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Wave Propagation in a Randomly Rough
Parallel-Plate Waveguide

Ruihua Ding, Leung Tsang, Fellow, IEEE, and Henning Braunisch, Senior Member, IEEE

Abstract—We study the effects of random rough surface on elec-
tromagnetic wave propagation in a parallel-plate waveguide ex-
cited by a line source. The second-order small perturbation method
is applied to derive a closed-form expression for the coherent wave
propagation and the power loss. The derived result is expressed in
terms of a double Sommerfeld integral. The double Sommerfeld
integral is evaluated by direct numerical integration and by ap-
proximate methods. The results of the two methods are shown to be
in good agreement with each other. Numerical results of coherent
wave propagation and power loss are illustrated as a function of
roughness characteristics and waveguide thickness. The enhance-
ment factors are compared with previous results of plane-wave
scattering. The waveguide model and the plane-wave model are
in good agreement for moderate to large waveguide thicknesses.
For small waveguide thickness, the waveguide model shows signif-
icantly different power loss as compared to the plane-wave model.
Full-wave simulations by the finite-element method are used to val-
idate the second-order small perturbation in waveguide model.

Index Terms—Finite-element method (FEM), perturbation
method, rough surface, waveguide, wave propagation.

I. INTRODUCTION

I N HIGH-SPEED interconnects on printed circuit boards
(PCBs) and microelectronic packages, the interface be-

tween signal traces and substrate is often roughened to improve
adhesion. The skin depth of copper becomes comparable to
the root mean square (rms) height of the rough surface when
frequency is in the gigahertz range. Thus, the signal distortion
caused by roughness is not negligible at multigigahertz fre-
quencies. In his classical paper, Morgan [1] studied the power
dissipation due to eddy currents in a metallic rough surface at
microwave frequencies. In the paper, a 2-D problem is treated
and the rough surface is modeled as periodic grooves of various
shapes and sizes transverse to the direction of induced current
flow. Hammerstad and Bekkadal [2] derived a widely used
formula that matches the numerical results of Morgan. The
formula in [2] is given as an enhancement factor describing the
ratio of the power absorption of rough surface to that of smooth
surface.

The rough surface power loss in [2] depends only on the
rms height of the rough surface. Other characteristics of the
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rough surface such as the slopes of the roughness and the type
of rough surface are not included. Holloway and Kuester [3],
[4] studied the 2-D power loss of conducting rough interfaces
by the generalized impedance boundary condition, where the
effective fields outside the conductor can be obtained without
knowing the fields inside the conductor. However, the general-
ized impedance boundary condition is difficult to implement if
the roughness has fine scale structures. Proekt and Cangellaris
[5] applied perturbation theory to find the ohmic loss caused by
a periodically triangle-grooved air–metal interface. Wu [6] ana-
lyzed the increase of resistance of rough surface conductors with
Morgan’s squared-groove periodic structure. Chen [7] modeled
the conductor loss in transmission lines using a commercial full-
wave solver. The 3-D rough surface was represented by periodic
hexagonal pyramidal shapes. Lukic [8] studied the effects of
symmetric rectangular, semicircular, and triangular grooves on
the propagation constant of transmission lines by the finite-ele-
ment method (FEM). In these previous studies, surface rough-
ness was characterized by structures of regular shapes or peri-
odic grooves.

Recently, our group [9]–[11] adopted a random rough surface
model characterized by correlation function and spectral density
instead of considering periodic structures. Typical parameters
are rms height, correlation length, and the type of correlation
function, e.g., Gaussian or exponential correlation function. In
[11] and [12], the spectral densities are extracted from real-life
3-D roughness profiles measured by atomic force microscopy
(AFM). The results of roughness effects were first developed
by studying the 2-D case using the second-order small pertur-
bation method (SPM) [13], [14] and by numerical methods such
as the method of moments [15]. Subsequently, the results were
extended to the 3-D case using the second-order SPM and T-ma-
trix method [15]. The enhancement factors are calculated and
illustrated as a function of roughness parameters. The advan-
tage of using SPM is that closed-form analytic expressions of
the enhancement factor for both 2-D and 3-D cases can be de-
rived [9], [10].

