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We study the problem of coverage in planar heterogeneous sensor networks. Coverage is a perfor-
mance metric that quantifies how well a field of interest is monitored by the sensor deployment.
To derive analytical expressions of coverage for heterogeneous sensor networks, we formulate the
coverage problem as a set intersection problem, a problem studied in integral geometry. Compared
to previous analytical results, our formulation allows us to consider a network model where sensors
are deployed according to an arbitrary stochastic distribution; sensing areas of sensors need not
follow the unit disk model but can have any arbitrary shape; sensors need not have an identical
sensing capability. Furthermore, our formulation does not assume deployment of sensors over an
infinite plane and, hence, our derivations do not suffer from the border effect problem arising in
a bounded field of interest. We compare our theoretical results with the spatial Poisson approx-
imation that is widely used in modeling coverage. By computing the Kullback-Leibler and total
variation distance between the probability density functions derived via our theoretical results,
the Poisson approximation, and the simulation, we show that our formulas provide a more accu-
rate representation of the coverage in sensor networks. Finally, we provide examples of calculating
network parameters such as the network size and sensing range in order to achieve a desired
degree of coverage.
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1. INTRODUCTION

Sensor networks are becoming an attractive solution for many commercial and
military applications due to their low cost, ease of deployment, unattended
operation, and wealth of useful information that they can collect. Typical appli-
cations include emergency rescue, ambient control, environmental monitoring,

This work was supported in part by the following grants: ONR YIP award, N00014-04-1-0479, ARO
PECASE grant, W911NF-05-1-0491.

Authors’ address: Department of Electrical Engineering, University of Washington, Paul
Allen Center—Room AE100R, Campus Box 352500, Seattle, WA 98195-2500; email: {1lazos,
rp3}Qu.washington.edu.

Permission to make digital or hard copies of part or all of this work for personal or classroom use is
granted without fee provided that copies are not made or distributed for profit or direct commercial
advantage and that copies show this notice on the first page or initial screen of a display along
with the full citation. Copyrights for components of this work owned by others than ACM must be
honored. Abstracting with credit is permitted. To copy otherwise, to republish, to post on servers,
to redistribute to lists, or to use any component of this work in other works requires prior specific
permission and/or a fee. Permissions may be requested from Publications Dept., ACM, Inc., 2 Penn
Plaza, Suite 701, New York, NY 10121-0701 USA, fax +1 (212) 869-0481, or permissions@acm.org.
© 2006 ACM 1550-4859/06/0800-0325 $5.00

ACM Transactions on Sensor Networks, Vol. 2, No. 3, August 2006, Pages 325-358.



326 U L. Lazos and R. Poovendran

home health care, and surveillance networks [Akyildiz et al. 2002; Mainwaring
et al. 2002].

One of the primary tasks of sensor networks is to monitor a field of interest
(Fol). Sensors may monitor physical properties such as temperature, humid-
ity, and air quality, or track the motion of objects moving within the Fol. In
many cases sensor networks may initiate an automated reaction to the ob-
served events (actuation networks). As an example, motion detection sensors
may trigger lights to turn on after motion has been detected, or sensors monitor-
ing a patient’s blood stream may automatically increase the intake of sugars in
the event of low-sugar-level detection. In actuation networks, in order to guar-
antee the robustness of the decision mechanism, it is critical to improve the
accuracy and reduce the probability of false alarms.

While robustness may be achieved by pursuing a multimodal approach that
involves multiple consistency checks before any actuation decision is made,
robustness depends, to a high degree, on the availability of monitoring infor-
mation. In order to evaluate a specific event, one needs to have sufficient obser-
vations of the event. On the other hand, the number of available observations is
directly related to the number of sensors able to sense a particular event. Hence,
to improve the robustness of the system, one needs to increase the availability
of the collected information.

The availability of monitoring information can be measured by computing
the coverage of the Fol, achieved by the sensor network deployment. Coverage
quantifies how well an Fol is monitored!. The coverage problem has been stud-
ied under different objectives, depending on the requirements and constraints
of the applications. If the location of the deployed sensors can be preselected,
the coverage problem reduces to the problem of finding the optimal placement
for sensors such that a target coverage is met [Kar and Banerjee 2003; Poduri
and Sukhatme 2004].

However, for large sensor networks, it is impractical to perform determin-
istic coverage of the Fol, since the number of sensors that need to be placed is
often prohibitively large. Instead, sensors are deployed in the field of interest
according to a preselected distribution. For stochastically deployed sensor
networks, the coverage problem quantifies how well the Fol is monitored when
a number of sensors are deployed according to a known distribution. This
problem is also known as the stochastic coverage problem [Koushanfar et al.
2001; Meguerdichian et al. 2001; Liu and Towsley 2004; Miorandi and Altman
2005; Xing et al. 2005]. In this article, we analyze the following stochastic
coverage problem. Given a planar Fol and N sensors deployed according to a
known distribution, compute the fraction of the Fol that is covered by at least
k sensors (k > 1). The problem can also be rephrased as follows: given an Fol
and a sensor distribution, how many sensors must be deployed in order for
every point in the field of interest to be covered by at least £ sensors with a
probability p (k-coverage problem) [Xing et al. 2005].

1Once the information has been collected by the sensors, an additional mechanism known as data
aggregation [Krishnamachari et al. 2002] is required to timely communicate the available infor-
mation for processing. We do not address the aggregation problem in this article.
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1.1 Our Contributions

In this article, we make the following contributions. We formulate the problem
of coverage in sensor networks as a set intersection problem. We use results
from integral geometry to derive analytical expressions quantifying the cover-
age achieved by stochastic deployment of sensors into a planar field of interest.
Compared to previous analytical results [Liu and Towsley 2004; Poduri and
Sukhatme 2004; Miorandi and Altman 2005], our formulation allows us to con-
sider a heterogeneous sensing model, where sensors need not have an identical
sensing capability. In addition, our approach is applicable to scenarios where
the sensing area of a sensor does not follow the unit disk model, but has any
arbitrary shape. To the best of our knowledge, only Miorandi and Altman [2005]
have considered a heterogeneous sensing model, though obtaining results that
eventually only incorporate the mean value of the sensing range in the cover-
age computation. Furthermore, the formulation in Miorandi and Altman [2005]
considered only uniformly deployed sensors. In our approach, sensors can be
deployed according to any distribution.

We provide formulas for £-coverage in the case of heterogeneous sensing ar-
eas, as well as simplified forms in the case of identical sensing areas. We verify
our theoretical results by performing extensive simulations that show an al-
most exact match between our theoretical derivation and simulation. We com-
pare our analytical formulas with previous analytic results [Liu and Towsley
2004; Poduri and Sukhatme 2004; Miorandi and Altman 2005] by computing
the Kullback-Leibler distance [Cover and Thomas 1991] and illustrate that our
expressions provide a higher accuracy, since they do not suffer from the border
effects [Bettstetter and Krause 2001; Bettstetter and Zangl 2002]. Finally, we
provide examples of how to use our analytical expressions to compute the num-
ber of sensors that need to be deployed in order to cover an Fol with a desired
probability.

The rest of the article is organized as follows. In Section 2, we present related
work. In Section 3, we state our network model and formulate the coverage prob-
lem as a set intersection problem. In Section 4, we derive analytical expressions
for coverage for both heterogeneous and homogeneous sensor networks. In Sec-
tion 5, we validate our analytical expressions by computing coverage via simu-
lation, and provide examples of computing the coverage in randomly deployed
sensor networks. In Section 6, we present our conclusions.

2. RELATED WORK

In this section, we describe previous work related to the coverage problem in
wireless sensor networks (see Table I for a summary). The coverage problem
in wireless sensor networks has been studied in regard to different objectives
and metrics. The characteristic attributes that classify different approaches to
the coverage problem are deterministic or stochastic sensor deployment, ho-
mogeneous or heterogeneous sensing area, additional design constraints such
as energy efficiency, minimum number of sensors that need to be deployed, or
network connectivity. Based on the objective, the coverage problem formulation
varies to reflect the different assumptions and objectives.
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Table I. Comparison of Related Work on the Coverage Problem for Sensor Networks, in
Terms of Assumptions and Constraints (Sensor deployment refers to the deployment method,
deterministic or stochastic as well as the prior knowledge about the location of the sensors.
Sensing model refers to the assumptions about the sensing areas. Heterogeneous model refers
to whether the analysis supports sensors with heterogeneous sensing capabilities. Additional
constraints refers to other objectives set, such as connectivity, energy efficiency, or minimiza-
tion of the number of sensors deployed.)

