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Group Delay as an Estimate of Delay in Logic

J. Vlach; J. A. Barby, A. Vannelli, T. Talkhan, and C. J. Shi

Abstract—1t is an accepted practice in signal delay estimation to model
MOS digital circuits as RC circuits. In most cases Elmore’s delay def-
inition is applied.

This paper has several objectives. First, it shows that Elmore’s def-
inition is exactly equivalent to the group delay of the network at zero
freq y. S d, it pre s a computationally efficient noniterative
method to calculate this delay for networks with any linear elements
and arbitrary topology. Third, it shows that in RC networks, under
certain conditions, the Elmore delay and the 50% unit.step response
delay are related by a constant which is largely independent of the
element values and topology. Finally, it presents an efficient method to
obtain sensitivities of the delay with respect to any element in the net-
work. These last two properties make design for specified delays fea-
sible and computationally efficient.

I. INTRODUCTION

In recent years, a number of researchers addressed the problem
of delays in logic and several authors, for instance [1}-[5], based
their work on the paper by Elmore [6]. A recent study gives addi-
tional references in [7]. Considerable attention was also given to
the simulation of devices by RC networks [8].

Originally Eimore’s paper dealt with the first moment of the time
response and all studies published so far were based on his argu-
ments. Most of the methods were restricted to very simple topol-
ogies. A method based on the first moment but suitable for arbitrary
topologies was published only recently [9]. Mathematical results
in [9] turn out to be equivalent to our development. The difference
is not so much in the mechanics of computations, but in the un-
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derlying understanding. Group delay is a well-known concept in
filter design and many conclusions, elusive in the concept of time-
domain moments, are easily reached from the point of view of group
delay.

We show that Elmore’s delay, T, is exactly equivalent to the
group delay at zero frequency, 7(0), of a linear network having
arbitrary topology and arbitrary linear elements. The equivalence
of the two definitions is shown in Section II. An efficient numerical
method for delay evaluation is developed in Section III for net-
works which can have arbitrary loops or interconnections. Such
loops, as well as floating capacitors and grounded resistors, pre-
sented considerable problems in earlier developments. In [2], the
authors had to resort to iterations in order to obtain the delay for
networks with loops.

When time-domain solutions are feasible, then another widely
accepted delay measure, D, uses a unit step at the input and cal-
culates the time needed for the output to reach half of its final value.
This definition is much better than Elmore’s, but is also much more
expensive, and it would be nice to establish a simple relationship
between the two measures. This is indéed possible if the signal
source and the output are at opposite ends of the network. In such
case the 50% unit step delay, D, and the zero frequency group
delay, 7(0), are related. This is discussed in Section IV.

Once we have found a reasonable relationship between the El-
more’s definition and the 50% step response, we can usé the former
for design by optimization. For this we need sensitivities with re-
spect to the elements of the network. A computationally efficient
method is derived in Section V. Finally, Section VI outlines an
optimization model in which the method can be used to design logic
for specific values of delays.

II. ELMORE’S DEFINITION AND GROUP DELAY

Elmore considers the network transfer function in the form

1+ a5+ ays? + azgs® -+

F ) = K s + bys? 4 bys? - W
and defines the delay as
Tp = b, — a,. V)]
The group delay, a function of w, is defined as
7(w) = — a—% 3)

with ¢ (w) being the phase characteristic of the transfer function.
If we substitute s = jw into (1), then

)+ jaw —aed + )
)+ b — by + )

(A — gy’ +
A = bye® +

F(jw) = K
_ N +jN,
D, +jD,
and the phase response is
N; D
¢ = arctan [77 — arctan ET @)
Consider only the denominator,

| yean 2 | - DiD = DD
dw D, D} + DY
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For w = 0 we have D, = D; = 0, D, = 1, D; = b, and the
contribution of the denominator to the group delay at zero fre-
quency is b;. Applying the same steps to the numerator we find that
the overall delay is identical to (2):

70) = by — a, = Tp. (&)

Group delay has been used extensively in the design of analog
filters, and a considerable amount of knowledge is available about
mutual relationship of various network responses. It is well known
that peaks in the group delay response lead to ringing of the step
response. If the group delay is flat or monotonically decreasing,
the time-domain unit step response will not have an overshoot. In
such case, there should be a reasonable correlation between the
group delay at zero frequency and the actual delay measured at the
half point of the final value.