In our previous papers, the problem is modeled as plane-wave
scattering and absorption by a random rough surface. However,
electromagnetic (EM) waves propagate in a waveguide envi-
ronment for interconnect problems. Thus, in this paper, the ef-
fects of random roughness on wave propagation are studied by
a waveguide model. The wave excitation is by a line source in
a parallel-plate waveguide. The integral equations are formu-
lated using the half-space Green’s function. As in the simpler
plane-wave problem, the SPM is applied to solve the integral
equation. The results of coherent wave propagation and power
absorption along the waveguide are expressed in terms of double
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Fig. 1. Waveguide model with random roughness. The waveguide is of thick-
ness �; a line source is located at ��� ����.

Sommerfeld integrals, which are solved by direct numerical in-
tegration and by approximate methods. The results of the two
methods are in good agreement. We illustrate the numerical re-
sults of coherent wave propagation as a function of roughness
characteristics and as a function of waveguide thickness. The
results show that the coherent wave decay of a rough surface
waveguide is larger than that of a smooth waveguide. The phase
angle of the coherent wave shows that the rough waveguide has
more phase shift than a smooth waveguide, corresponding to
an expected increase in effective propagation constant. The en-
hancement factor is defined as the ratio of decay constants. The
results for the waveguide model are compared with previous re-
sults derived from the plane-wave model. When the waveguide
thickness is large, the results of enhancement factor agree with
that of the plane-wave case. When the waveguide thickness is
small, the enhancement factor of the waveguide model is larger
than that of the plane-wave model. Full-wave simulations im-
plemented by the FEM are in agreement with the SPM wave-
guide model results, showing an increase in enhancement with
a decrease of waveguide thickness. The results show that the
waveguide thickness effects on the enhancement factor can be
nonnegligible when the dielectric thickness is less than 100 m
and the surface is very rough.

II. METHOD

A. Line Source Excitation in Parallel-Plate Waveguide

Fig. 1 illustrates the structure of the parallel-plate waveguide
with a material of dielectric permittivity and wavenumber
(region 0) placed between two conductors. The waveguide is in-
finitely long in the - and -directions. To simplify the problem,
we assume that the upper wall at is a perfect electric
conductor (PEC) with a smooth surface. The surface between
the dielectric and lower metal is rough with the surface height
function described by . The metal (region 1) is of fi-
nite conductivity with wavenumber . The 2-D line source
is located at . Let the observation point be at .

An also rough top plate can be important for practical rough
surface problems. However, using the second-order theory of
SPM, the roughness effect is represented by the cross term that
is the product of the zeroth- and second-order fields. In the
second-order term, the correction is proportional to the height
roughness correlation function . The random height
profile of the bottom plate and that of the top plate are indepen-
dent, thus , which means there is no

interaction between the two height functions in the second-order
theory. The roughness effects of the top and bottom plate are
then independent. The roughness absorption due to both plates
is simply the sum of the two in the second-order theory. There-
fore, in this paper, the model is composed of a PEC plane at the
top and a bottom finite-conductivity plane with a rough surface.

B. Random Rough Surface Characteristics

The rough surface height function is assumed to be
a statistical homogeneous random process with zero mean
and correlation function such that

. The angular brackets represent
the expected value of the random process. Let
be the Fourier transform of the height function
with . Here, the
power spectral density (PSD) is the Fourier trans-
form of the correlation function . The PSD for a
Gaussian correlation function is also the Gaussian function

. The PSD for the expo-
nential correlation function is
[13]. The generalized PSD function used to describe surface
spectra falling in between Gaussian and exponential PSDs for
1-D rough surfaces is given by [16]

(1)

where and satisfies

(2)

is the Bessel function of imaginary argument, and
denotes the Gamma function with being the power index.