Reference Sensor Deployment Sensing Model
Kar and Banerjee [2003] Deterministic Unit disk

Xing et al. [2005] Known location Unit disk
Poduri and Sukhatme [2004] Deterministic Unit disk
Meguerdichian et al. [2001] Known location Any
Koushanfar et al. [2001] Known location Any

Liu and Towsley [2004] Random Any

Li et al. [2003] Known location Any
Miorandi and Altman [2005] Random Any

Our work Stochastic Any
Reference Heterogeneous Model | Additional Constraints
Kar and Banerjee [2003] No Connectivity
Xing et al. [2005] No Connectivity
Poduri and Sukhatme [2004] No k-connectivity
Meguerdichian et al. [2001] Yes Worst coverage
Koushanfar et al. [2001] Yes Best, worst coverage
Liu and Towsley [2004] No None

Li et al. [2003] Yes Best, worst coverage
Miorandi and Altman [2005] Yes None

Our work Yes None

Kar and Banerjee [2003] studied the problem of deterministic node place-
ment in order to achieve connected coverage, that is, to sense the Fol with the
minimum number of sensors, while keeping the sensor network connected. Kar
and Banerjee [2003] modeled the sensing area after the unit disk model and
considered sensors with identical sensing range. The problem of connected cov-
erage has also been recently studied by Xing et al. [2005]. The authors provided
a geometric analysis that related coverage to connectivity and defined the nec-
essary conditions for a network covering an Fol to be connected. The conditions
for coverage and connectivity were derived based on the assumptions that the
sensing area of each node is identical and circular and the location of the nodes
is known. The authors extended their algorithms for the case of probabilistic
deployment, and also relaxed their assumptions to nonunit disk-sensing areas,
by approximating the real sensing area with the biggest possible circular area
included in the real sensing area.

Poduri and Sukhatme [2004] studied the problem of deterministic coverage
under the additional constraint that each sensor must have at least 2 neighbors.
They proposed a deployment strategy that would maximize the coverage while
the degree of each node is guaranteed to be at least k2, under the assumption
that the sensing range of the sensors is isotropic.

Meguerdichian et al. [2001] studied the problem of coverage as a path
exposure problem. Using a generic sensing model and an arbitrary sensor
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distribution, they proposed a systematic method for discovering the minimum
exposure path, that is, the path along which the network exhibits the minimum
integral observability?. Koushanfar et al. [2001] investigated the problem of
best- and worst-case coverage. In their formulation of the coverage problem,
given the location of the sensors and a generic sensing model where the sens-
ing ability of each sensor diminishes with distance, the authors used Voronoi
diagrams and Delaunay triangulation to compute the path that maximizes the
smallest observability (best coverage) and the path that minimizes the observ-
ability by all sensors (worst coverage). Li et al. [2003] provided a decentralized
and localized algorithm for calculating the best coverage.

Liu and Towsley [2004] studied the problem of stochastic coverage in large
scale sensor networks. For a randomly distributed sensor network, the authors
provided the fraction of the Fol covered by % sensors and the fraction of nodes
that can be removed without reducing the covered area, as well as the abil-
ity of the network to detect moving objects. The results presented by Liu and
Towsley [2004] hold only for randomly (uniformly) deployed networks and under
the assumption that the sensing area of each sensor is identical. Furthermore,
the analysis presented by Liu and Towsley [2004] suffered from the border ef-
fects problem, illustrated in Bettstetter and Krause [2001] and Bettstetter and
Zangl [2002]. The results hold asymptotically under the assumption that the
Fol expands infinitely in the plane, while the density of the sensor deployment
remains constant.

Miorandi and Altman [2005] studied the stochastic coverage problem in ad
hoc networks in the presence of channel randomness. For a randomly deployed
sensor network, the authors analyzed the effects of shadowing and fading to the
connectivity and coverage. They showed that, in the case of channel random-
ness, the coverage problem can still be modeled with the assistance of the spatial
Poisson distribution, by using expected size of the sensing area of sensors. While
the results by Miorandi and Altman [2005] are applicable to heterogeneous sen-
sor network, they hold only for randomly deployed networks, and are impacted
from the border effects problem [Bettstetter and Krause 2001; Bettstetter and
Zangl 2002], as noted by Miorandi and Altman [2005].

Gupta et al. [2003] studied the problem of selecting the minimum number
of sensors from a set of sensors that are randomly (uniformly) deployed such
that the Fol is covered and the selected sensors form a connected network.
The authors provided centralized and decentralized heuristic algorithms that
perform within a bound from the optimal solution. The authors assume that
the sensing area of the sensors can have any convex shape, and sensors can
have heterogeneous capabilities. As a requirement, the position as well as the
shape and size of each sensing area must be known after deployment.

Compared to previous work that derives analytical coverage expressions [Liu
and Towsley 2004; Poduri and Sukhatme 2004; Miorandi and Altman 2005], our
formulation allows us to consider a network model where (a) sensors can be de-
ployed according to any distribution, (b) sensors can have a sensing area of any

2The integral observability is defined as the aggregate of the time that a target was observable by
sensors while traversing a sensor network.
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Fig. 1. (a) A two-dimensional Gaussian distribution with mean value E(X,Y ) = [0, 0]; (b) projec-
tion of the Gaussian distribution into the planar field.

arbitrary shape, (¢) sensors can have heterogeneous sensing areas. Further-
more, our formulation does not suffer from the border effects problem.

3. NETWORK MODEL, PROBLEM FORMULATION AND BACKGROUND

3.1 Network Model

In many wireless sensor network applications, it is not practical to deploy the
sensors deterministically due to the large number of sensors that need to be
deployed and/or the type of environment where they are deployed. As an ex-
ample, sensors may be dropped off an aircraft into a forest in order to monitor
environmental parameters such as humidity, temperature, air quality, etc. Fur-
thermore, in many applications, sensors do not remain static even after they
have been placed in the Fol. Environmental changes, such as air, rain, river
streams, etc., may move sensors over time [Szewczyk et al. 2004]. For these
types of applications, the relevant coverage question that quantifies the avail-
ability of monitoring information is: how many sensors do we need to deploy in
order to achieve the desired coverage with a probability higher than a threshold
value.

Furthermore, sensors may not be deployed according to a random distribu-
tion over the Fol. As an example, a subset of points in the Fol may be of greater
interest than other points and, hence, must be monitored by a larger number of
sensors. In such a case, more sensors may be deployed around the critical sub-
set of points. For example, a desired heterogeneous coverage may be achieved
by deploying sensors according to a two-dimensional Gaussian distribution. In
Figure 1(a), we show the probability density function for a two-dimensional
Gaussian distribution with a mean value equal to E(X,Y) = [0,0]. In
Figure 1(b), we show the projection of the Gaussian probability density function
into the planar field.

Since the sensor deployment distribution may vary, it is desirable to have an-
alytical coverage results that can incorporate any arbitrary sensor distribution.
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In our analysis, we study the stochastic coverage problem when sensors are de-
ployed according to any distribution and derive analytical results even in the
case of nonuniform sensor distribution.

In addition, it is desirable to develop analytical coverage formulas that hold
not only for homogeneous but also for heterogeneous sensor networks. Hetero-
geneity in the sensing area of sensors may be due to the following reasons.
First, the manufacturing process for sensors does not guarantee that sensors
are equipped with identical hardware, able to produce an identical sensing
model. Furthermore, the heterogeneity of the environment where the sensors
are deployed distorts the sensing capabilities of the sensors measured in an
ideal environment. Finally, the sensor network may consist of sensors with
different sensing capabilities by design (hierarchical sensor networks). We an-
alyze the coverage problem adopting a general sensing model that captures the
heterogeneity in the sensing capabilities of sensors.

In this article we adopt the following network model:

—Field of interest (Fol). Let Ay denote the Fol we want to monitor, with area
Fy and perimeter Ly. We assume that the Fol is planar and can have any
arbitrary shape.

—Sensing area. Let A; denote the sensing area of each sensor s;,i = 1--- N,
with F;, L; denoting the size of the area and perimeter of A4;. The sensing
area can have any arbitrary shape.

—Sensor deployment. We assume that N sensors are deployed according to a
distribution Y (Ag) and in such a way that they sense some part of the Fol.
For sensing, it is not necessary that the sensors are located within the Fol.
Instead, we require that sensors can monitor some part of the Fol even if
they are located outside of it.

3.2 Problem Formulation

We study the following stochastic coverage problem:

Stochastic coverage problem: Given an Fol Ay of area Fy and perimeter Ly,
sensed by N sensors with each sensor s; having a sensing area A; of size F; and
perimeter L; deployed in the plane according to a distribution Y (Agy), compute
the fraction of Ay that is sensed by at least k sensors, that is, the fraction that is
k-covered.

This problem is equivalent to computing the probability that a randomly
selected point P € Aj is sensed by at least £ sensors. The stochastic coverage
problem can be mapped to the following set intersection problem:

Set intersection problem: Let Sy be a fixed bounded set defined as a collection of
points in the plane, and let Fy and Lg denote the area and perimeter of Sy. Let
N bounded sets S; (i = 1---N) of size F; and perimeter L; be dropped in the
plane of Sy according to a distribution Y (Sy) and in such a way that every set S;
intersects with Sy. Compute the fraction of Sy where at least k out of the N sets
S; intersect.