As a test we designed a 25-th order LC filter with resistive ter-
minations. It had maximally flat group delay in the passband and
equi-ripple response in the stop band. Poles of such a filter are
complex conjugate. The delay at 50% of the time-domain response
is exactly equal to the group delay at zero frequency, and there is
no overshoot in either the time or group delay responses. RC net-
works, used for simulation of the delay in MOS digital networks,
will have all poles on the negative real axis. They will still have
no overshoot in the time-domain response, but the group delay will
be dropping at higher frequencies. The 50% unit step response de-
lay, D, and Tp will not be equal, as in the above filter, but should
be related by means of an approximately constant coefficient. This
assumption, confirmed in the following, was possible only through
the group delay argument. It was not available in the original con-
cept of time-domain response moments.

III. NUMERICAL EVALUATION OF GROUP DELAY

Consider Fig. 1 in which one floating capacitor, Cs, and one
grounded conductance, Gs, are added for generality. The input
voltage is 1. The KCL equations in matrix form are

X = W (6)
where
T=G+sC (@]

where X is the vector of nodal voltages and W is the vector ex-
pressing the influence of the signal source. For s = 0, (6) simplifies
to

GX, =W ®

the subscript denoting restriction to dc. For the example

G +G, + G -G, 0 -G,

-G, G, +G, -G, 0

¢=1 -G, G, 0

| -G, 0 0 G, +G;

"¢, o 0 0
0 C+C G 0
=10 -¢ C+Cs 0
o o o0 C

and

W=I[G, 0 0 0]".

]
| Cs
A, AT W 1/ v
+ G, G, Gy
E=1 TG T-C: T G

Fig. 1. A small RC network for explanation.

Define a vector, d, which selects the desired output variable, and
express the output as the product

F=d'x )
or for dc
Fy = d7X,. (10)
In the example, if output is taken at node 3, then
d=[0 0 1 0"
For s = jw, the output is a complex number and can be written as
F(jo) = |F(jo)|e?*®.

Taking the logarithm and differentiating with respect to w:

Fao |7 00 o
Thus the group delay is

a 1 oF
T(w) = _b—z = —-IM I:FE]

Since s = jw and (ds/dw) = j, we can apply the chain rule and
write

oF 9F 3s  , OF

This simplifies the final form for the group delay to

1 oF
= — il 1
7(w) RE [F as] a1
and at dc | oOF
= .20
7(0) = Fo a5 (12)

To obtain 3F /s, differentiate (6) with respect to s; this leads to

ax _ or

= —— 13
as as (13

which would normally be solved by LU decomposition. The result
is substituted into the derivative of (9):

OF _ X _ . oT
dﬁs— T as

aT
= XY —X 14
as =@ as 14

Here the vector X is obtained as the solution of

TX® = —d. (15)
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For dc, the expressions simplify to

9F
= XCX (16)
s
where X§ is obtained as the solution of
G'X: = —d. a7n

In summary, one must solve (8) and (17) to get X;, and X3, insert
into (10) and (16) and finally into (12).

Considerably simplifications follow if the network is reciprocal,
because then TT = T, GT = G and C” = C. If all the capacitors
are grounded

diag [C]

C= (18)
and (16) simplifies to
N
% _ 3 cxxe (18)
as i=1

where N is the size of the matrix. If, in addition, there are no re-
sistors to ground, then all node voltages at zero frequency are equal
to the source voltage, X; = 1, F, = 1, and the group delay at dc
reduces to
N
7(0) = _Z] CX¢. 19)
i=
In this case, the evaluation requires only one solution of (17) and

the use of (19). There are still no restrictions on the graph of the
network and arbitrary loops can be present.

