of the result is
expected.

It is dif�cult to directly use the method used here in the
collocation method or Galerkin method without using the
Nystrom approximation for far-�eld interaction, although an
indirect implementation can be found in the Appendix. Thus,
it is interesting to analyze whether the error in the collocation
method or Galerkin method converges faster than that in the
Nystrom method. Here, the relation between the error and the

Fig. 11. (a) Cross-line structure. (b) Error versus number of unknowns for the
cross-line structure.

number of unknowns for a cross-line structure was checked.
The iteration tolerance in MLGFIM was set to be 10�6 to
reduce the convergence error caused by CG iterations. It can
be seen (in Fig. 11) that if the needed accuracy is 0.01, about
350, 450, and 500 unknowns should be used in MoM with the
Galerkin method, the FastCap with collocation method, and the
MLGFIM with Nystrom method, respectively. (Here, the result
with 7658 unknowns obtained using FastCap was allowed to be
the reference result.) It seems that in the aspect of accuracy, the
superiority of the Galerkin method or the collocation method is
not very signi�cant. Another example, viz., a sphere array also
con�rms this. (The result with 15 315 unknowns obtained using
FastCap is used as the reference.) It is shown in Fig. 12.
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