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Abstract—A graph-based approach is presented for the gener-
ation of exact symbolic network functions in the form of rational
polynomials of the complex frequency variables for analog inte-
grated circuits. The approach employs determinant decision di-
agrams (DDDs) to represent the determinant of a circuit matrix
and its cofactors. A notion ofmultiroot DDDsis introduced, where
each root represents a symbolic expression for an individual co-
efficient of the powers of s in the numerator and denominator of
a network function, and multiple roots share their common sub-
graphs. A DDD-based algorithm is presented for generating-ex-
panded network functions. We prove theoretically and validate ex-
perimentally that the algorithm constructs in O(klI|DDD|) time
an s-expanded DDD with no more thank{|DDD| vertices, where
k is the degree of the denominator polynomial, I is the maximum
number of devices that connect to a circuit node, andDDD)| is
the number of DDD vertices representing the circuit-matrix deter-
minant. For a practical circuit, |DDD| is often many orders-of-
magnitude less than the number of product terms. In contrast,

previous approaches require the time and space complexities pro-

portional to the number of product terms, which grows exponen-
tially with the size of a circuit. Experimental results have demon-
strated that the new approach can produce exact-expanded-sym-
bolic network functions for ©A741 operational amplifiers in sev-
eral CPU seconds on an UltraSparc-1 workstation. The expres-
sive power of multiroot s-expanded DDDs is so remarkable that
in one instance, over 18° symbolic product terms have been rep-
resented by a multiroot DDD with less than 17 K vertices. The

Index Terms—Analog circuits, circuit design, determinant de-
cision diagrams, network functions, noise evaluation, poles/zeros,
small-signal analysis, symbolic circuit analysis.

I. INTRODUCTION

N THIS PAPER, we consider the problem of automatic gen-

eration of symbolic network functions for analog integrated
circuits. The particular form of network functions we are inter-
ested in is rational polynomials in the complex frequency vari-
ables, or simply s-expandedwritten as

F(s) _ vat(p1,p2,
G) ng‘,(ph D2y ...

where F'(s) and G(s) are the numeratos polynomial and
the denominator polynomial, respectively, and coefficients
fi(p1, p2, ..., pm)andg;(p1, po, ..., pm)are symbolic func-
tions in terms of symbolic circuit parametess, po, - .., P
and do not contain the complex frequency variable

Network functions characterize the small-signal behavior of
analog integrated circuits. Many circuit characteristics such as

s pm)s (1)

H(s) =
(s) )

compactness of DDDs is further demonstrated in the context of 9ins, input/outputimpedances, poles/zeros, common-mode re-
symbolic noise evaluation, where potentially many transfer func- jection ratios (CMRRSs), power-supply rejection ratio (PSRRs),
tions, each being used for a noise source in the circuit, can be rep- and noise figures can be computed from network functions.

resented by a single DDD with the size comparable to that for a
few transfer functions. This provides a powerful tool for solving

Second-order effects such as distortion and nonlinearity can be
estimated based on network functions of linearized circuits. To

many symbolic analysis problems such as deriving interpretable

symbolic expressions, dominant pole/zero estimation, and analog fully explore the power of symbolic circuit analysis in helping
testability analysis. We have also demonstrated that repetitive nu- designers gain insight into the circuit behavior and in repetitive
merical evaluation with the derived s-expanded symbolic expres- numerical evaluation, network functionsin thexpanded sym-

sions for frequency-domain simulation and small-signal noise anal-
ysis can be much faster than SPICE-like simulators and the re-
sulting expressions for a circuit block can be used as behavioral
models for high-level simulation.
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bolic form are often required. Several examples are as follows.

Deriving interpretable symbolic expressions by approxi-
mation requires the expansion of a network function into
the s-expanded form so that symbolic coefficientssof
polynomial terms are equally approximated; otherwise,
the resulting expressions may not be reliable [15], [17].
For circuits such as operational amplifiers, designers are
interested in the first few dominant poles and zeros. Since
dominant poles and zeros are well separated from other
poles and zeros in a circuit, their expressions can be ap-
proximated as the ratios of the symbolic coefficients of
two consecutive powers af[13], [15].

Testability of linear analog circuits can be analyzed sym-
bolically based on the sensitivities of individual coeffi-
cients of powers with respect to circuit parameters [7].

0278-0070/01$10.00 © 2001 IEEE
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Symbolic testability analysis avoids inevitable round-offubexpressions in the coefficients are shared instieispanded
errors introduced in numerical testability analysis [21]. DDD. We present an efficient algorithm for constructing the
4) Even some large-signal behaviors, e.g., EImore delay ast@xpanded DDD from a complex DDD. We prove that the re-
other delay metrics for interconnect modeling of digitaulting s-expanded DDD has less th@dDDD| vertices and
very large scale integrated (VLSI) circuits are related tcan be constructed in tim@(k!|DDD|), wherek is the degree
the coefficients of the first few low-orderterms [9], [28], of the denominatos polynomial of a network functiori,is the
[35]. maximum number of devices that connect to a circuit node, and
5) s-expanded symbolic network functions may be advafbDD) is the number of vertices in the complex DDD. For prac-
tageous for repetitive numerical evaluation. For examplégal circuits,|DDD| can be many orders of magnitude less than
in the extreme case thatis the only symbolic variable, the number of complex product terms represented by a DDD. In
evaluation of arx polynomial for frequency-domain sim- an extreme case, for a circuit with &section ladder structure,
ulation can be much faster than solving repeatedly a $§8DD)| is 3: — 2, where the number of complex product terms is
of circuit equations. the(i+ 1)th Fibonacci number (exponentialin Therefore, the
Despite the importance of-expanded symbolic network proposed approach offers a significant improvement over pre-
functions, no efficient approaches exist for the automatidous approaches based on product-term generation.
generation of such functions from a given circuit description. We have implemented the proposed approach. Experimental
Traditional symbolic analysis techniques, either graph-basesbults demonstrate that our program can produce exext
such as the signal-flow graph method [22] and tree enumeratimended symbolic network functions faA741 operational am-
method [8] or algebra-based such as determinant expangitifiers in several CPU seconds on an UltraSparc-| workstation.
[17] and parameter extraction [22] generate the denominatd¥e show that the use of generated symbolic expressions for
and numerators of network functions as the sum of complé&equency-domain simulation can achieve a significant speedup
product terms, where eacdomplexproduct term is a product over SPICE [25} We demonstrate that symbolic expressions
of severals polynomials, e.g.,(R; + sCi) (R, + sC2) for dominant pole/zeros can be estimated freexpanded net-
(Rs + sC3). Not only may the number of complex productwork functions.
terms grow exponentially with the size of a circuit, but the We further apply DDD-based symbolic analysis to circuit-
expansion of one complex product into ampolynomial may noise modeling and simulation. Noise behavior is an important
lead to an exponential number agfexpanded terms, e.g.,characteristic of analog circuits, as it usually determines the fun-
RiRsR; +(R1R2C3 +RoR3C; +R1R3Cs)s +(R1C2C3;  damental limit of the circuit or system performance. Numerical
+RyC1Cs +R3C1Co)s? +C1CoCss3. Therefore, traditional noise analysis for analog circuits in direct current (dc) steady
techniques are only applicable to very small circuits with a featate can be carried out efficiently by using the adjoint method
nodes and devices. [27]. However, for system-level noise simulation, the adjoint
Recently, various simplification schemes have been devatethod may not offer adequate efficiency and does not pro-
oped to find approximate symbolic expressions [13], [14], [17}ide much insight into how noise is affected by circuit param-
[37]; however, it is well known that approximate expressionsters. We observe that noise analysis amounts to computing a
may not be adequate for complete circuit characterization swsat of symbolic transfer functions, which share most subexpres-
as symbolic pole-zero derivation and sensitivity computatiagions. Therefore, we propose to use a single multiroot DDD to
[18]. Arbitrarily nested hierarchical expressions or sequencesrepresent all the symbolic transfer functions required for noise
expressions can be useful for circuit simulation [20], [32], butnalysis. Experimental results from real analog circuits show
no efficient method exists to convert them into thexpanded that the computational cost for obtaining a number of transfer
form. The interpolation method [36] can handle the case tHainctions required by noise evaluation is comparable to that for
all the circuit parameters are numbers anid the only sym- computing a single transfer function. This leads to an efficient
bolic variable. In practice, it may suffer from numerical accumethod of deriving symbolic noise expressions. Furthermore,
racy problems. we show that for common analog circuit blocks such as opera-
In this paper, a new approach is presented for the represetinal amplifiers, the resulting noise expressions can be used as
tion and generation of exagtexpanded symbolic network func-noise models for higher level noise evaluation.
tions for analog integrated circuits. Based on Cramer’s rule for Some preliminary results of this paper have appeared in [31],
solving systems of linear equations, the approach describes 1i@4]. The rest of the paper is organized as follows: after re-
work functions in terms of the determinant and cofactors ofvaewing the concept of DDDs in Section Il, we describe in Sec-
circuit matrix. We first exploit a shared multiroot determinantion Il how all the symbolic coefficients of the power gfof a
decision diagram (DDD) [29], [30] to represent the determrationals polynomial can be elegantly represented by a multi-
nant and all the cofactors used to describe a network functiosapt DDD, called ars-expanded DDD. An efficient algorithm is
where each DDD-vertex label is a nonzero matrix entry. Sinpeesented in Section IV for deriving tkeexpanded DDD from
each matrix entry is am polynomial under the modified nodalan original complex DDD. Section V describes several appli-
formulation [36] ands is implicitly contained in DDD labels, cations ofs-expanded symbolic network functions. Section VI
the resulting DDD is called @omplex DDD We then introduce describes experimental results and we conclude in Section VII.
a generalized notion of DDD to representxpanded network
functions, where each root in a multiroot DDD represents the
symbolic coefficient of a particular power gf and common  1SPICES3f5 from the University of California, Berkeley was used in this paper.
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Fig. 1. Two-port network. Fig. 2. Example circuit.