C. Extinction Theorem and SPM

The wave function can represent the magnetic field along
the -direction. Denote in region 0 and in
region 1. They satisfy the extinction theorem [13]

Region 1

(3)

and

Region 0 (4)

In these equations, is the 2-D half-space Green’s function
and is the Green’s function in the metallic region [13].
and denote the observation point and rough surface point ,
respectively. The incident wave function associated with the line
source is the 2-D half-space Green’s function .

On the rough surface, , , and
, which corresponds to continuity of tan-

gential electric field. To solve the coupled surface integral equa-
tions, let and denote the surface unknown wave-
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function and its normal derivative on the surface as (5) and (6),
respectively. Next we apply the second-order SPM [13] to the
equations. The two unknowns and are expanded to
second order as (7)

(5)

(6)

(7)

Substituting (7) in (3) and balancing to second order, the so-
lutions of and can be found. Once the field on the
rough surface is known, the wave function in the
waveguide (region 0) can be obtained from the extinction the-
orem.

III. DERIVATION OF A CLOSED-FORM EXPRESSION FOR THE

COHERENT WAVE PROPAGATION AND THE

POWER LOSS BASED ON SPM

A. Coherent Wave Propagation Up to Second Order

The expectation value of magnetic field is called the
coherent field or the first moment of the field, which can be
expressed as follows in (8)–(11) based on the discussion in
Section II:

(8)

(9)

(10)

(11)

where

(12)

Fig. 2. Sommerfeld integration contour.

(13)

(14)

(15)

The zeroth-order coherent field can be obtained from (9) by
applying residue calculus. For interconnect problems, is much
less than the wavelength so that there is only one propagating
mode; all other modes are cut off and decay exponentially. Thus,
when is at more than several from the source at , the cutoff
modes are negligible. The first-order coherent field is zero.

The second-order solution of the coherent field is (11). We
observe that consists of a double Sommerfeld integral

, where is the Sommerfeld integration path
(SIP) shown in Fig. 2. The inner integral is given in
(12)–(14). The outer integral is given in (11).

B. Direct Numerical Integration of Double
Sommerfeld Integral

The Sommerfeld integral can be decomposed into three parts,
i.e., , , and , as shown in Fig. 2 for . The analysis
for the integral contour with is similar as above.

a) Inner Integral: Integration:
1. is along the imaginary axis so that and

is from 0 to . In this way, the integral contour
has no pole singularities. We choose the upper limit of the
contour as and the sampling

.
2. is parallel to the real axis from 0 to . The

imaginary part is fixed at and the real part varies
from 0 to , i.e., . We choose

. Since the waveguide poles are close to
, we choose a fine sampling interval of .
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3. is parallel to the real axis from to
. The imaginary part is fixed at . Thus,

. We set . Along
the SIP of , is far away from the waveguide poles.
Therefore, , the sampling, can be coarse and is set to

.
b) Outer Integral: Integration: On completion of

the inner integral, there is no dependence on the rough surface
correlation length for the outer integral. Thus, the choices in
numerical integration are different from the case of the inner
integral.

1. is along the imaginary axis. and are
from 0 to . . The
sampling step is .

2. is parallel to the real axis. Along ,
varies from 0 to . and

.
3. is parallel to the real axis. Along ,

. The imaginary part is still and the real part
is from to . .
Along the SIP of , is far away from the waveguide
poles. Therefore, the sampling step can be larger and we
choose .

Evaluation of the double Sommerfeld integral by the direct
method is time consuming and requires several CPU hours for
each observation point. Thus, we have developed an approxi-
mate method for evaluation of the double Sommerfeld integral.
The approximation is based on the property that the correlation
length is on the order of micrometers, while the wavenumber in
the dielectric is on the order of cm . Thus, and is on
the order of 10 .

C. Approximate Integration Method of Double
Sommerfeld Integral

a) Inner Integral: Integration:
1. Along : since . The inte-

gral along the path is negligible compared with the one
along and can be ignored for the inner integral.

2. Along : the correlation length of the rough surface
is on the order of micrometers. The wavenumber of the
substrate is on the order of 10 m . Thus, we have the
relation and the integral along can
be ignored.