In the mapping of the stochastic coverage problem to the set intersection
problem, the fixed bounded set Sy corresponds to the Fol Ay. The N bounded
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Fig. 2. (a) A heterogeneous sensor network with randomly deployed sensors covering an Fol Ay;
(b) the sensing area A; of a sensor s;.

sets dropped according to the distribution Y (Sy) correspond to the sensing areas
ofthe N sensors deployed according to the distribution Y (4y). By computing the
fraction of the set Sy, where at least £ out of V sets S; intersect, we equivalently
compute the fraction of the Fol that is k-covered®. In Figure 2(a), we show a
sensor network randomly deployed over an Fol. In Figure 2(b), we show the
sensing area of a sensor s;. Note that our formulation does not require the Fol to
be infinitely extending in the plane. Instead, the Fol has to be a bounded region
and, hence, our formulation does not suffer from the border effects problem
[Bettstetter and Krause 2001; Bettstetter and Zangl 2002].

The set intersection problem has been a topic of research of integral geom-
etry and geometric probability [Santalo 1936, 1976; Miles 1969; Stoka 1969;
Filipescu 1971]. In the following section, we show that the results obtained for
the set intersection problem can be used to analyze the coverage problem in
wireless sensor networks. Before we provide analytical coverage expressions
based on our formulation, we present the relevant background.

3.3 Background on Integral Geometry

In this section, we present relevant background on integral geometry that we
use in Section 4 for deriving analytical coverage expressions based on our for-
mulation. Interested readers are referred to Santalo [1936, 1976], Miles [1969],
Stoka [1969], and Filipescu [1971] as references to integral geometry. We first
introduce the notion of motion for a point P in the plane, defined as follows
[Santalo 1976]:

Definition 3.1 (Motion in the plane). Let P(x;, y;) denote a point in the Eu-
clidean plane, where x;, y; denote Cartesian coordinates. A motion is defined

3Due to their equivalence, Ay and Sy as well as the terms sensing area and set are used inter-
changeably in the rest of the article.
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as a transformation T : P(x;, y;) - P'(x}, y;) such that

X =x;c08¢ — y;sing +x, y, =x;sin¢ + y;cosp+y
—0 <X <00, —00<Yy <00,0<¢<2m.

(D

Any motion of a point P or a set of points? A is characterized by the horizontal
displacement «, the vertical displacement g8, and the rotation ¢. A group of
motions M denotes a collection (set) of transformations in the Euclidean plane,
that is, the respective range for the 3-space («, 8, ¢).

To quantify a group of motions M in the plane, we must define an appropriate
measure for the set of transformations of A determined by M. Such a measure
is called the kinematic measure and it must be invariant to the initial position
of A, invariant under translation as well as invariant under inversion of the
motion. The need for such invariance will become clear in the example following
the definition of kinematic measure.

To define the kinematic measure we must introduce the notion of kinematic
density for the group of motions M of a point P(x, y) or set of points A in the
plane. The kinematic density expresses the differential element of motion of a
set of points in the plane, and is defined as follows [Santalo 1976]:

Definition 3.2 (Kinematic density). The kinematic density d.A for a group
of motions M in the plane for the set A, is defined as the differential form

dA=dxndy ndg, (2)

where A denotes the exterior product used in exterior calculus [Flanders 1963,
1967; Santalo 1976].

The above definition of kinematic density, using the exterior product form, is
the only form up to a constant factor invariant under translation and inversion
of motion. Integrating the kinematic density of a set A over a group of motions
M in the plane yields a measure for the set of motions M.

Definition 3.3 (Kinematic measure). The kinematic measure m of a set of
motions M in the plane is defined by the integral of the kinematic density d.A

over M:
m— f dA. 3)
M

To provide intuition behind the definition of the kinematic measure and the
properties of the kinematic density consider Figure 3(a) showing a fixed set
Ao and a set A; free to move within the plane. We want to measure the set of
motions (transformations) T' such that T'(A;) N Ay # @, that is, to measure the
set of transformations 7T'(A;) such that the two sets intersect. This measure is
the integral of d A, over all points P’(x, y) and all angles ¢ such that T'(A4;) N
Ao # 0.

The invariant under the translation property states that, for any transfor-
mation 77(Ap), the measure of the set of motions T' such that T'(A;)NT"(Ag) # @

4In the case of a set of points, the set can be represented by a single point O based on which all
other points are determined.
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Fig. 3. (a) Set A; is free to move within the plane in such a way that it intersects with fixed set Ay.
(b) Fixed set A has a different initial orientation and position. The measure of the set of positions
of A; such that it intersects Ay, expressed via the kinematic density, is the same regardless of the
initial configuration of the two sets. The measure is invariant to translations and rotations of any
of the two sets.

must be equal to the measure of the set of motions such that T'(A;) N Ag # @.
Similarly the measure must be invariant to any translations of set .A;. Further-
more, the measure is invariant to the order by which we consider the possible
motions of the set A;, or the initial positioning of sets Ay, A; [Santalo 1976].
Figure 3(b) shows a different positioning and orientation of the fixed set A that
could be due to the application of a translation or a different initial positioning.

The quotient of the measure of a group of motions Z over the measure of a
group of motions M in the plane, where Z C M, yields the probability p(Z) for
that group of motions to occur:

m(Z)

p(Z) = W 4)

The kinematic measure allows us to compute the geometric probability for a
specific set configuration to occur, as depicted in (4). Equation (4), is used in our
formulation to derive the fraction of the Fol covered by a sensor deployment,
as illustrated in the following section.

4. ANALYTICAL EVALUATION OF COVERAGE IN HETEROGENEOUS
SENSOR NETWORKS

In this section, we derive analytical expressions for stochastic coverage in het-
erogeneous sensor networks. We first study the coverage problem for the case
where only one sensor is deployed, by studying the intersection of two sets in a
plane. We initially consider a sensor with a sensing area of convex shape. When
the sensing area is convex, only the size and perimeter of the sensing area are
required to compute coverage. When the sensing area has a nonconvex shape,
additional information such as the decomposition of the sensing area to a union
of disjoint convex shapes is required. In Section 4.3, we extend our results for
nonconvex sensing areas.

We modify our analytical formulas for the case where the sensor is deployed
according to an arbitrary distribution. Using the results from the single sensor
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deployment, we generalize for the case where multiple sensors are deployed and
compute the fraction of the Fol covered by at least £ sensors, when a total of N
sensors are deployed. Finally, we show how we can derive previous analytical
results [Liu and Towsley 2004; Poduri and Sukhatme 2004] as specific cases of
our model.

4.1 Random Deployment of a Single Sensor

In this section, we analyze the simplest case where a sensor s; is randomly
deployed in the plane. We assume that s; has a convex sensing area .A; of size
F; and perimeter L;. We want to compute the fraction of the Fol covered by
the sensor s;. The equivalent set intersection problem is as follows. Let Ag, A1
denote two sets in a plane with A being fixed, while .4; can move freely within
the plane. Assume that all positions of A; are equiprobable (sensor s; is deployed
at random). Compute the fraction of Ay covered by A;.

Let Aj; denote the intersection between sets Ay, A;. Since Ay, A; are convex,
Ao is also convex. The fraction fr(Ay) of Ay covered by A; is computed by
normalizing the size of the area of Ag; over the size of Aj. The intersection area
between the two sets 4y, .41 can be computed with tools from integral geometry
[Santalo 1936, 1976].

To compute fr(Ag), we randomly select a point P € Ay. Let p(P € A;) denote
the probability that P € A;, that is, that point P belongs in the intersection
between the sets Ay and A;. Integrating p(P € A;) over all P € A yields the
probability that any point of .4y belongs to .4;. Since all points are equiprob-
able, integration of p(P € A;) over all P € A, also computes the area Fy; of
the intersection set between Ay, A;. Normalizing Fy; over the F yields the
desired fraction fr(Ag). The following theorem holds for convex sets, and will be
extended in Section 4.3 for the case of nonconvex sets [Santalo 1976].

THEOREM 4.1. Let Ay be a fixed convex set of area Fy and perimeter L, and
let A1 be a convex set of area F1 and perimeter Ly, randomly dropped in the
plane in such a way that it intersects with Ay. The probability that a randomly
selected point P € Ay is covered by A; is given by

271F1

PecA)= .
Pl v 2n(Fo+ F1)+ LoLy

(5)

Proor. Accordingto(4),in order to compute the probability that P is covered
by A1, we need to compute the quotient of the measure of all motions of A; such
that P € A;, over the measure of the set of motions of . A; such that A4yN.A4; # @.
The latter represents all possible positions where .A; can be dropped (recall that
as a constraint, we require that A; always intersects .Ag). We now provide the
computation of the two measures, also sketched in [Santalo 1936, 1976]:

mA; P edonAy) @ / dA,
PEAomAl

(g) dA,
PE.Al
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(i) (i)
= dx/\dy/ do =" 2nF;. (6)
PeAy 0

In (i), we integrate the kinematic density d.A; of set .4; over all motions of A;
such that P € Ay N A;. Since by assumption P € Ay and Ay is fixed, we only
need to integrate over all P € A;. In (ii), we integrate d.A; over all motions of A;
such that P € A;. In (iii), we express the kinematic density as its differential
product form, and consider all possible rotations of .4; such that P € A;. In
(iv), the integral of dx A dy over all P € A; is equal to the area F; of A;. The
integral of d¢ over all ¢ is equal to 27 since .A; can freely rotate around its
reference point, leading to the value of 27 F;.