Il. PRELIMINARIES—LINEAR(IZED) CIRCUIT ANALYSIS VIA Let us denote this circuit matrix & and represent each matrix
DDD entry by a distinct symbol as followst = (1/1;) + sC; +
/Rz2), B=—(1/R),C = —(1/Rz), D = (1/Rz) + sC; +
/R3), E = —(1/R3), F' = —(1/R3), andG = (1/R3) +
f&3- Then the input impedance can be written as follows:

Our approach is based on the theory of DDD for Iinear(izeél%
circuit analysis [29], [30]. In this section, we briefly review th
basic DDD concepts used in this work. We assume that t
reader is familiar with the fundamentals of linear algebra [6] v det(Yy) DG — FE

and circuit analysis [36]. = = qeY) ~ ADG - AFE— CBG' (4)

A. Linear Circuit Analysis

. . L . B, DDDs
A linear(ized) analog circuit can be described by a system of _
linear equations written in the following matrix form using, for Note that the denominators and numerators of network func-

example, the modified nodal analysis (MNA) approach [36] tions are composed of the determinant and cofactors of the cir-
cuit matrixT. The root of the difficulty faced by traditional tech-
Tx=w (2) niques for generating symbolic expressions of network func-
tions is that the number of product terms in a matrix determinant,
where thecircuit unknown vectok may be composed of noderegardless of whether generated topologically via signal-flow
VOltageS and branch currents and ¢lireuit matrix T is Usua”y graphs [22]’ tree numeration [8], or a|gebraica||y via matrix-de-
large andsparse terminant expansion [17], is inherently exponential in the size
Network functions characterize how the voltages and/or Cut 3 matrix. Inspired by the success of binary decision diagrams
rents associated with certain outputs change with certain inpgDDs) for logic synthesis and formal verification [4], we in-
voltages and/or currents. For example, in the case of two-pgduced an implicit yet canonical graph representation called
networks as shown in Fig. 1, four common network functionspps for the matrix determinants and cofactors [29], [30]. Sim-
areVous /Vins Lout /Tins Vout /Lin, @NdLout/ Vin. ilar to BDDs for Boolean functions, DDDs are capable of repre-
Network functions can be computed from (2) by applyingenting the determinants and cofactors resulting from practical
Cramer’s rule, which states that thith componentz; of the  circuit analysis with the number of vertices orders-of-magni-
unknown vectox can be obtained as follows: tude less than that of product terms. Moreover, most symbolic
Z wi(=1)i*7 det(T; ;) analysis_ algor.ithms can be performeq on a DDD with time com-
- ¢ “J plexity linear in the size of a DDD (i.e., the number of DDD

T det(T) ()  vertices).
Formally, a DDD is a signed, rooted, directed acyclic graph
where with two terminal vertices, namely, theero-terminalvertex
det(T) determinanof matrix T; and theone-terminalvertex. Each nonterminal vertek is
matrix T, ; matrix T after removing rowi and labeledby a symbol denoted by.lebel and a positive or a
columny; negative sign denoted b.sign. It originatestwo outgoing
(=1)"% det(T;, ;) first-order cofactorof det(T) with edges, calledne-edggrepresented by a solid arrowed line in
respect to elemertt _;; Fig. 3) andzero-edgdrepresented by a dotted arrowed line in
ti ; matrix entry at row¢ and columnj.  Fig. 3) pointing to its two childrenD.child1 and D.childO0,

If < andy are single digitsT; ; will be simply written asI’;;.  respectively. Each vertek representsa symbolic expression
For example, consider a simple circuit shown in Fig. 2. It®).expr defined recursively as follows.

system equations can be written as follows: 1) If D is the one-terminal vertex, theB.ezpr = 1.
1 1 1 2) If D is the zero-terminal vertex, thed.ezpr = 0.
R, + sC1 + Ry "R 0 3) If D is a nonterminal vertex, the®.czpr = D.sign
1 1 1 1 vy D label (D.childl).expr +(D.child0).expr
& N +sCs2 + i & V2 where (D.child1).expr and (D.child0).expr represent sym-
> > 3 3 v3|  bolic expressions represented by the vertid@shildl and
0 1 1 + sCs D.child0, respectively. For example, it can be verified that
R R Fig. 3 is a DDD representation dkt(Y).
I DDDs were originally introduced to represent symbolic
=10 |. matrix determinants [29], [30], where each vertex symbol is