3. Along : this can be approximated by integrating from
to . In this region,

. Thus, for the inner integral, only remains.
b) Outer Integral: Integration:

1. : the integral along can be ignored for the same
reason as for the inner integral.

2. : the integral along is the main contribution for the
outer integral.

3. : the integrand decreases rapidly with . Therefore,
the integral along can be ignored. Thus, for the outer
integral, only remains and is on the order of .

c) Approximated Closed-Form Integral: Thus, the inner in-
tegral is only over and the outer integral is only along .
In these respective regions, we can approximate the integrand
further. The permittivity of the dielectric is much smaller than

that of metal , i.e., . On contour, . On con-
tour, . Under these approximations, (11) can be
simplified to

(16)

For the inner integral, we extend from 0 to infinity for be-
cause sampling needs to be on the order of the inverse of the
correlation length of the rough surface. The integral of in
(9) and in (11) have the same poles. A major difference
is that for , the poles are of first order, while for ,
the poles are of second order. After obtaining the integrals of

and , the outer inte-
gral in can be calculated by residue theory for second-
order poles. The approximate method requires CPU time of only
seconds per observation point.

D. Coherent Wave and Cascading

The second-order term grows with propagation distance
, typically for small perturbation theory. To improve the solu-

tion, we use the method of cascading, as discussed in [14]. Di-
vide into small sections of separation . If is large, then
the distance is small enough so that the SPM applies. The
coherent wave after distance becomes (17). After a total
distance , the result is that of cascading times the above ef-
fect of distance . The coherent wave at can be expressed
as (18), which does not grow with propagation distance

(17)

(18)

E. Poynting Vector of Coherent Wave Up to Second Order

Given the coherent wave in the waveguide, the Poynting
vector of the coherent wave along the guidance direction

can be calculated. The zeroth order is the Poynting vector for
the smooth-surface waveguide and is given by

(19)
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TABLE I
COMPARISON BETWEEN DIRECT AND APPROXIMATE METHOD

The wave function and its derivative for the rough surface
waveguide are obtained as (8). The Poynting vector of the co-
herent wave up to the second order for the rough surface wave-
guide is

(20)

where the superscript denotes complex conjugation.
The integrals involved in Poynting vector (20) are

and ,
which are convergent for all spectral densities.

IV. RESULTS AND DISCUSSION

A. Parameters in the Model

In the following numerical simulation, the complex permit-
tivity of the dielectric medium is . When the fre-
quency is 10 GHz, the wavelength in the dielectric substrate is
1.626 cm. The conductivity for the ground plane is assumed to
be S/m. The unit line source is located at the
center of the waveguide . The observation
points are located at the center line of the waveguide at .

B. Comparisons Between Direct Numerical Integration and
Approximate Numerical Integration

In Table I, we compare CPU time and accuracy between the
direct numerical integration method and the approximate nu-
merical integration method for various waveguide thicknesses,
assuming a Gaussian spectral density function. The rms height is

m and the correlation length m. The field
observation point is located at a distance of three times the wave-
length from the source point, which is 24 mm at 20 GHz. The
computational speedup achieved by the approximate method is
three to four orders of magnitude. The relative errors are small,
except for the small thickness case of m. In the ap-
proximate method, the upper limit of the outer integral in (11)
is related to . When decreases, increases and the
approximation no longer holds. For the remaining re-
sults of this section, the waveguide thicknesses are chosen to be
25 m or above, applicable to most on-package and on-board
interconnect problems.

C. Coherent Wave and Poynting Vector

In this section, the coherent wave propagation will be dis-
cussed using the results of the cascade method in conjunction
with the second-order SPM solution.

Fig. 3. Amplitude and phase of the �-field in the waveguide at a distance of
2–12 wavelengths for both smooth waveguide (solid line) and rough waveguide
(dashed line). The rms height of the Gaussian rough surface is 1 �m and the
correlation length is 2 �m. (a) Amplitude of� field. (b) Phase of�-field.