IV. EXPERIMENTS

Usefulness of the Elmore’s delay will be increased if there is a
simple relationship between Tp, = 7(0) and D. We first make a few
observations. RC networks used for delay simulation transfer dc
from the source to all nodes; the networks exhibits low-pass prop-
erties. Based on experience with passive analog filters we know
that at internal points the responses have no resemblance to the
overall response from input to output. It follows that attempts to
apply the measure to internal nodes, especially to nodes close to
the source, will be futile. For these reasons our study puts emphasis
on input-output relationships and not on internal nodes.

Consider Fig. 2; in each experiment discard everything to the
right of the node where the output is taken and calculate the ratio
of the 50% step response delay and the group delay at zero fre-
quency:

g=2
7(0)
Two cases are summarized in Table I. As can be seen, § converges
rapidly to a number approximately equal to 0.76, although the time
constants are vastly different. This led us to the idea that a similar
situation will exist in more complicated networks. We tested many
complicated RC networks and grounded resistors as well as floating
capacitors were allowed. Each network configuration was run with
many different element values. To establish some regularity, we
set, for instance, all capacitors with even subscripts to one value
and capacitors with odd subscripts to another value such that the
1atios Ceyen/ Coaa Were 1, 10 or 100, etc. Overall, more than 80
cases were tested and tables of some of the results are in [10]. The
experiments took some internal nodes that were far from the source.
Our largest network had 80 elements, many loops, and a floating
capacitor and a grounded resistor at every node.

(a)
(®)

<>__
-

Lo
I_

Fig. 2. RC ladders with different time constants. For calculation at any
node the rest of the network to the right is discarded.

TABLE I
COMPARISON OF 3 FOR THE NETWORKS IN FIG. 2

1 2 3 4 5
B for resistors
1,1, 1,1, 1 0.693 0.742 0.756 0.756 0.756
B for resistors
1,9, 17, 25,33 0.693 0.723 0.758 0.767 0.771

Under the conditions specified above, we found that D and 7(0)
are related in RC networks. Using 50 cases with outputs at the most
distant nodes from the source we obtained the average ratio

D
8= 0 0.7533
with a standard deviation of 8 equal to 0.0229.

In Fig. 3 we give one example with many loops. The capacitors
were changed as indicated and the resulting delays and their ratios
are also given. Another example, Fig. 4, considers two parallel RC
lines running close to each other, a test useful for VLSI intercon-
nect delay. All R; = 1, all grounded C; = 1, and all coupling ca-
pacitors, Cy, were equal. In Fig. 4(a), all nodes of the second line
were grounded and thus Cy were connected to ground. In Fig. 4(b),
the second line was connected as shown. The results are collected
in Table II for several ratios of C;/C.

Summarizing the experimental results, we conclude that the El-
more delay can be used fairly reliably if the input and output are
far from each other. Under these conditions one can obtain a good
estimate of the 50% time delay by using the expression D =
0.75337(0).

V. SENSITIVITY OF GROUP DELAY TO NETWORK ELEMENTS

The group delay theory lends itself to an easy evaluation of sen-
sitivities with respect to network elements and thus to optimization
by means of routines which rely on the gradients. To derive the
necessary formulas we need the derivative of (12) with respect to
any element of the network, h. Starting with (11):

20)

ar(w) 1 9F3F 1 &F
dh F? 3h 8s '

For dc we drop the RE symbol and use zero subscript. The deriv-
ative dF /3h is obtained from (14) by writing & instead of s:

aF a7 0T

an - X X @n
For dc, this simplifies to

Fy _ ., 190G

o (X3) oh Xo. (22)
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Coui Croen Group Delay Exact Delay T
[meec) Jmsec]
1.0x10~ 1.0x10* 4.4462x10' 3.27x10' 0.738
1.0x10°° TOXI10 Y 3.066X10" 1.55%107 0743
16x10 1.0X10~ 2404107 18x10° 0748
T.0x10~ 10X10~° 23%107 LIX107 0.738
1.0x107Y 1.0x10~7 2.580X10° 1.95X10° 0.753
Fig. 3. RC network with many loops.
R, Ry
w(it) . A A .
ClT T T CIO—[
Cy

Fig. 4. Simulation of two parallel RC lines with capacitive coupling.