0 a nonzero matrix entry. Vertek with matrix entryt; ; as its
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det(Y)
det(Y ) \

0 edge
A B O
C D E
0 F G
det(Y)

Fig. 3. Example of matrix determinant and its DDD representation.

label D.label is a graphical representation of the followingo be consecutive integer numbers starting from one that satisfy
expansion of the determinad¢t(T) represented by: the following requirement:

det(T) = t; ;(—1)" det(T; ;) + det(T;) 5) D.index > (D.childl).index

and
where

D.sign (—1)H+;

D.childl — det('L; ;), which is theminor of det(T) with  The process of assigning an index to a DDD vertex label is called

D.index > (D.child0).index. (6)

respect to;, ;; vertex ordering A greedy vertex ordering heuristic that yields
D.child0  det(T;7), which is theremainderof det(T) near minimal DDDs for representing the determinants of sparse
with re’spect ta; ;. matrices was suggested in [29], [30]. For example, the DDD

Matrix T— can be obtained from matrif’ by setting entry "N Fig. 3 is constructed with an optimal vertex ordérC, B,
t; ; to zero. We note that the DDD definition introduced in thid”» £+ £, andG. Shown near each vertex is its corresponding
paper can be used to represent symbolic expressions that er index. _ .
not necessarily correspond to matrix determinants. This obserfrom Cramer’s rule (3), a network function can be described

vation is important for the introduction efexpanded DDDs in in terms of the determinant and some (first-order) cofactors of
Section III. a circuit matrix. To represent a network function, we propose

Given a vertex, ane-pathis a path from the vertex to the to construct the DDDs for the determinant and cofactors using

one-terminal. A one-path represents a product of symbols ti{3¢ same vertex order with all the common subgraphs shared.
are labels of those vertices thatginateall the one-edges along ThiS leads to onehared DDD with multiple rootsvhere each
the one-path. For example, in Fig. 3, there exist three one-patA8t represents either the determinant or a cofactor of the circuit
from the root vertex labeled by, which represent three productMatrix. For example, Fig. 3 is actually a shared DDD represen-
terms: ADG, A(—F)E, and(—C)BG. It can be verified that tation ofdet(\_{) and_det(Y_ll) required in (_4). Aroot here can _
the root vertex labeled hy represents the sum of these produdt€ @ vertex with no incoming edges (root in the graph-theoretic
terms. sense) or any vertex that represents a cofactor of interest; they

DDDs can be viewed as an extension of Akers' BDDs fdi'® marked by new “dangling” edges in the diagram.
Boolean functions [1]. What makes the notion of DDD really e note that DDD vertices are labeled by matrix entries and
useful are the four construction s inspired by the work of BryaRgch entry is in general an polynomial whose coefficients
and Minato: 1yero-suppressiofMinato [23]): eliminate all the May contain symbolic parameters (€G.,= (1/Rs) + sCs).
vertices whose one-edges point to the zero-terminal vertex ariice the complex frequency varialsiés implicitly contained
use the subgraphs of the zero-edgesyrdjjuenesseach label " vertex labels, a DDD that represents the determinant and

will appear no more than once in any one-path of the graph;%gfactors of the circuit matrix of a dynamic circuit and uses

ordered(Bryant [3]): for all the one-paths, each label, if appear§ONZ€ro matrix entries as its labels is referred to asraplex

will be in the same fixed order with respect to the other labels [ADD [31].

that path; and 43hared(Bryant [3]): all equivalent subgraphs

are shared. m
To facilitate the enforcement of the four rules above and the

manipulation of a DDD, vertex labdD.label is implemented  To motivate our method of derivingexpanded symbolic net-

in a DDD as an indexX.index [5]. Further, indices are chosenwork functions, we consider how to expand the symbolic ex-

. s-EXPANDED SYMBOLIC REPRESENTATION
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DI0] D]

Fig. 4. s-expanded DDD.

D2} D(3]

pression in (4) to the-expanded form. We rewrite the circuitwith

matrix so that each symbolic entry is in thexpanded form

a—+bs C 0
d e+ fs g
0 h 1+ 7js
where
1 1
= b=C
“r TRy b
- 1 1 n 1
“CTUT TRy TR, TRy
1 1
:C :h:—— ":—
f 2, g R37 4 R37
and
j =0Cs.

Expanding the three product terms, we have

+aeis®

+afist
+afjs?
+bfis?

ADG =(a+bs)(e+ fs)(i +js) —

. ahgs®
AFE = (a+ snt(e) — {197

CBG = (d)(c)(i + js) — { Zgi

With this, (4) can be rewritten as

2
7=

> N[ils’

e

ZD HES

+aejst
+beist
+bejs?
+bfjs?

DI[0] =aet — ahg — dci

D[1] = aej + afi + bei — bhg — dcj
D[2] =afj+bej+bfi

D3] =bfy

N[0] =ei— hg

N[1] —CJ + fi

N2 =

Now we are ready to extend the notion of DDD to represent
s-expanded symbolic network functions. L€{:] and D[:] de-
note, respectively, the symbolic expressions of the coefficients
of powers® in the numerator and denominator of a rational poly-
nomial functionf(s) of s

Z N[i]s
Z Dli]s*

An s-expanded DDOs a multiroot shared DDD, where each
root defines a DDD—calledoefficient DDD[31]—that repre-
sentsN[¢] or D[¢] and common subgraphs among all the coef-
ficient DDDs are shared.

For example, Fig. 4 shows a seven-re@xpanded DDD that
representsk;, in (8). The DDD is constructed based on the
DDD definition and four construction rules with vertex ordering
b,a,d, ¢, f,e, h,g, 7, andi. We can see that this represen-
tation exploits the sharing among different coefficients in both
the denominator and numerator of a rational polynomial func-
tion. In Fig. 4, 18 nonterminal vertices are used. In comparison,
without exploiting the sharing, a straightforward representation
of 17 product terms in both the denominator and the numerator
would require 46 vertices (exploiting the sparsity) and 170 ver-
tices (without exploiting the sparsity).

fs) =
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TABLE |
EXAMPLE OF VERTEX ORDERING FORs-EXPANSION

complex-DDD-vertex index ¢ 1 213 4 516 7

complex-DDD-vertex label G E|F D B|C A

number of s-expanded symbols in each entry m; 2 1)1 2 1(1 2
s-expanded-DDD-vertex label ¢; ;577 i|js|g|h|le|fs|c|d|a]|bs
i 1 1|1 (1}2|1|1(1]2
s-expanded-DDD-vertex index 1123|4567 |8[9]10

IV. VERTEX ORDERING AND CONSTRUCTION OFs-EXPANDED  only s expansion is of interest, we can lump those symbolic co-
DDDs efficients with the same?:-7 together. Then, (9) reduces to

In this section, we present an elegant algorithm for con- Ui '
structing s-expanded DDDs that represent symbolic network v; = Z ci, s
functions. The algorithm ismplicit in the sense that it con- j=l
structs ans-expanded DDD from the complex DDD, not fromwhereli andu;

the expan_ded symbollic expressip o such as (8). T he. e).(pu%'gpectively, such that; — I; + 1 = m,. Note thatm,; < I
approach is computationally prohibitive for a large circuit SINCE 47 are the maximum number of devices that connect to a
the nymber of _corr_1p|ex product terms can pe exponential & cuit node. For example, we can represent= (1/R,) +
the size of a circuit and further the expansion of a compl )f/Rg) 4 CsasA — a+ bswith a = (1/Ry) + (1/Ro)
product term may lead to an exponential number of terms (e. ndb = Cy. We choose to consider the more general case (9)