Fig. 3 shows the amplitude and phase angle comparison be-
tween the field of smooth surface waveguide and rough sur-
face waveguide. The correlation function of the rough surface is
Gaussian with rms height m and correlation length

m. The waveguide thickness is m and the fre-
quency is 10 GHz.

The results show that the coherent wave decay with distance
for the rough waveguide is larger than for a smooth waveguide.
The phase angle of the coherent wave shows that the rough
waveguide exhibits more phase shift than a smooth waveguide
corresponding to an increase in phase constant or slow down in
phase velocity.

Fig. 4 shows the Poynting vector of the coherent wave of the
same simulation model. The Poynting vector can be approxi-
mated as an exponential function of the distance between the
source and observation point. The distance is displayed up to 30
wavelengths to show the exponential trend.

D. Roughness Absorption Enhancement Factor

The basic idea of absorption enhancement factor is com-
paring the absorption for a rough surface to a corresponding
smooth surface made of the same material. In the transmission
line, the propagating wave can be approximated as quasi-TEM
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Fig. 4. Poynting vector propagated along the waveguide at a distance up to 30
wavelengths for a smooth waveguide (solid line) and rough waveguide (dashed
line). The rms height of the Gaussian rough surface is 1 �m and the correlation
length is 2 �m.

mode at a distance of away from the source, where all
cutoff modes have vanished. Hence, we assume that the wave
decays exponentially, which is also shown in Fig. 4. Based on
the assumption, the absorption enhancement factor can
be defined as the exponential decay constant (or attenuation
constant) ratio

(21)

where is the exponential decay constant for the rough
surface waveguide and is for the smooth surface wave-
guide. and should be larger than 10 wavelengths be-
cause in the case of interconnects, is only approximately
10 wavelengths.

Having identified the definition of enhancement factor in the
waveguide case, we now study the enhancement factor for dif-
ferent rough surface waveguides and compare them with the
ones obtained from the plane-wave model [9]. In the previous
plane-wave model, the enhancement factor is given by [9]

(22)

Figs. 5 and 6 compare the results from the plane-wave model
and waveguide model for rms height varying from 0.2 to
1.5 m with correlation length m. The waveguide thick-
nesses are m in Fig. 5 and m in Fig. 6. Cases
of Gaussian and exponential correlation functions are shown.
The operating frequency varies from 1 to 20 GHz.

For m, Fig. 5(a) shows that, for the case of a
Gaussian correlation function, the enhancement factor of the
waveguide model is the same as that of the plane-wave model.
This shows that, for appreciable waveguide thickness and for
the Gaussian correlation function, the roughness effect on the
quasi-TEM mode can be approximated by that of a plane wave.
However, for the case of an exponential correlation function,

Fig. 5. Enhancement factor comparison of plane-wave model and waveguide
model. Waveguide thickness � � ��� �m. The triangle, asterisk � �, and cross
��� show the enhancement factor for different � . The dashed line is the en-
hancement factor of the plane wave with the corresponding � . (a) Gaussian
rough surface with � � ���� ���� and ��	 �m and � � ��	 � . (b) Ex-
ponential rough surface with � � ������
� and � �m and � � ��	 � .

there is a difference for a large rms height of 1 m with the wave-
guide model having a larger enhancement factor than the plane-
wave model. For the case of waveguide thickness of m,
the difference between the waveguide model and the plane-wave
model is more significant, especially for the large roughness
case. For example, for an exponential correlation function with

m, the difference can be as large as 7% between
the waveguide model and plane-wave model at a frequency of
20 GHz. When the roughness of the surface increases, the en-
hancement factor becomes larger. Both the plane-wave model
and the waveguide model demonstrate this trend. Comparing
with the plane-wave model, the waveguide model gives a larger
enhancement factor at frequencies higher than 10 GHz and for
moderate to large roughness.