TABLE II
SIMULATION RESULTS FOR THE NETWORKS IN FIG. 4
G D D 8 8
C 7(0) Case (a) Case (b) Case (a) Case (b)
0 55.0 41.7 41.7 0.758 0.758
0.1 60.5 45.8 45.6 0.757 0.754
0.5 82.5 62.4 58.6 0.756 0.710

In (20) we still need the second derivative. It is obtained by differ-
entiating (21) with respect to s:

¥F XY T or O°T op 0T 83X

ohas ~ as an X TE) G X XY G @
This simplifies considerably for dc:

3F _ 8(X8)T 3G 1o o7 0G 0X,

ahas ~ as on o T XD G X+ (XY ZE " @)

and the formula, in fact, splits into two formulas. If the element is
a capacitor, then

F, oy 0C
ohds|, . X6)" 5 Xo- @5
If it is a conductance
&F, X5 9G o7 9G 38Xy
P A i PR P FR

For these expressions, 3X/ds would normally be given by the so-
lution of (13), but at dc it is obtained as the solution of

-2 - _cx
% CX, @27
The derivative 3X°/ds is obtained by first differentiating (15) with
respect to s:
- 0X° oTT

T ¥=——£X. (28)

Simplification at dc reduces (28) to

a
6T _ _crxg 29

as
The right-hand sides in (27) and (29) are easily generated, because
the vectors X, and X§ are already available. In addition, transpo-
sition of C and G is not needed because the matrices will be sym-
metric. The G matrix is already LU decomposed from previous
solutions and only two new forward-back substitutions are needed.
Expressions (25) and (26) cost next to nothing computationally be-
cause a grounded element appears in the matrix in only one position
and the whole vector-matrix-vector product reduces to just one
multiplication. If the element is floating, its value appears in the
matrix in four places and each vector-matrix-vector product re-
duces to two subtractions and one multiplication. If more than one
output is needed, (29) must be resolved for each new output, but
this will require only a new forward-back substitution. Equation

(27) is solved only once.

VI. DESIGN APPLICATION

Since derivatives of the group delay with respect to network ele-
ments are so easy to obtain, the method can be used for design by
modifying values of some RC network elements. The resulting val-
ues can then be traced back to transistor sizes or other representa-
tions.

As a simple example, consider the case where a signal should
propagate through an arbitrary structure, with the desired delays at
m selected points to be d, through d,,. We can define the function

M=

L =3 2 (Brith, by, - - - hy) — )’

and apply minimization to the problém
minimize L
subject [; < h; < u;. 25)
Here J; and u; are lower and upper bounds on element values, re-
spectively. The minimum, L = 0, will be reached when the delays

are equal to the desired values, d;. Optimization will need the gra-
dient, which in this case is

oL _

< aT;
ah,- o [B7i(hy, by, + * + hy) — di1B 6_h/ (26

The values of 7; and d7;/dh; are obtained from (12) and (20).

VII. CoNcCLUSION

K
Elmore’s delay definition and group delay at zero frequency are
two equivalent definitions but the group delay concept gives much
more insight. It is also easy to calculate sensitivities of the group
delay with respect to element changes and thus the method can be
used for design. The paper establishes experimentally that in RC
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structures the delay measured at 50% of unit step input and group

delay at zero frequency are related by a proportionality constant,
which is practically independent of topology and element values if
the source of signal and points of interest are at opposite ends of
the network.
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