ADGIn our example leads to eight terms). In contrast, we Shqlﬂére so that the algorithm presented in this section is directly

that our implicit algorithm constructs, in tim@(k{|DDD]), an applicable to other applications such as deriving interpretable

Z—gxtp;]anged DDDf mth dno more g)‘deDDD.' \fer]fltc;‘esi whefre symbolic expressions [33] and analog testability analysis [26],
IS the degree of the denominatopolynomial ot the ransIer | e e certain individual circuit elements (e.8y, Ro) are of

fgnct}:)n,l dls the ”]ng]';"‘_”'lg‘“mb er ?iﬁlewces :hatgggnect toiﬁterest and should not be lumped together.
circuit node, and | is the size of the complex : To ensure the labelniquenes$or an s-expanded DDD, it is

Similar to a complex DDD, t_he size of arexpanded D_DD sufficient to assign each term in (9) a unique label. Thus, a total
depends crucially on the ordering sfxpanded DDD vertices. roym

. . : . . = > ._,m; labels will be required for the-expanded
In this section, we first present such a vertex ordering heurlsbcDD For our motivational example, ten labeiso j are used
s-ORDER that attempts to minimize the number se&xpanded i '

; X . ) - as shown in (7).
DDD vertices. Our constructl_on algorithm is then des_cr'bEdsWith this symbol labeling, vertex ordering for constructing
in two steps: vertex-expansios-EXPAND and s-extraction

. o -expanded DDDs amounts to assigning an index to each termin
s-EXTRACT. We note that the algorithm presented ongmalls P gning

in 1311 fructi ded DDD W t )(9).We observe that the original complex DDD was constructed
in [31] for constructings-expande S can apply 10 ay i gch a vertex ordering)(that exploits as much subgraph

vertex ordering. With the propos_ed vertex o_rde_nng heu”s%%aring as possible. For our motivational example, indices for la-
s-ORDER, the construction described here is simpler, moke

o . . Dels A to G as shown in Fig. 3 were chosen based on a heuristic
elegant, and its time and space complexities become eaS|eirntt)29] [30] that minimizes the number of complex DDD ver-
analyze (Theorem 1). i

tices. Therefore, we would like to choose a vertex ordering for

the s-expanded DDD so that theexpanded DDD inherits as

much sharing as possible from the original complex DDD. This
Letthe vertices of a complex DDD be indexed from ongio motivates us to assign tere ;s 7 the following index:

Letthe symbol that corresponds to inddoew;. We consider the ‘

general case that entty in the circuit matrix, i.e., the label of = .

a complex DDD vertex with index can be further represented Z Mg +J-

as a sum ofn; terms e=1

denote the lowest and the highest powers,of

A. Vertex Ordering

(10)

We refer to the process of vertex ordering using this scheme

m;

pi as operatiors-ORDER. Table 1 illustrates the use GFORDER
v, = Z Ci, 57 (9) . .
— for our motivational example, where rows 1 and 2 are com-
= plex-DDD indices and labels as shown in Fig. 3, rows 3 to 5
where describem;, j, andc;_ ;s? 7 for each complex-DDD label and
s complex frequency variable; the last row is the resulting.expanded DDD indices.

p;,; integer representing the power gf

¢, ; Symbolic coefficient of powes? 7.
For example, for;, = A = (1/R;)+ (1/Rs) + Cys,we have ~ DDD operations-EXPAND is to replace a complex DDD
i=1,m; =3,c1,1 = (1/R1),c1,2 = (1/R2), c1,3 = C1, Vvertex into a cluster ofs-expanded DDD vertices. As il-
p1,1 = p1,2 = 0,andp; 3 = 1. In general, if the MNA formu- lustrated in Fig. 5, a complex DDD verteR with label
lation is usedp;, ; can be zero or one. For the applicationswhere = 37" ¢; ;s is expanded intan; new DDD vertices,

B. Operations-EXPAND
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indeed a valid DDD.
Now we show that the new DDD represents the original DDD.
Pi: From the definition of DDDs, the original complex DDD vertex
Ci2S D with index: represents the following symbolic expression:

Spi’l D.label « D.sign % (D.child1). Expr + (D.child0).Expr.
)Ci1

As illustrated in Fig. 5, this vertex is expanded imtg vertices
D, j =1, ..., m The root of the expanded DDD subgraph
Fig. 5. lllustration of the expansion of a complex DDD vertex. created by operatios-ExPAND(D) defines the following sym-
bolic expression:

C: SP“"‘ sion) and 4 (shared)—are satisfied, too. Thus, the new graph is
i,m
1

—T

/ 3

det(Y)

(D.child0). Expr 4+ Dy.label % Dy .sign * (D.child1l). Expr
+ Do label = Dy.sign * (D.child1l). Expr
+ Dy, dabel % Dy, .sign = (D.child1). Expr
= (D.child0).Ezpr
+ (Dy.label + Dy label + - - + Dy, label)
\ x D.sign = (D.child1). Expr
B = (D.child0).Expr + D.label x D.sign
: * (D.childl). Expr.
This is exactly what the original DDD verte® represents.[]
We note thak-EXPAND invokes a local replacement operation
on each complex DDD vertex and none of the original graph

structure is changed. Therefore, the new DDD inherits all the
Fig. 6. lllustration of vertex expansion. sharing from the original DDD.

. ions-EXTRACT
labeled byci7j$pi,j, j = 1,...,m; The one-edges of all C. Operations C

thesem; new DDD vertices point td).child1. The zero-edge  After vertex expansion, each DDD vertdX is labeled by
of DDD vertexc; ;sP7 points to DDD vertexc;, j_;s?i ¢, ;sP3. For the convenience of description, we refer to such
and the Zero_edge of the last DDD Vert@)ﬂlspivl points to a DDD as aterm DDD. To ConstrUCtS-eXpanded DDDs, we
D.child0. For each new DDD vertex, its sign is the same d¥ed to extracs?/ out from each vertex and keep onty ;
that of the Origina| Comp|ex DDD vertex. as the label. We us®.label to denoteCiJ and D.spoweT to
For example, Fig. 6 shows the result of applying operatid#enotep;, ;. We also assume that thepolynomial represented
s-ExPAND to the DDD in Fig. 3. It can be seen that the neWY vertexD can be written in the following expanded form:
DDD in Fig. 6 preserves all the sharing in the original complex a4
DDD. > Plils
We say that DDDIepresentDDD?2 if and only if for any o ! _ N _
vertex in DDD2, there exists a vertex in DDD1 that representghere P[] is either a symbolic coefficient expression or zero.
exactly the same symbolic expression. Suppose that we have derivegxpanded DDDs foD.child1
Proposition 1: For a DDD that hagDDD] vertices and each andD.child0; let them be denoted hi1 and P0, respectively.
DDD vertex labeli can be expanded as the sumsof dis- Then
tinct new labels, operationsExPAND ands-ORDER conNstruct a

new DDD with3"/°PP! 1, vertices that represents the original Pli] = D-label s D.sign + P1[i = D.spower] + PO[i]

DDD. Thus, P[i] can be created by a new DDD vertex with
Proof: First, it can be seen that all the new DDD verticefabel D.label, sign D.sign, its one-edge pointing to
satisfy the following requirement: P1[i — D.spower], and its zero-edge pointing #00]i].