The result in (6) is intuitive. Given a fixed point P, the number of translation
motions of the set A; that can includes P, is equal to the area F; of A;. For each
position of A; that includes P, we can rotate 4; a total of 27 positions before
we repeat the initial configuration. Hence, the measure of positions of A; such
that P € A; under both rotation and translation is equal to 27 F.

Let P be a randomly selected point of the fixed set Ay. All possible positions
of A; that include P can be obtained by translating .A; according to the vector
v, and rotating A; by ¢ € [0, 27]. The measure of all translation is F, while
the measure of all rotations is 27 ; hence the measure of all positions such that
P e A, is 2nFy.

We now compute the measure of all motions of A; such that Ay N .A; # 0:

mAy: AgN Ay £ ) D / dA;
AoNA1#£0

(i) dx ndy Ad
Ao () A28

2
(1) / (Fo + Fy + 2Fo)d ¢
0

(iv) 2n(Fo+ F1) + LoL;. (7)
In (i), we integrate the kinematic density d.A; of set .A; over all motions of A;
such that Ao N A; # @. In (ii), we write the kinematic density in its expanded
differential form as defined in (2). In (iii), we compute the area between Ag, A1
which is called mixed area of Minkowski and integrate over all possible rota-
tions. The integration yields the desired result. Proofs of (iii), (iv) are provided
in the Appendix.
Given the two measures (6), (7), we can compute the probability p(P € A1)
as

m(Allperﬁ.Al)_ 2 F1

m(A; : AgN AL #0)  2n(Fo+ F1) + LoLy’
Note that p(P € A;p) is only dependent on the area and the perimeter of the

convex sets that intersect and not on the shape of those sets. Hence, there can

be sets of arbitrary shapes as long as they are convex. In Section 4.3, we will
generalize (8) for nonconvex sets, corresponding to nonconvex sensing areas.

p(P e Ay = (8)
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Based on Theorem 4.1, we can now compute the fraction fr (Ap) of Ay covered
by Aj, stated in the following lemma.

Lemma 4.2. The fraction fr(Ag) of a fixed convex set Ay of area Fy and
perimeter Ly that is covered by a convex set Ay of area F1 and perimeter L1,
when A; is randomly dropped in the plane in such a way that it intersects Ay,
is given by

27TF1

Ap) = .
A = &+ F) + Lok

9

Proofr. In Theorem 4.1 we showed the probability that a randomly selected
point P € Ay also belongs to .A; when A; is randomly dropped in the plane so
that it intersects with Ay. Integrating (8) over all points P € A provides the
size of the area F¢ covered by Aj1:

Fo = f pPeApdP L ppecay [ ap
PeAy PeA
(ii) (iii) 21 FoF1
= p(P e ADFy, = .
P Vo 2n(Fo + F1) + LoL,

In (i), the probability p(P € A;) is independent of the coordinates of P. In (ii),
integrating dP over all P € Ay yields the size F of Agy. In (iii), we substitute
p(P € Aj) from (8). Normalizing F¢ by Fy yields

FC 27‘[ F0F1 1

A = — = e
fr(Ao) Fy 2n(Fo+ F1)+LoL, Fy

(10)

= p(P € Ay). O (11)

4.2 Deployment of a Single Sensor According to a Distribution F'(A)

In this section, we consider the problem of computing the coverage achieved by a
single sensor when the sensor deployment in the plane follows some nonuniform
distribution F'(Agp), with a probability density function f(x, y). As an example,
the distribution of the sensor may follow a zero-mean two-dimensional Gaus-
sian distribution around the center of Ag, as illustrated in Figure 1. This sce-
nario may apply, for instance, when the sensors are dropped in groups above
target points and disperse around the target points.

In the case of a nonuniform sensor distribution, the problem of coverage can
also be mapped to the set intersection problem. As in the case of a random
distribution, there is a fixed set A that represents the Fol, and a “free” set A,
that is dropped into the plane according to the nonuniform distribution F(Ay)
and in such a way that it intersects with 4y. We want to calculate the fraction
fr(Ap) of Ay covered by A;.

In order to compute fr(Ap), in the case of a nonuniform distribution, we
repeat the same process as in the uniform distribution. First, we randomly
select a point P € Ay and compute the probability that P also belongs to Aj;.
This probability is again computed as the quotient between the measures in (6)
and (7). However, these measures are now calculated as weighted functions of
the probability density function f(x, y).

ACM Transactions on Sensor Networks, Vol. 2, No. 3, August 2006.



338 U L. Lazos and R. Poovendran

THEOREM 4.3. Let Ay be a fixed convex set of area Fy and perimeter Ly,
and let A; be a convex set of area F1 and perimeter L1, dropped into the plane
according to a distribution F(Ay) and in such a way that it intersects with Ay.
The probability that a randomly selected point P € Ay is covered by A; is given by

27 fPeAl f(x» y)dx /\dy
Saorayzn @5 y)dx ndy nd g

p(P e A = (12)

Proof. The measure of all positions of set .A; that include point P is equal to

mA: P e Agn Ay & Fx, y)dA
Perﬂ/h
(1) [, y)dx Ady ndo
PeApN A1
(iii) 2
= f(x, y)dx Ady do
PeA1 0
(iv) 271/ flx, y)dx Ady. (13)
PE.Al

In (i), we integrate the kinematic density of .4; over all motions of .4; such
that P € A; N Ay, weighted over the probability density function f(x, y) of the
sensor deployment. In (ii), we expand d.A; according to 2. In (iii), we integrate
over all angles ¢ such that P € A;°. In (iv), we substitute the integral over all
angles ¢ with 2. The measure of all positions of set A; such that 4o N.A; #0
is equal to

m(A; : Ao N Ay # 0) @ f(x, y)dA;
Ao N A1 #0
(ii)
A0

fl, y)de ndy Ad . (14)

In (i), we integrate the kinematic density of .4; over all motions of .4; such
that A; N Ay # 0, weighted over the probability density function f(x, y) of the
sensor deployment. In (ii), we expand d.A;, according to (2). The probability
that p(P € A;) is equal to the quotient of the two measures is

mAy:PedgnA) 21 [py [, y)dx Ady
m(Ar s Ao N AL # D) [y a0 [ y)dx ndy Ad§

p(P e A= (15)

Based on Lemma 4.2, the fraction of Ay covered by .A; is equal to
p(P e Ay). O

We now derive expressions for coverage in the general case where sensors
do not have convex sensing areas.

5Since P is selected from Ay, P € Ay N A; is equivalent to P € A;.
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(a) (b)

Fig. 4. Nonconvex sensing areas. (a) A rigid nonconvex sensing area, (b) nonconvex sensing area
with obstructed regions.

4.3 Random Deployment of Single Sensor with Nonconvex Sensing Area

In our analysis so far, we have assumed the sensing area of the sensors deployed
has a convex shape and is bounded by a single curve. However, the shape of
the sensing area may not necessarily be convex, or it may consist of multiple
separate regions due to obstacles, such as walls pillars, trees, etc. In Figure 4(a),
we show the a nonconvex sensing area bounded by a single curve. In Figure 4(b),
we show a sensing area with certain areas obstructed by obstacles. Such a
nonconvex sensing region is bounded by more than one closed curve. In this
section, we compute the coverage achieved by the random deployment of a
single sensor with a nonconvex® sensing area.

THEOREM 4.4. Let Ay denote the Fol bounded by a simple” curve, and let A,
denote the sensing area of a sensor s;, with A; being the union of a finite number
of separate convex regions Al, i = 1---m, of total area Fi and total perimeter
L. The probability that a randomly selected point P € Ag is covered by A, is
given by

27‘[F1
2n(mFo+ F1)+ LoLy’

p(P e A= (16)

Proor. Theorem 4.4 is a special case of the fundamental kinematic formula
of Blaschke [1955] that measures a group of motions in the plane for the case
where nonconvex areas intersect. In Theorem 4.4, the number of separate con-
vex sets m is defined by the number of closed curves required to bound A; that
intersect with the Fol. When the sensing area A; is bounded by a simple curve,
as in the case of a compact bounded set, or a convex set, (16) reduces to (5)
[Santalo 1976, p. 116]. A detailed proof of Theorem 4.4 is omitted here, but is
provided in Santalo [1976], pp. 113-118. O

8The boundary of the sensing area must be piecewise twice differentiatable.
7A simple curve is defined as a closed curve with no double points [Santalo 1976, p. 113].
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Theorem 4.4 allows us to compute the fraction of Ay covered by the deploy-
ment of a single sensor, when the sensing area of the sensor is nonconvex,
by applying Lemma 4.2. Note that to compute p(P € A;) a prior knowledge
of a decomposition of the sensing area to a union of disjoint convex areas is
required.