In the waveguide model, the waveguide thickness can have
a significant influence on the roughness effect. When the wave-
guide thickness is small, the interaction of the roughness with
the propagating EM wave increases, giving a larger roughness
effect. The non-TEM character of the lossy waveguide also be-
comes more pronounced, making the waveguide problem dis-
tinctly different from the plane-wave model. By doing numer-
ical testing, we found that when the random rough surface is
Gaussian and the waveguide thickness is 40 times larger than
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Fig. 6. Enhancement factor comparison of plane-wave model and waveguide
model. Waveguide thickness � � �� �m. The triangle, asterisk � �, and cross
��� show the enhancement factor for different � . The dashed line is the en-
hancement factor of the plane wave with the corresponding � . (a) Gaussian
rough surface with � � ���� ���� and 	�� �m and � � 	�� � . (b) Ex-
ponential rough surface with � � ������
� and 	 �m and � � 	�� � .

the rms height, the waveguide thickness effect on the enhance-
ment factor is negligible. In this case, the waveguide model and
plane-wave model give approximately the same result. When
the random rough surface correlation function is exponential,
the spectral density function decreases slowly with . This
means high spatial spectral components affect the results. Thus,
we see that there is a waveguide effect even when the waveguide
thickness is 40 times the rms height. Full-wave simulation is per-
formed in Section IV-E to prove this conclusion.

E. Full-Wave Simulation Based on FEM

The waveguide mode-matching technique is applied for full-
wave simulation of the power absorbed by the rough surface.
Fig. 7 shows the parallel-plate waveguide model excited by a
line source. The waveguide structure is divided into regions ,

, and . In these three regions, the top plate is a smooth PEC
plate. The bottom plate is smooth for regions and and is
rough for region . The line source lies in region .

In regions and , the structure is simply a parallel-plate
waveguide. The field in region is composed of the incident
wave from the line source and the reflected wave from rough
surface region . The field in region is the transmitted field

Fig. 7. Full-wave simulation modeling configuration. The dashed line rec-
tangle indicates region C where FEM meshing and calculation are implemented.

Fig. 8. Numerical simulation result by FEM, compared with SPM of plane-
wave model and waveguide model.

from region . The fields in regions and are expressed as
summation of waveguide modes. For region , the FEM is used
to construct various solutions. These solutions are then matched
to regions and through boundary conditions at the junction
planes located at and .

Fig. 8 shows the enhancement factor calculated by FEM
rough waveguide simulation, SPM of the plane-wave model,
and SPM of the waveguide model. The enhancement factors
are shown as a function of frequency. For the rough surface, we
used a generalized PSD with . The rms height is 1.5 m
and the correlation length is 2.25 m. The FEM simulations are
in good agreement with the SPM waveguide model, confirming
the increase of enhancement in a waveguide relative to that of
a plane wave.

In this paper, the rough surface is modeled as a random
process. The rms height and the PSD function are ex-
tracted from realizations of the random process for engineering
problems. These extracted parameters will have statistical
errors, which have been discussed in [11] and [12]. We use an
analytical theory of SPM to derive the power absorption, which
corresponds to the second moment of the field. To calculate
the statistical fluctuations of power absorption requires the
calculation of the fourth moment of the field, which is not done
for the SPM result in this paper. In the full-wave numerical
simulation, Monte Carlo simulations were performed using an
FEM based on a periodic boundary condition. The simulations
show that using a period of 20 correlation lengths for the case
of rms height of 1 m and correlation length of 1.5 m of the
fluctuations of the power absorption are approximately 1.4% at
1 GHz.
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V. CONCLUSION

In this paper, we have studied the roughness effects of
wave propagation in a parallel-plate waveguide excited by
a line source. Applying the SPM, we obtain the closed-form
expressions for the coherent wave propagation and the enhance-
ment factor, which was validated by tailored FEM numerical
simulation.

The substrate thickness affects the enhancement factor, de-
fined as the decay constant ratio. The enhancement factors ob-
tained from the plane-wave and waveguide models agree with
each other when the thickness is larger than 100 m. As the
thickness decreases, the waveguide enhancement factor is larger
than the one obtained from the plane-wave model. The differ-
ence increases with surface roughness and with frequency. This
conclusion is based on analytical and full-wave numerical sim-
ulation (SPM and FEM, respectively).
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