) ) ) For example, Fig. 7 illustrates this idea for the cases that

D.index > (D.child1).index D.spower can only be—1, 1, and 0. Note that under the MNA
and formulation, D.spower is 1 or O.

D.index > (D.child0).indezx. The complete algorithms-EXTRACT is described in Fig. 8,

where GTVERTEX (D.index, D.sign, PO, P1) is a DDD

Hence, the resulting graph by applyisdeXPAND ands-ORDER — operation that returns a DDD vertex with indéxindez, sign
satisfies DDD rules 2(uniqueness) and 3 (ordered). Followédlsign, P1 as its one-child, and®0 as its zero-child [29],
from the original DDD, two other DDD rules—1 (zero-suppres30]. Note that GTVERTEX (D.index, D.sign, NULL, NULL)
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Pli] Pli] Since a hash table is used to keep track of the previous results,
l l if we do not count the hashing time (as commonly done in the
@ 0 Q s! area of decision diagram research [5], [23]), the time complexity
" N of the algorithm is, thusp(k|DDD)|). O

. N . . ‘DDD| <
P1i] ‘wpoiy Pl \\ POL] From Propositions 1 and 2, and noting t@t:l m; <

>2IPPPI; — 1. |DDDJ, wherel is the maximum number of
A Z\ /\ devices that connect to a circuit node an@®RDER takes time
E&E?Dl m;, we have the following main result.
(a) (b) Theorem 1: Given a complex DDD withDDD)| vertices, its
Pli] corresponding-expanded DDD can be constructed by applying
l DDD operationss-ORDER, s-EXPAND, ands-EXTRACT in time
@ ! O(kl|DDD|) with no more thark!|DDD| vertices, wheré: is

the maximum degree of thepolynomial that the complex DDD
represents ands the maximum number of devices that connect

P1fi+1] o Pod to a circuit node.
A /\ We can make the following remarks on algoritRFEXTRACT
and Theorem 1.

© 1) For a network function, the degree of its denominator

Fig. 7. lllustration of s extraction. Admittance of (a) resistance, (b) p0|yn0m|al IS alwa_ys no less than the degree of its nu-
capacitance, and (c) inductance. merators p0|yn0mla|. Hence, for a Complex DDD that
represents a network functioh,is the degree of the de-

returns NULL, and GTVERTEX (D.index, D.sign, PO, 5 r&orgln?:]orsMpl\?R/Pomlall.t_ f L

NULL) returnsP0 (zero-suppression). If a vertex with the same ) Under the ormuiation as far asexpansion s con-
D.index, D.sign, PO, and P1 exists already, 6TVERTEX cerned, we can rewrite each matrix entry in the MNA cir-
simply returns that vertex; this implements subgraph sharing. cuit matrix in one of the following three fo_rma', bs.’ or

To simplify the description of the algorithm, we ugeand a+gs' Wh?l’ea andb represent the symbolic coeflicients
U to denote the lowest and highest powerssdh the DDD of s” ands" and represent the lumped effect of those de-
and we assume that all the vertices represent the polynomials wcez clonnectedttot_ aﬁE:rI]I‘CUIt nthta). Wedczllbth;mpgct
with the same lowest and highest powerssoin the imple- ?y_m2o':represen atio tehn’mi IS Orl]m € 3;11['\'0’ I'?”th
mentation, each vertex has its actual lowest and highest powers | — = or comparison, the case where each term in the
of s they are calculated bottom up from terminals. In Fig. 8, MNA matrix is represented as a distinct symbol is referred

VERTEXZERO and VERTEXONE denote the zero-terminal and to asfull symbol representatl_on .
the one-terminal, respectively. 3) In the_ extreme case tha_t all c!rcun parameters are numbers
Fig. 9 illustrates the application GFEXTRACT to the DDD and; Is the only symb_ollc variable, algor.'thm'.EXTRACT .
in Fig. 6. Ten major steps, each resulting from applying provides an aIterngtwe to the numencal mterpo'latlon
s-EXTRACT to a DDD vertex, are shown. The procedure is exe- method [36]'_ In this case, Operatlo.nEG/ERTEX 'S
cuted bottom-up. For example, at level 1, vertéxs-extracted; replace_d by simple numgncal calculation. The algorithm
at level 2, vertexjs is s-extracted; and at level 10, vertéx takes timeO(k!|DDD) with I = 2.
is s-extracted. It can be seen that thexpanded DDD shown
in Fig. 9 is the same as theexpanded DDD shown in Fig. 4 V- APPLICATIONS OF s-EXPANDED SYMBOLIC NETWORK
constructed directly from the expanded expressions. FUNCTIONS
We have the following result. In this section, we describe several applicationssadx-
Proposition 2: Given a term DDD with|DDD| vertices, panded symbolic network functions in the design of analog
operations-EXTRACT constructs in timeJ(k|DDD|) ans-ex- integrated circuits. We note that the algorithm described in
panded DDD with no more thak|DDD| vertices, wheré: is  previous section is sufficiently general to be applicable to many
the maximum degree of thepolynomials that the term DDD other applications. For example, by keeping those circuit-el-
represents. ement symbols of interest (instead of merging them as for
Proof: s-EXTRACT performs a depth-first search on a-expansion), operationsORDER, s-EXPAND, ands-EXTRACT
given DDD. Each DDD vertex will be visited just once andare the foundation for deriving interpretable symbolic expres-
s-EXTRACT will be called|DDD| times. sions [33] and for analog-testability analysis [26].
Consider each time whenEXTRACT is called. Let the max-
imum power of its representing polynomial functionpeThen A, Small-Signal Behavioral Modeling
preciselyp; s-expanded vertices will be created.
The total number of-expanded DDD vertices is thus

An analog integrated circuit can be linearized at its operating
point and its small-signal behavior can be analyzed by solving
[DDD| [DDD| repeatedly (2) withl' = G + sC ands = 2xjf [36]. This is

Z pi < Z k = k|DDD|. generally a fast procedure since for each frequency gownly
= = one sparse LU factorization and substitution are required. How-
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Dl2] D3]