4.4 Random Deployment of Multiple Sensors

In this section, we compute the coverage achieved by the random deployment of
N sensors, with each sensor s; having a sensing area A; of size F; and perime-
ter L;. As implied by our notations, sensors need not have the same sensing
area but can be heterogeneous. We derive formulas for randomly deployed
sensors with convex sensing areas. However, equivalent formulas can be ob-
tained for any other distribution and nonconvex shapes by using the results of
the coverage achieved by a single sensor deployment, derived in Sections 4.2
and 4.3.

We initially derive the probability p(S = k) that a randomly selected point
P e Ay is covered by k£ sensors when N sensors are randomly deployed, using
the results from Section 4.1. We then compute the probability that P € Ay is
covered by at least £ sensors, as well as the fraction of Ay covered by at least &
sensors.

We then simplify our expressions in the case where the sensing areas are
identical, and provide formulas for the unit disk model commonly assumed in
coverage problems [Liu and Towsley 2004; Poduri and Sukhatme 2004]. Finally,
we show how our expressions can be reduced to formulas derived in Liu and
Towsley [2004] and Poduri and Sukhatme [2004] under the assumption that
the Fol is infinite and the deployment density remains constant.

THEOREM 4.5. Let N sensors be randomly and independently deployed over
an Fol Ay of area Fy and perimeter L. Let each sensor s; have a sensing area A;
of size F; and perimeter L;. The probability p(S = k) that a randomly selected
point P € Ay is covered by exactly k sensors is given by

ﬁ 2nFy + LoL; E—0
i1 \2n(Fo+ F;) + LoL; )’ o

N
ZEQ (l—[};:ﬂzﬂ Fro ) [0S @nFo+ LOLG(i,z)))
1Y, 2n(Fo + F,) + LoL,)

p(S =k)= a7

, k>1.

where T is a matrix in which each row j is a “k-choice” of [1--- N1 (a vector of k
elements out of N), and G is a matrix in which each row j contains the elements
of [1--- N]that do not appear in the jth row of T.

Proor. Inorder to prove Theorem 4.5, we map the problem of coverage to the
set intersection problem, as illustrated in our problem formulation in Section
3.2. Consider first the case where £ = 0. When a single sensor s; is deployed, the
probability that it covers a randomly selected point P € Ay is given by Theorem
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4.1. Hence, the probability p(P ¢ A;) can be computed as

p(P¢A)=1-pPecA)

1 27TFi
2n(Fo + F;) + LoL;

_ 2nFoy + LoL; . (18)
2n(Fo + F;) + LoL;

Given that fact that the N sensors are independently deployed in the plane
so that they cover some part of A, the probability p(S = 0) that none of the
A;, i =1---N, covers point P is

p(S=0) = p(P¢A,...,P ¢ Ay)

i &
= [[pP ¢ A)

i=1

(i) & ( 27 Fy + LoL; )
211 . 19
o1 27T(F0+Fi)+LOLl‘ ( )

Equality in (i) holds due to the independence in the deployment of the sensors
s;. In (ii), we substitute p(P ¢ A;) from (18).

In the case where £ > 1, we first need to compute the probability that P is
covered by exactly & specific sets. Let T' denote a kx(I]Z ) matrix where each row
Jj is a k-choice of the vector [1--- N1, and let G denote a (N — k& + 1)x(2’ ) matrix
where each row j contains the elements of [1--- N] that do not appear in the
jth row of T'. Consider for example, T(1) = [1---k]and G(1) = [k +1---N1.
The probability p(7'(1)) that P is covered by exactly the sets with indexes in
the first row of T is given by

pT@) L p(P e Ar,...,Pedy,P ¢ A, P ¢ Ay)
W pP e Ap,..., p(P € AP ¢ Aps1), .., (P ¢ Ay)
(iii) 27 K o 27 FY,
~ 2n(Fo+F1)+LoL1  2n(Fo+ Fi)+ LoLy
2nFg+ LoLy 41 2nFy+ LoLn
27[(F0+Fk+1)+LoLk+1 2n(Fo+ Fn)+ LoLn

[15_1@nF)T1Y, 127 Fo + LoL.)
[1Y.,(27(Fo + F,) + LoL,)

5oy @ Fra,p) TS (27 Fo + LoLga,) 20)
[, @n(Fo + F.) + LoL,) '

In (i), we show which % sets include point P. Due to the independence in the
set deployment, in (ii), the intersection of the events in (i) becomes a product
of the individual events. In (iii), we substitute the individual probabilities from
(8) and (18). In the general case, the probability that the sets with indexes of
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the ith row of T' cover point P is given by

[15_ (27 Fri. ) TI25" (27 Fo + LoLg..)

(21)
1Y, @n(Fy + F,) + LoL,)

p(T@) =

Since we are not interested in a specific choice of sets to cover point P, the
probability that p(S = k) is a summation of p(7'(i)) for all possible £-choices.
Summing p(T'(i)) over all i yields (17):

()
p(S=k) =) p(T0)

i=1

N
% 151 (27 Fra ) [121* (27 Fo + LoLa.))
im1 [T, (2n(Fo + F,) + LoL,)

> (Mo @7 Fri ) TR (27 Fo + LoLa.)) 02
= . O
[1Y.,27(Fo + F,) + LoL,)

Once we have computed p(S = k), we can derive the probability that the
randomly selected point P is covered by at least k sensors.

LEmMMA 4.6. Let Ay be an Fol of size Fy and perimeter Ly, and let N sensors
with sensing area A; of size F; and perimeter L; be independently and randomly
deployed over Ay. The probability that a randomly selected point of Ay is covered
by at least k sensors is given by

1, k=0,
) (1t N—i
pSzh=1 > S (T 1@ Fri ) TIES (2 Fo + LoLgi)) .
- ’ > 1.
= [T, (2n(Fo + F,) + LoL,)
(23)
Proor. Lemma 4.6, holds by observing that
k-1
pS=k)=1-) pl =10, (24)
=0

and substituting (17) into (24). O

Lemma 4.6 allows us to compute the fraction fr (A4y) covered by at least %
sets.

TuEOREM 4.7. The fraction fr(Ay) of an Fol Ay of area Fy and perimeter Ly
that is covered by at least k sensors, when N sensors of sensing area A; of size
F; and perimeter L; are randomly and independently deployed in the plane in
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such a way that they cover some part of the Fol, is given by

1, k=0,
N
frid =1 & > (M= @7 Fro ) TS @7 Fo + LoLau.) .
- , k=1
= [TL1(27(Fo + Fy) + LoLy)
(25)

Proor. By mapping the coverage problem to the set intersection problem,
the size F¢ of the area covered by at least £ sensors can be computed by inte-
grating the probability that a randomly selected point P € Ay is covered by at
least k sets, over all points P:

Feo = / p(S>kdP=pP >k [ dP=pP =kFy  (26)
PeAy PeAy

Normalizing F¢ by Fy yields the result of Theorem 4.7. O

The fraction fr (Ap) covered by at least £ sensors is equal to the probability
that a randomly selected point P is covered by at least & sensors.

CoroLLARY 4.8. The fraction of Ay that is not covered by any sensor when N
sensors are randomly deployed is given by

N
2nFy+ LoL;
p§=0=]] <27T(F0 ) +L0Li> '

i=1

(27

Proor. The Corollary follows from Theorem 4.5, for £ = 0. O

4.5 Coverage in the Case of Homogeneous Sensing Areas

The analytic expressions derived in Section 4.4 hold for heterogeneous sensor
networks where the sensing areas of the sensors are of different sizes and
perimeters. In the case of homogeneous sensor networks where for each sensor
si,i=1.---N F; = F, and L; = L, the coverage expressions can be simplified
to expressions involving binomials.

CoroLLARY 4.9. The fraction fr(Ap) of an Fol Ay of area Fy and perimeter
Ly that is covered by at least k sensors, when N sensors of sensing area A; of
size F; = F and perimeter L; = L are randomly and independently deployed in
the plane in such a way that they cover some part of Fol, is given by

1, k=0,
foaw=1, §* ((7) (@nFY(@nFo+ LoL>N-l) Lo, @8
@r(Fo+F)+LL)Y )7 7

=0

Proor. The corollary holds by substituting Fr; ;) = F,Lgq,j) = L into
(25). O

Note that so far in our computations, the Fol is a bounded region. Previous
analytical results for homogeneous sensor networks have required that the Fol
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of interest is infinitely expanding in the plane [Liu and Towsley 2004; Poduri
and Sukhatme 2004; Miorandi and Altman 2005], and have provided asymp-
totic formulas of coverage. Under the same assumption and using Corollary 4.9,
we can derive the same asymptotic results expressed in the following corollary.