DI0] D(1)
~

levellQ
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level9
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- = = level8
level7
level6
- level5
leveld
level3
level2
levell
Fig. 8. Derivation ofs-expanded DDDs by extraction.
s-EXTRACT(D) Consider the followings polynomial:
1 if{D=0)
2 for i=L to U do
3 P[{] = VERTEXZERO fs)y=aps"+- -+ ap_1s+a, =0.
4 elseif (D=1)
5 for i= L to U do . .
6 Pli] = VeRtEXZERO Under the asfsumpuon that the ragtis well separated from the
6 P[0] = VERTEXONE other roots, i.e.,
7 else
8 P) + s-EXTRACT(D .ckild0)
g P1 + s-Extract(D.childl) [s1] < - S| < sef s < -2 < sal.
10 for i=L to U do
11 P[i) + GETVERTEX(D.indes, D.sign, PO[i], P1[i — D.spower])  Then, the rook; can be approximated as
12 return P
Fig. 9. lllustration of operatioR-EXTRACT. Sk = _an—k—l—l/an—k-

ever, as in the context of design optimization or Monte Carf@ince roots for an up-to-fourth order polynomial can be obtained

simulation for test generation, the procedure has to be perfornftflytically, this method can be generalized to derive approxi-

hundreds of thousands times; this can be time consuming. mate symbolic expressions for a cluster of up-to-four poles or
With the deriveds-expanded expressions, the exact behavifros as long as clusters are well separated from each other [11],

can be obtained by substituting numerical values for symb&ﬂsz]-

other than the complex frequency variablé he resulting net-

work transfer functions are rational polynomialssofvith nu-  C. Symbolic Noise Evaluation

merical coefficients. Evaluation of these polynomials can be ex-Noise in integrated circuits is caused by some random

tremely fast. In the context of statistical design, parameters wishysical phenomena, which lead to small current and voltage

variations can be kept as symbols while other parameters fitgtuations within circuit devices. The most important noise

substituted as numbers. In the application of analog testabil§yurces in integrated circuit devices dhermal noise shot

analysis or fault simulation, only potentially faulty circuit panoise and flicker noise[24]. In general, they are modeled

rameters are treated as symbols. These lead to mixed symba$iccurrent sources or voltage sources associated with various

and numerical expressions. devices in the circuit. Each of these devices may include several
i L noise sources due to different physical phenomena. The widely
B. Symbolic Pole/Zero Estimation used noise models for resistors, bipolar junction transistors

Symbolic expressions of poles and zeros of network fun(BJTs), and metal-oxide—semiconductor (MOS) transistors can
tions can help circuits designers gain the insight on the circhieé found in [25].
frequency-domain behavior and stability. It is unknown how a Mathematically, noise is characterized in terms of the power
symbolic expression can be derived for an arbitrary pole or zespectral density in the frequency domain. The integration of the
in the network functions. However, if a pole or zero is well separoise power spectral density over frequency gives the total noise
rated from the others, an approximated symbolic expression gawer. Since all the noise sources are uncorrelated, their con-
be derived from the-expanded network functions by root split-tributions at an output can be calculated separately A gt)
ting ([16, Chapter 4], ). denote the transfer function from noise soufﬁeto an output.
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Then, the noise voltage in the root mean square (rms) form at
the output is given by

Vout(s) = [> [Hp(s)?T2(f). (11)

V2 .(s)/Af is called the noise spectral density function, where
s = 2xjf,jis the imaginary number anflis the real frequency
variable. With this, computing the noise spectral density func-
tion of an output amounts to symbolic computation and manip-
ulation of a set of transfer functions with different inputs and
the same output [17], [18].

We illustrate this multifunction computation process on the
simple resistance—capacitandé®d filter circuit in Fig. 2. We
assume that the device noise is modeled by three noise current 1
sourceslg,, Ir,, andig, connected in parallel with resistors
Ry, R,, and R3, respe_ctively._ The system_ of circuit equationnsiig_ 10. DDD representing noise transfer functions.
has been formulated in Section Il. If we view each entry of the
circuit matrix as one distinct symbol, the resulting system de -

terminant and its DDD representation are shown in Fig. 3. Le 5 12 (D
us consider the input-referred voltage noise at node 1. Then, t (Noiseless)
three transfer functions associated with three noise sources ¢ - - S
be written as —& + + ne
Hi () = 2 = (EDUTder(ny) O D
B T TR T det(Y) = =
v (_1)(1-1—1) det(Yn) . (_1)(1-1—2) det(Ylg) (a) (b)
HR2 (3) = 7 = det(Y) Fig. 11. Input-referred noise model for an operational amplifier. (a) Noise
Rz model for opamps. (bY,2(f) = V,2,(f) configuration.
—1)(1+2) Yio) — (—1)(1+3) Y;
Hp(s) = 2L = (1) det(Y12) — (1) det(Yis)

Ir, det(Y) We note that any noise sourfi]é(f) in aforementioned circuit

Note that in addition to the system determinaht:(Y) devices is eiFher a constant or a reciprocal fuqctiop‘,of.e.,

we need three minors afet(Y): det(Y11) = DG — FE. ¢, wherecis a constant. Hencgll,(f)|2L;(f) is still a ra-

det(Y1,) = BG, anddet(Yis) = BE In fact, minorsiet(Y; ) tional function of f. Therefore, the computation above can be
12) — ’ 1 — . ’ 11 . . . .

anddet(Y:,) already exist?i)rdet(Y) as shown in Fig. 10. To performed in two ways. First, squaring operation on a transfer

function can be implemented as a product of two DDDs. This
represendet(Y;3), we need one extra DDD vertex. So, we en . .
IS a purely symbolic approach. Second, the numerical values of

up with only eight vertices to represent all the three transfer 7 . .
P y €19 P ﬁ1e coefficients in each transfer function are computed by eval-

functions required for representing the input-referred noise:. - . :
spectral density for thiRCfilter circuit. uating coefficient DDDs using DDD \BLUATE operation [29],

After all the transfer functions required for a noise spectréio]' This leads to an expression with only the frequency vari-

density are computed and represented by DDDs, they are transl—e f as the symbol, This expression can be used for repetitive

formed into thes-expanded form using-expanded DDDs and 20|se evaluation or noise modeling for high-level noise simula-

each of them takes on the following form:

i o D. Input-Referred Block Noise Modeling for High-Level
Z Np[i]s* Simulation
Hy(s) = Z_noi (12) Any noisy two-port circuit can be modeled by a noiseless cir-
Z D,li]s cuit with two generally correlated input noise sources: a series
i=0 voltage source and a parallel current source [19]. The noise of
whereN,[i],i = 1, ..., mandD,[i],i = 1, ..., n are rep- an operational amplifier circuit can be modeled by three noise
resented by coefficient DDDs. Substituting (12) into (11), wgources as showninFig. 11(a). For an operational amplifier with
obtain the noise spectral density at output poas the MOS field-effect transistor (MOSFET) input stage that op-
. ) erates at not very high frequencies, the two current noise sources
ZN il(2rif) I2_(f)andi2 (f) can be ignored.
: P The input-referrednoise voltage sourc&?(f) can be gen-
IAGISEDNIE= LN | /ar. erated automatically by DDD-based symbolic noise evaluation
p=1 Z D, [i)(27jf) described in Section V-C on the circuit configuration shown in
—0 Fig. 11(b). Then, the generatétf(f) combined with a noise-

(13) less operational amplifier circuit can be used as an operational
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TABLE I