CoroLLARY 4.10. Let N sensors of sensing area A; of size F; = F and perime-
ter L; = L be randomly and independently deployed in the plane, in such a way
that they cover some part of an Fol Ay of size Fo and perimeter L. If Ag expands
in the whole plane in such a way such that the sensor density remains a constant
( % — p), the fraction fr (Ap) covered by at least k sensors is given by

k=0,

1,
fr(Ao) — { 1— ;:01 ((p]i)lefpp» E>1. (29)

Proor. Let us first compute the probability that exactly £ sets intersect in
a randomly selected point P € Ag. Substituting F; = F', L; = L into (17) yields

S k) = (N)( 2n F >k< 2w Fo + LoL )N—k
PO=8 =\ )\ onFo+ F)+ LoL ) \22(Fo + F) + LoL
N
= (k)qku—q)“, (30)

where ¢ = m The binomial distribution can be approximated by a

Poisson distribution when N goes to infinity:

k
(A;j) o-Na.

Z\}i_r)r;op(S =k) = (31)

As Fg — oo, FLO — 0, and if the sensor deployment density % — p where p is
constant, Nqg asymptotically tends to

2nN F
lim (Ng) = lim ( )
Fy— o0, e q Fy— o0, F%%,o 27T(F0 +F)+ LOL

_ i 2rN F

N F eo;mla F LoL
000, =0 \ 2 Fy 1+F0+2nF0
NF
7, =P (32)

since f?—g — 0 regardless of the shape of Ay [Santalo 1976]. Substituting (32)
into (31) yields

A N =T

Hence, the fraction frr (Ap) of Ay covered by at least £ sensors with identical
sensing area A;, when sensors are deployed randomly with a constant density

o

k
(z\;j>ke_Nq: V&) ~vg _ 0P _p

p(S=Fk)—> (33)
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0, as Ap expands in the whole plane is given by

k-1
dim fr(Ag) = lim (1—Zp(s =k)>

=0

k-1
1- lim (Zp(S:k)) =1-
—> 00 =0

k—

1
lim p(S =k)>
=0 (Nﬁoo
k=0,

1,
- { 1-575 <—(p5)le”"?), k>1. O 34
We now validate our theoretical results via simulation.

5. VALIDATION OF THE THEORETICAL RESULTS

In this section, we validate our theoretical results via simulation. We also com-
pare our results with the approximation formulas derived in Liu and Towsley
[2004], Poduri and Sukhatme [2004], and Miorandi and Altman [2005]. Our
evaluation is done in terms of the Kullback Leibler distance (KL-distance) of
the probability density functions (pdfs), which provides a performance com-
parison in the average sense. Considering the pdf obtained via simulation to
be the desired distribution ¢, we compute the KL-distance of our theoretical
formulas and the approximations provided in Liu and Towsley [2004], Poduri
and Sukhatme [2004], and Miorandi and Altman [2005]. The KL-distance for
two distributions p,q, when q is the desired distribution and p is the true
distribution is defined as follows [Cover and Thomas 1991]:

Definition 5.1 (Kullback Leibler distance). The Kullback Leibler distance
between a desired distribution ¢ and a true distribution p is equal to

KL(p,q) =Y pilog, 2, (35)
Dbi qi
where p;, g; denote the discrete values of the distributions p, g respectively.
We also compare theory, simulation and approximation results with respect

to the total variation distance (TV-distance), a metric that reflects the worst-
case performance and is defined as follows:

Definition 5.2 (Total variation distance). The total variation distance be-
tween two distributions ¢, p is the maximum difference between the probabil-
ities that can be assigned to the same event,

TV(p,q) = sup{lpi — qil}. (36)

We validate our formulas for homogeneous networks (sensors have identical
sensing area) as well as heterogeneous networks (sensors have different sensing
areas).

5.1 Homogeneous Sensor Network—Unit Disk Sensing Area

In our first experiment, we randomly deployed a variable number of sensors
with identical sensing area in a circular Fol of radius R = 100 m. All sensors had
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Fig. 5. Fraction fr(Ag) of Ay, that remains noncovered as a function of the number of sensors N
that are deployed to monitor the Fol.

acircular sensing area of radius r = 10 m. We repeated the random deployment
of sensors 100 times and averaged the results. In Figure 5, we show the fraction
fr(Ap) of Ay, that remained noncovered as a function of the number of sensors
N that are deployed to monitor the Fol. The theoretical formula that computes
that desired fraction is obtained from Corollary 4.8 and is equal to

N N
27 Foy + LoL; 2nFo + LoL
fr(Ao) = p( ) J:ll Gy Ll:! 27n(Fo+ F)+ LoL

(Fo + F;)+ LoL;
N
_ 2nFy + LoL 37
2n(Fo+ F)+ LoL

where Fy = nR? Lo = 2nR,F = nr?, L = 2nr. The Poisson approximation
of the fraction of Ay that is noncovered was given by Liu and Towsley [2004],
Poduri and Sukhatme [2004], and Miorandi and Altman [2005]:

(A =p(S=0) =e . (38)

We observe that the simulation results verify our theoretical expression,
while the Poisson approximation deviates from the simulation results. In
Figure 6(a), we show the pdf of the fraction fr (A4y) covered by exactly £ sensors
when N = 300 sensors with identical sensing areas are randomly deployed. The
equivalent sensor density is equal to p = 0.0095 sensors/m?. The same graphs
for N = 500, N = 1000 (densities p = 0.016 sensors/m?, p = 0.032 sensors/m?)
are provided in Figures 6(c) and 7(a), respectively. According to Theorem 4.7,
fr(Ap) is equal to the pdf of the probability that a randomly selected point P is
covered by exactly £ sensors. Our analytical derivation in Section 4.5, yields

() @rF):(2nFo + LoL)N*

(39)
(27(Fo + F)+ LoL)"

fr(Ap) =p(S =k) =

The Poisson approximation of the fraction of Ay that is covered by exactly &
sensors is equal to [Liu and Towsley 2004]
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Fig. 6. (a) The pdf of the fraction fr(Ag) covered by exactly £ sensors when N = 300 sensors
with identical sensing areas are randomly deployed. (b) The fraction fr (Ag) covered by at least %
sensors when N = 300 sensors with identical sensing areas are randomly deployed. (c) The pdf
of the fraction fr (Ag) covered by exactly & sensors when N = 500 sensors with identical sensing
areas are randomly deployed. (d) The fraction fr (Ag) covered by at least £ sensors when N = 500
sensors with identical sensing areas are randomly deployed.

F

NF\ &
( ) e To . (40)

0

F,
k!

For the pdf of the number of sensors covering exactly a fraction of the Fol, we
computed the KL-distance and TV-distance between the theoretical pdf in (39)
from the simulated pdf as well as KL-distance and TV-distance of the Poisson
approximated pdfin (40) from the simulated pdf. In Table II, we summarize the
comparison of the theoretical pdf and its Poisson approximation. We observe
a deviation of the Poisson approximated formula from the simulated results,
mainly due to the border effects [Bettstetter and Zangl 2002]. On the other
hand, our theoretical pdf is almost identical to a real pdf (the KL-distance
is equal to zero when the two distribution compared are identical), showing
that our analytical derivation accurately predicts the coverage achieved by the
sensor deployment.

fri(A)) =p'(S=k) =
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Table II. Comparison of KL-Distance and TV-Distance of our Theoretical pdf p(S = k)
with the Spatial Poisson Approximation p’(S = k) for Varying Number of Sensors with
Identical Sensing Areas, Randomly Deployed in the Fol (The pdf in (39) provides an
almost exact match to the desired distribution (the KL-distance is very close to zero),
while the pdf in (40) has a higher KL-distance from the desired distribution that grows
as N increases. The TV-distance in also significantly smaller using our exact formula
compared to the Poisson approximation.)

Theoretical Result in (39) | Poisson Approximation in (40)
Number of Nodes (N) | KL-dist. TV-dist. KL-dist. TV-dist.
(x1073) (x1073) (x1073) (x1073)
300 0.56 14.3 4.2 34.4
500 0.11 6.4 5.9 58.5
700 0.062 4.4 7.1 48.0
1000 0.096 3.6 9.4 52.1
1500 0.01 2.8 134 40.6
R=100m, r=10m, Fy=nR2, Lo=2n, F =nr% Ly=2nr

Probability density function p(S=k) for N=1000 Fraction of A0 covered by at least k sensors for N=1000
014 —o~ Theoretical ~= Theoretical
0.12} [ P_oisson Appx | —=—Poisson Appx
—— Simulated 0.8 & Simulated
~, 041 ~
< <
£ o008} E 06
S S
g 0.06+ g 04F
= &
0.04} -
0.2
0.02r
0 5 10 15 20 0 5 10 15 20
k (sensors) k (sensors)

(a) (b)

Fig. 7. (a) The pdf of the fraction fr (Ag) covered by exactly k£ sensors when N = 1000 sensors
with identical sensing areas are randomly deployed. (b) The fraction fr (A4y) covered by at least %
sensors when N = 1000 sensors with identical sensing areas are randomly deployed.