STATISTICS ON COMPLEX DDD AND s-ExXPANDED DDD CONSTRUCTION

circuit |mx_sizeffnonzero] Complex DDD s-expanded DDD
#numP| #denP [DDD|CPU (s) #numP | #denP |DDD|CPU (s)deg(num)deg(den)

miller 6 21 9 13 51 | 0.02 108 252 220 | < 0.01 6 6
butter 7 19 1 13 22 | 0.01 1 239 120 | < 0.01 1 12
rclad? 8 22 1 21 26 | 0.01 1 172 72 | < 0.01 1 6
rlctest 9 37 30 120 152 | 0.04 140 234 259 | 0.01 3 4
cestest 9 36 56 120 97 | 0.03 100 234 173 | 0.02 3 4
vestest 12 46 56 64 70 | 0.04 56 64 70 |<0.01 1 1
rclad21 | 22 64 1 17711 | 84 | 0.05 1 123009 | 168 | 0.01 1 6
Cascode | 14 76 42154 | 79643 | 1994 | 3.17 [9.42x 1091.52x 107}18570| '0.88 14 14
uA741 | 23 90 10970 | 108032 | 6654 | 2.96 [7.77 x 10%9.31 x 109 99844| 5.08 23 23
bigtst 32 112 | 164168 |1.6 x 107| 951 | 0.89 |1.91 x 10%6.67 x 10*913431| 0.58 13 21
rclad100 | 101 301 1 B.7x10% 398 | 1.14 1 1.0 x 10%|16767| 0.65 1 85
rctreeA | 40 119 3560 |7.1 x 107| 208 | 0.21 (1.2 x 107[3.8 x 10™} 5040 | 0.19 20 39
rcireeB | 53 158 [1.4x 10%3.0 x 10*Y 299 | 0.44 (1.6 x 10%%[3.8 x 10| 9478 | 0.35 28 52

amplifier model for noise evaluation of circuits that contain op-

erational amplifiers as subcircuits.

VI. EXPERIMENTAL RESULTS

The proposed algorithms have been implemented in a prot
type symbolic analyzer for analog integrated circuits. The prc
gram reads in the circuit description in the SPICE format an
uses SPICE to perform dc operating point analysis and to cree
the small-signal models. Next the system of circuit equation
are set up based on the MNA formulation. With each nonzer
entry in the MNA circuit matrix viewed as a distinct symbol, the
complex DDD that represents a symbolic network function o
interest is constructed using algorittopb_OF MATRIX from

roduct-terms

£

x 10° #product-terms distribution vs powers of s for ua741
T T T T T T T T

2 4 6 8 10 12 14 16 18 20 22
N powers of s

[29] and [30]- Then, am'eXpanded DDD is constructed USing:ig. 12. Product term distribution @fA741 over power of.

the algorithms presented in this paper. From thexpanded
DDD, frequency-domain simulation is performed by first evalu-

ating the coefficient DDDs and then calculating the response b€ 1ast two columns d¢gum) and degden) denote the de-
substituting just the frequency variable. Symbolic expressiofi&€s of the numerator polynomial and the denominator polyno-
of dominant poles and zeros are derived based on the root spliial, respectively. Note thadtin Theorem 1 equals degen).

ting method. Small-signal noise analysis is also supported.

From Table Il, we can make several observations.

The program has been tested on a set of benchmark circuits]l) For large circuits, product terms grow dramatically with

including various filter circuits, MOS, and bipolar operational

amplifiers [30]. Statistics on these circuits, their complex DDD 2)

construction, and-expanded DDD construction are reported
in Table Il. For eacttircuit, columns 2 and 3 give the size of
its MNA circuit matrix mx_size and the number of nonzeros
#nonzero in the matrix. Statistics on complex DDD construc-
tion ands-expanded DDD construction are collected in columns
4 to 7 and columns 8 to 13, respectively, whéteum P is the
number of product terms in the numerator of the transfer func-
tion, #den P is the number of product terms in the denominator
of the transfer function, andDD)| is the size (hnumber of ver-
tices) of the DDD representing both the numerator and the de-
nominator of the transfer function. The CPU time reported is in
seconds on an Ultra-SPARC-1 workstation with 167-MHz clock
rate. For complex DDDs, it is the time of constructing complex
DDDs from circuit matrices. Fos-expanded DDDs, it is the
time of constructings-expanded DDDs from complex DDDs.

the size of a circuit, while the DDD sizes grow modestly.
For large circuitss-expansion, i.e., expanding complex
products terms into as polynomial, can lead to an
exponential number of-expanded product terms. For
example, the denominator of the transfer function for
1#A741 has 108 032 complex product terms. Expansion
of these terms leads to 7.¥70'% s-expanded product
terms. In Fig. 12, we draw the distribution of the number
of product terms over the power ef We can see that the
numbers of product terms in the coefficients of middle
powers ofs increase rapidly.

If each term in an MNA matrix entry is represented
as a distinct symbolfgll symbol representatign the
number of expanded product terms increases much more
dramatically. ForpA741, a matrix entry typically has
three or four distinct symbols (three or four devices con-
nected to a node) with nine as its maximum. Using the
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12X 10™ #product-terms distribution vs powers of s for ua741 Unified size of sDDD
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° u rctreeB
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sl J cestest bigtst
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0.05f 4
Fig. 13. Product-term distribution @fA741 over power of for full symbol ) . . ) ) .
representation. % 2 ) 8 3 10 12 14

circuits

full Symbo' remesentaﬂon* Fig. 13 shows the diStribUtioﬂg. 14. Sizes of-expanded DDDs versus sizes of the complex DDDs.
of the number of product terms over the powersdbr

the denominator of theA741 transfer function. We can f s polynomial evaluation; an optimized implementationsof
see a more than nine orders of magnitude increase in 91%3 POyt . ' P P
olynomial evaluation can be much faster.

number of product terms in comparison with the resulf . : T .
To illustrate symbolic pole/zero estimation, we consider

In Fig. 12. a simplified two-stage MOS operational amplifitwoStage

3) Despite the rapid growth of-expanded product terms, o N
e sizesof-expanded DDDS and e CPU e incorf3 17 1] 5 sehematc e shown g 19, Tre vt
structing theses-expanded DDDs grow very modestly. P P g€ 9 P

For ;.A741, the s-expanded transfer function with 7 77nOdeVi’f12 (positive input) to output nod&o,, with node Vi,
% 10° prod7uct terms in the numerator and 924311)10‘ shorted to the ground. The exact values of three poles are
. . escribed in Table IV.
roduct terms in the denominator can be compactly _. .
P pactly Since three poles are far away from each other, the pole split-

irfe ]Por retsr?:'a‘i(ljl gyr:bEIDrE \;\gtsr:ar?g %;0219 sviiyeeiﬁzejus\éiﬁng method can be used to find the symbolic expressions for
y P : ' . these poles. The simplified expressions for the three poles ob-
of product terms grows by nine orders of magnitud

the number of DDD vertices increases only to 297 11 ined by our program are as follows:

about three times of 99844). The construction of
( ) (9d6 + 9a7)(ga1 + ga3)

s-expanded DDDs takes only a few CPU seconds on polel =—
an Ultra-SPARC-I workstation. This demonstrates the gmecC
superior expressive power aof-expanded DDDs and pole2=—g’"6
the efficiency ofs-expanded-DDD based algorithms for cr,
symbolic analysis. pole3 = — gm3
4) Infact, experimental results in Table Il validates Theorem Cgs3 + Cysa

1 for the case of compact symbol representatios ).