We also observe that the KL-distance for the Poisson approximation in-
creases with the increase of N. This is due to the fact that, as the number
of sensors increases, more sensors will be deployed at the border of the de-
ployment region, and, hence, the border effect becomes more significant. On
the other hand, no such pattern occurs for the KL-distance for our theoretical
result. In terms of the worst-case performance, the TV-distance using (39) is
significantly smaller compared to the TV-distance between the simulation the
Poisson approximation in (40).

In Figure 6(b), we show the fraction of .4y covered by at least k sensors when
N = 300. The same graphs for N = 500, N = 1000 are provided in Figures 6(d)
and 7(b), respectively. For all graphs in Figures 6, and 7 we show the theoretical
results according to our expressions and the simulation values, as well as the
Poisson approximation.
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Probab|l|ty density function p(S k) for N=500 Fraction ofA0 covered by at least k sensors for N=500
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Fig. 8. (a) The pdf of the fraction fr (Ag) covered by exactly 2 sensors when N = 500 sensors with
identical sensing areas are randomly deployed. (b) The fraction fr (A4() covered by at least £ sensors
when N = 500 sensors with identical sensing areas are randomly deployed.

5.2 Homogeneous Sensor Networks—Triangular Sensing Area

In our second experiment, we studied the impact of the shape of the sensing
area of the sensor to coverage. We randomly deployed 500 sensors in a circular
Fol of radius 100 m. Each sensor had a triangular sensing area with each side of
the triangle being equal to r = 10 m. The size of the sensing area of each sensor
is equal to F = r2§ while the perimeter is equal to L = 3r. We repeated the
experiment 100 times, then computed the coverage probability and averaged
the results.

We then repeated the same experiment with sensors having a circular sens-
ing area of size equal to the triangular one, and computed the achieved coverage
For the circular sensing area, the equivalent radius is equal to r, = r>— \/4_ In
Figure 8(a), we compare the pdf of the fraction of Ay covered by exactly £ sen-
sors obtained via theoretical computation as well as the simulation outcome,
for both triangular and circular sensing areas. In Figure 8(b), we show fraction
of Ay covered by at least & sensors obtained via theoretical computation as well
as the simulation outcome, for both triangular and circular sensing areas.

We observe that independent of the shape of the sensing area the theoretical
computation using triangular sensing areas is almost equal to the theoretical
computation using circular sensing areas. This result shows that, if the number
of sensors deployed is relatively large, the coverage achieved does not depend on
the shape of the sensing area, but only on the size of the sensing area. Though
the circular and the triangular sensing areas have different perimeters, they
achieve the same coverage since they have the same size F'.

Analyzing formula (23), the coverage probability depends on the fractions
1{?0 , Lljl Since in our experiment the triangular sensing area had the same size
as the circular sensing area, the difference in the coverage probability in the
two deployments depends only on the fraction ngL However, the difference in

the fraction L"L for triangles and circles is negligible with respect to the value of
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Fig. 9. Fraction fr(A4y) of Aj, that remains noncovered as a function of the number of sensors
N that are deployed to monitor the Fol, for the heterogeneous network deployed in the second
experiment.

27w, or (27 + Fﬂo) where it is added. Hence, although Ay does not extend infinitely;
its size is sufficiently large that the impact of the perimeter of the sensing area
L is negligible. This would not be the case if Fjy and L were of comparable size,
or the perimeters of the sensing areas differed significantly.

The independence of the coverage achieved from the shape of the sensing
areas, is also illustrated in the Poisson approximation shown in (31), where
the coverage only depends on the size of the area F' and not the perimeter L.
As F, increases, both FLO and IL,—E tend to zero [Santalo 1976] and, hence, the
perimeter of both the Fol and the sensing area do not influence the coverage
probability.

5.3 Heterogeneous Sensor Networks

In our second experiment, we considered a hierarchical (heterogeneous) sensor
network, where two types of sensors are deployed. Type A has a sensing area
of disk shape with a sensing range r4 = 10 m, while type B has a sensing area
of disk shape with a sensing range of rg = 15 m. We randomly deployed an
equal number Ny = N = % of sensors of each type over a circular Fol of
size Fy = mnR? where R = 100 m. In Figure 9, we show the fraction fr(Aq)
of Ay, that remains noncovered as a function of the number of sensors N that
are deployed to monitor the Fol. The theoretical formula that computes that is

equal to

N 9xFy+ LoL;

fr(Ap) = p(S =0) = H2n<Fo+Fi>+LoLi’ (41)

where Fo = nR% Lo = 2nR, F; = nr?, L = 27r;. The Poisson approximation of
the fraction of Aj that is noncovered was illustrated in Miorandi and Altman
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Pdf p(S=k) for N=300 and heterogeneous network fr(AO) covered by at least k sensors for N=300
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Fig. 10. Heterogeneous sensor network, with Fol being a disk of radius R = 100 m. An equal
number of two types of sensors are deployed; Type A has a sensing area of a disk shape with radius
ra = 10 m, while type B has a sensing area of a disk shape with rpg = 15 m. (a) The pdf of the
fraction fr (Ap) covered by exactly £ sensors when N = 300 sensors. (b) The fraction fr (A() covered
by at least & sensors when N = 300 sensors. (¢) The pdf of the fraction fr (A() covered by exactly %

sensors when N = 500 sensors. (d) The fraction fr (Ag) covered by at least £ sensors when N = 500
sensors.

[2005], and is given by

F(Ag) = p(S=0) = e T, (42)

where E[F] = nE[r?] denotes the expected value of the sensing area of the
sensors deployed.

We observe that the simulation results verify our theoretical expression,
while the Poisson approximation deviates from the simulation results. In
Figure 10(a), we show the pdf of the fraction fr (Ay) covered by exactly £ sensors
when N = 300 sensors are randomly deployed. The equivalent sensor density
is equal to p = 0.0095 sensors/m?. The same graphs for N = 500, N = 1000
(densities p = 0.016 sensors/m?, p = 0.032 sensors/m?) are provided in
Figures 10(c) and 11(a), respectively. According to Theorem 4.7, fr (Ap) is equal
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Table III. Heterogeneous Sensor Network, with Fol Being a Disk of Radius R = 100 m. (An
equal number of two types of sensors are deployed; Type A has a sensing area of a disk shape
with radius r4 = 10 m, while type B has a sensing area of a disk shape with rg = 15 m. The
table compares the KL-distance and TV-distance of our theoretical pdf p(S = k) with the spatial
Poisson approximation p’(S = k) for varying number of sensors with identical sensing areas,
randomly deployed in the Fol. The pdf in (43) provides an almost exact match to the desired
distribution (the KL-distance is very close to zero), while the pdfin (44) has a significant distance
from the desired distribution that grows as N increases.)

Theoretical Result in (43) Poisson Approximation in (44)
Number of Nodes (V) KL-dist. TV-dist. KL-dist. TV-dist.
(x1073) (x1073) (x1073) (x1078)
300 0.86 14.7 2.2 36.3
500 14 18.3 6.9 384
700 0.062 7.8 8.4 494
1000 0.096 10.9 12.3 59.6
1500 0.15 11.5 15.7 65.2
R=100m, rp=10m, rg=15m, Fy=nR2% Lo=2n
FAZJTI‘%, La =27ra, FBZTU%, Lp =2nrp, NAZNBZ%

to the pdf p(S = k) of the probability that a randomly selected point P is covered
by exactly £ sensors. Our analytical derivation in Section 4.4 yields

N
2nFo+ LoL;

i1 \2n(Fo + Fi) + LoL;
frAd)=pS =k =1,
S8 (@ Frop T @ Fo + LoLosn)
, > 1.
1, (2n(Fo + F,) + LoL,)
(43)

The Poisson approximation of the fraction of Ay that is covered by exactly %
sensors is equal to

(NE[F] )k NEF)
frl(Ag) =p'(S=k) = %e*f% . (44)

For the pdf of the number of sensors covering exactly a fraction of the Fol in
the heterogeneous case, we again computed the KL-distance and TV-distance
between the theoretical pdf in (43) from the simulated pdf as well as the
KL-distance and TV-distance of the Poisson approximated pdf in (43) from the
simulated pdf. In Table III, we summarize the comparison of the theoretical
pdf and its Poisson approximation. As in the case of the homogeneous network,
we observe a higher deviation of the Poisson approximated formula from
the simulated results. This deviation is not only due to the border effects
[Bettstetter and Krause 2001; Bettstetter and Zangl 2002], but also due to
the use of the expected size of the sensing area of the sensors in the Poisson
approximated formula. On the other hand, our theoretical pdf is almost
identical to a real pdf, showing that our analytical derivation accurately
predicts the coverage achieved by the sensor deployment.

As in the case of the homogeneous sensor network, we also observe that the
KL-distance and TV-distance for the Poisson approximation increases with the
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Pdf p(S=k) for N=1000 and heterogeneous network fr(AO) covered by at least k sensors for N=1000
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Fig. 11. Heterogeneous sensor network, with Fol being a disk of radius R = 100 m. An equal
number of two types of sensors are deployed; Type A has a sensing area of a disk shape with radius
ra = 10 m, while type B has a sensing area of a disk shape with rg = 15 m. (a) The pdf of the
fraction fr (A() covered by exactly k£ sensors when N = 1000 sensors. (b) The fraction fr (Ag) covered
by at least k£ sensors when N = 1000 sensors.

increase of N. This is due to the fact that the as the number of deployed sensors
increases, more sensors will be deployed at the border of the deployment region
and, hence, the border effect becomes more significant. On the other hand no
such pattern occurs for the KL-distance between our theoretical result and the
simulations.

In Figure 10(b), we show the fraction of A covered by at least k sensors when
N = 300. The same graphs for N = 500, N = 1000 are provided in Figures
10(d) and 11(b), respectively. For all graphs in Figures 6 and 7, we show the
theoretical result according to our expressions and the simulation values, as
well as the Poisson approximation.

In the case of heterogeneous sensor networks where each sensor has a dif-
ferent sensing area, the formula in (43) has an exponentially increasing com-
putational cost, since an exponentially increasing summation of terms must be
computed in order to derive the exact coverage achieved. Such a computation
may not be feasible for large networks. The higher accuracy obtained using the
exact formula does not justify the tradeoff in computational complexity with
respect to the Poisson approximation provided by Miorandi and Altman [2005].

In such a case, a similar approximation can be used for our formulas by
employing the expressions derived for a homogeneous sensor network and sub-
stituting the size F and perimeter L of the sensing area of the sensors with the
expected size E[F'] and expected perimeter E[L]. The theoretical approxima-
tion for such a case is

()@ EIF (2 Fo + LoE[LDN*
(2n(Fy + E[F])+ LoE[LDN
In Figure 12(a), we show the pdf obtained via simulation for our heteroge-

neous sensor network experiment, for N = 500 sensors, the theoretical values
based on the exact formula in (43), the Poisson approximation in (44), and the

fr(Ag) =p(S =k) =

(45)
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Pdf p(S=k) for N=1000 and heterogeneous network fr(AO) covered by at least k sensors for N=1000
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Fig. 12. Heterogeneous sensor network, with Fol being a disk of radius R = 100 m. An equal
number of two types of sensors are deployed; Type A has a sensing area of a disk shape with radius
ra = 10 m, while type B has a sensing area of a disk shape with rg = 15 m. (a) The pdf of the
fraction fr (Ag) covered by exactly k£ sensors when N = 500 sensors. (b) The fraction fr (Ay) covered
by at least £ sensors when N = 500 sensors.

approximation in (45). In Figure 12(b), we show the fraction of Ay covered by
at least £ sensors. We observe that, for the case of heterogeneous sensor net-
works where each sensor has a different sensing area, (45) provides a better
approximation than the (44), without incurring the computational cost of (43).
The KL-distance for the approximation obtained via (45) is equal to 2.3 x 1073,
while the Poisson approximation gives a KL-distance equal to 6.8 x 10~3. With
respect to the worst case, the TV-distance for the approximation obtained via
(45)is equal to 6.4 x 1073, while the Poisson approximation gives a TV-distance
equal to 54.6 x 1073,

5.4 An Example of Computing the Coverage in a Sample Network

In this section, we provide an example of applying our results to a sample sensor
network. Consider an Fol of size Fy = 10°m? and perimeter L, = 4,000 m
where sensors of identical sensing area F = 1007 and perimeter L = 20x are
randomly deployed. We want to compute the number of sensors needed in order
for a randomly selected point of the Fol to be covered by at least one sensor with
a probability pc = 95%. Or alternatively, the number of sensors N needed, so
that a fraction pc = 0.95 of the field of interest is covered by at least one sensor.
Lemma 4.6 and Corollary 4.8 yield

p(S>1) =1-p(S=0)

_ N( 27 Fo + LoL )

I\ 2n(Fo+ )+ LoL

_ 2nFo+LoL \¥
N 2n(Fo+ F)+ LoL
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We want to the probability of 1-coverage to be at least p(S > 1) > p. Hence,

27 Fy+ LoL  \N
PS>1 =1-
(S=z1) <2n(F0+F)+L0L) = pc=
N > log (1 - pc)

- 2nFo+LoL  \'
log <2ﬂ(Fo+F)+L0L )

Substituting the values for p¢, Fo, Lo, F', L yields N > 9728 sensors.

6. CONCLUSION

We studied the problem of stochastic coverage in heterogeneous sensor net-
works. By mapping the coverage problem to the set intersection problem, we
derived analytical formulas that compute the k2-coverage when sensors are de-
ployed in a field of interest according to an arbitrary distribution Y. In our
analysis, the sensors can have a sensing area of any shape and also need not
have identical sensing areas. We provided simplified expressions for the case
when the sensors are randomly deployed, as well as when the sensors have
identical sensing areas.

We verified our theoretical results via simulation and compared them with
previous formulas that characterized coverage in both homogeneous and hetero-
geneous sensor networks. By evaluating the KL-distance between the analytic
coverage formulas and the simulation, we showed that our expressions provide
a significantly higher accuracy. This is due to the fact that our results do not
suffer from the border effects and hold exactly rather than approximately. We
also provided examples on how to utilize our expressions in order to compute
the number of sensors that need to be deployed in a field of interest, so that a
coverage requirement is met.

APPENDIX: A. MEASURE OF ALL MOTIONS OF Ay SUCH THAT IT
INTERSECTS WITH Ay

In this section, we compute the measure of all motions of A; such that
Ao N Ay #0:

m(A; : Ap N Ay # 0) (2 dA;
Ao N A1#9
(ii)
= dxAndyndo
Ao () A28

o
(i) / (Fo + Fy + 2Fo)d ¢
0

(iv) 2n(Fo + F1) + LoL4. (46)

In (i), we integrate the kinematic density d.A; of set A; over all motions of
A;j such that Ag N A; # @. In (ii), we write the kinematic density in its ex-
panded differential form as defined in (2). In (iii), we compute the area between
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Ao, A1, which is called mixed area of Minkowski, and integrate over all possible
rotations. The integration yields the desired result.

A.1 Proof of (iii)

The proofis due to Santalo [1936, 1976]. Let Ay, .A; be two convex sets with sup-
port functions po(¢), p1(¢), respectively. The support function p(¢) of a convex
set A denotes the distance of the origin point of a convex set from the envelope
that defines the curve that bounds the convex set, as a function of the angle ¢
of the envelope with the x-axis of the coordinate system. Let Ay, A; intersect
and let A7 denote the common area between Ag, A;. Ag1 is called the mixed
convex set of Ay, A1, and has a support function p(¢) = po(¢) + p1(¢).

The area if the mixed convex set can be computed by the decomposition into
elementary triangles of height equal to p and base equal to d s, where ds is the
elementary arc of the convex curve that bounds Ay;:

1
F = —/ pds
2 d Ao

. 1 27
Q5[ e iae
.. 1 27
(g) - (p2 —p/z)d¢
2 Jo
N s
W2 ot p? ~ o+ p®ids
0
1 2 1 2 1 2
= —/ (pg—p62)d¢>+—/ (pf—p’12)d¢+—/ (pop1 — PyP A ¢
2 Jo 2 Jo 2 Jo
= Fo+ F1+2F¢, 47)
where
1 27
For = 5 (pop1 — PyPY). (48)
0

Equation (i), is due by the definition of the support function [Bonnesen and
Fenchel 1934; Santalo 1976]. In (ii) we do integration by parts, and in (iii) we
replace p = po + p1.

A.2 Proof of (iv)

In this section, we want to compute the integral
2

I = (F0+F1+2F01)d¢. (49)
0

The computation is as follows:

2
I = / (Fo+ F1+4+2Fy)d ¢
0

2n

= 2nFo+2nF + 2Fy1d¢. (50)
0
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1 2

Fo1 = 5 (pop1 — pypy)d ¢
0
. 1 2
@ 3 (po(p1 + p)d ¢
0

() 1 /
= - pods
2 Jua 0d S1
-
w - / Po(@ — O)dsy. (51)
2 Jau
Equation (i) is obtained by performing integration by parts. In (ii), we replace
p1+ pf, with ds; ((Bonnesen and Fenchel 1934; Santalo 1976]). In (iii), we con-

sider all possible rotations 6 of A;, such that A; intersects with Ay. Integrating
over all 0 yields

27 2 1
Fo1(0)do = / (5/ Polg — 9)d31> do
0 0 dA;

1 2
_ _/ (/ p0(¢—9)d9> ds,
2 Jaa, \Jo

1
= 5 ” L0d81
N (52)
2 b
where we have used the fact that [Santalo 1976]
21
/ p0d9 = Lo, dSl = Ll. (53)
0 dA,

Substituting (52) into (50) yields
I =2nFy+2nFy + LoL+. (54)
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