Fig. 14 shows that the actual size of sexpanded DDD Their numerical values agree with the results in Table IV.

is clearly bounded bgk|DDD|. Next, we evaluate the proposed DDD-based approach for the

With s-expanded symbolic expressions, frequency-domaiise evaluation of analog integrated circuits. Our program first

simulation can be performed rapidly. This has been demagenerates a single shared DDD that represents all the transfer
strated by experimental results in Table Ill. For eanlguit, functions required for the representation of the output noise
s-expanded_Evals the CPU time used for calculating thepower spectral density. To compare with SPICE, the numerical
numerical values of coefficient DDDs in the resultingex- values of noise sources from SPICE are taken and fed into our
panded DDDs and-expanded DDD is the CPU time usedorogram and the values of the output noise power spectral den-
for frequency-domain simulation, i.e., numerical evaluation @ity are then evaluated. Table V summarizes the experimental
the resultings-polynomials over 1000 frequency points. Theesults for three circuitsniller, Cascode and uA741 System
CPU time used by SPICE is described in column$pi¢g. |DDD]| is the number of complex DDD vertices used to repre-
We see that an order-of-magnitude speedup has been achiesgrt the determinant of the MNA circuit matriXotal |[DDD|
and furthermore the speedup usually increases with the sizaésothe total number of complex DDD vertices used to represent
a circuit. We note that after DDD construction, DDD-basedll the required transfer functions in the noise spectral density
frequency-domain simulation amountsstpolynomial evalua- function. Columrconstructioris the CPU time used to construct
tion. We used here a very naive nonoptimized implementatianshared DDD representing all the noise transfer functions for
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TABLE Il
COMPARISON AGAINST SPICEIN NUMERICAL EVALUATION

arcuit | s-expanded Eval (s) | s-expanded DDD (s) | Spice(s) | speedup
miller < 0.01 0.02 0.32 16.0
butter < 0.01 0.03 0.54 18.0
rclad? 0.01 0.01 0.21 21.0
rlctest 0.01 0.03 0.44 14.7
ccstest 0.01 0.02 0.62 31.0
vestest < 0.01 0.02 0.52 26.0
rclad21 0.01 0.03 0.51 16.7
Cascode 0.52 0.03 1.16 - 33.6
#A741 3.32 0.05 2.40 © 48.0
bigtst 0.58 0.04 1.94 438.5
rclad100 4.57 0.13 2.14 13.2
rctreeA 0.64 0.07 0.72 10.2
rctreeB 1.46 0.1 0.94 12.3
VDD calculation from the resulting symbolic expression took 0.03 s,

while SPICE noise analysis took 1.69 s.

VII. CONCLUSION

sl |

I Symbolic network functions in the-expanded form provide
Vinl Vin2 CC Vout a complete small-signal characterization of analog integrated
"_| EMI sz }_" circuits. With symbolic expressions, designers can gain insight
about how circuit parameters affect the circuit behavior and
create more innovative circuit architectures, while computers

. can use symbolic expressions as behavioral models to speed up
EM7 = cL > . ) . . :
M5 5 repetitive numerical evaluation for what—if analysis and design
Vbias | optimization. Unfortunately, symbolic analysis was known to
VvSS be computationally prohibitive and has been regarded as one of

the hardest problems. Despite many years of research, symbolic
analysis techniques are either applicable only to very small cir-
TABLE IV cuits or rely on simplification, which often ignores what could

POLES OFCIRCUIT TWOSTAGE be really important [18].

This paper introduced a new graph-based representa-
tion—multiroot DDDs—for s-expanded network functions.
It was built on the progress and implementation experience
each circuit after the system DDD is built. MgXs the highest from BDDs for logic synthesis and formal verification [4].
power of frequency in both the numerator and denominator oExperimental results with a prototype symbolic analyzer
the derived spectral density function. Column DDD is the CPWilizing the proposed approach have shown that the exact
time used to evaluate the obtained spectral density function teexpanded symbolic transfer functions for analog integrated
10000 frequency points. Colun8PICEis the CPU time used circuits such agA741 operational amplifiers can be generated
by SPICE to perform noise analysis over the same numberinfa few CPU seconds on modern computer workstations.
frequency points. The expressive power of multirostexpanded DDDs is so

Finally, we perform system-level noise simulation of a statemarkable that for the first time, over ¥0product terms
variable filter circuit shown in Fig. 16. It consists of four identhave been successfully represented by a multiroot DDD with
tical operational amplifiers, which in turn are implemented bless than 17 K vertices. Such a representation compactness
a CMOS Cascode operational amplifiéascode To compare is achieved by exploring the expression sharing among both
with SPICE, all the current noise sources in circuit devices wettge numerator and the denominatocoefficients of symbolic
taken from SPICE and fed into our program. network functions. It is made possible by a vertex ordering

With the proposed DDD-based method, the exact voltageuristic and an implicit construction algorithm feexpanded
noise spectral density function is first computed. It is theDDDs developed in this paper. We proved theoretically as
used as the input-referred noise generator as shown in Fig.wldll as validated experimentally both the space and time
together with noiseles€ascodeto perform noise analysis oncomplexities of multiroots-expanded DDD construction. We
the state-variable filter circuit. Fig. 17 shows the noise spectidgémonstrated the advantages of applyirexpanded DDDs to
densities of the state variable filter circuit computed by SPICIEequency-domain simulation, pole/zero estimation, as well as
and by the proposed DDD-based method. It can be seen thaise evaluation. The remarkable compactness of DDDs is fur-
the results are identical. We note that the noise spectral densiitgr demonstrated in the context of symbolic noise evaluation,

Fig. 15. Simplified two-stage CMOS operational amplifier [16].

poles | =373.7Hz I —0.88MHz | —168MH:
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TABLE V

STATISTICS OF NOISE ANALYSIS FOR ANALOG INTEGRATED CIRCUITS

Circuits

#noise-sources

System |DDD)|

Total |[DDD]|

construction (s)

Max {

DDD (s)

Spice (s)

miller
Cascode

WATAL

3
44
65

12
1406

2357

17
3601
18491

0.01
0.61
8.16

3
28
44

0.35
1.38
2.87

6.17
29.29
70.70

R10
R3

R1 Opl

Vil

Cl

R8

Op2

Y

R9

Op3
R6

V(D)
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Fig. 17. Noise spectral densities computed by SPICE and DDD.

this paper.

(1]
(2]

(3]
[4]

(5]

(6]

(71

(8]

9]

(10]

where multiple transfer functions each being used for a noisg1l
source in the circuit can be represented by a DDD with the size

comparable to that for a single or a few transfer functions.

We have demonstrated that repetitive numerical evaluatioR-2]
with the deriveds-expanded symbolic expressions for fre-
guency-domain simulation and small-signal noise analysis can3]
be much faster than SPICE and the resulting expressions for

a circuit block can be used as behavioral model for high-level, ,

simulation. We note that in practice, SPICE and SPICE-like
simulators are very fast already for frequency-domain simula-
tion and small-signal noise analysis. Therefore, the potentiéils]
impact of this paper’s contribution will mainly be in the area of
deriving interpretable symbolic expressions for analog circui
characterization and in those applications where numericijrel
analysis is not viable. Some preliminary results on the furthefi7]
applications of the algorithm described in the paper Weriw]
presented in [33] for deriving interpretable symbolic expressio

and in [26] for analog testability analysis.
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