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Abstract— In a leader-follower multi-agent system (MAS), a
set of leader agents act as external control inputs and are used
to influence the dynamics of the remaining follower agents.
Current approaches to selecting leaders are based on either
achieving controllability of the follower agents or optimizing
performance criteria such as robustness to noise, but not both.
In this paper, we present a framework for selecting leaders
based on joint consideration of controllability and performance.
We first show that for the case where the number of nodes
that can act as leaders is sufficient to guarantee controllability,
the leader selection problem can be posed within a matroid
optimization framework. For the case where the number of
nodes that can serve as leaders is fixed and may not be sufficient
for controllability, we introduce a new metric, the graph
controllability index (GCI), defined as the fraction of network
nodes that are controllable using the leader set. We prove that
the GCI is a submodular function of the set of leader agents,
leading to a submodular relaxation to the problem of achieving
controllability. Our results are demonstrated using simulation
study and compared to other leader selection algorithms,
including random, average degree and descending order of
degree based leader selection.

I. I NTRODUCTION

Multi-agent systems (MAS) consist of a set of distributed
nodes that exchange information and coordinate in order
to achieve a shared task. In applications such as formation
control [1], a MAS is controlled by a relatively small set of
leader nodes whose state values (such as attitude, heading,
and velocity) are determined by the system owner. The
remaining nodes, known as followers, observe the states of
their neighbors and update their states accordingly [2]. By
updating their states based on the observed states of the
leaders, the followers are influenced by the leader nodes.
Through this process, the inputs from the leader nodes
propagate through the system.

A key design parameter of leader-follower systems is
the choice of leader agents, which impacts several aspects
of the system performance. In [3], it was shown that the
choice of leader agents determines whether the system is
controllable. In [2], the choice of leaders was shown to affect
the coherence of the system, defined as the ability of the
system to achieve consensus in the presence of noise. The
choice of leader nodes also influences the robustness of the
system to link and agent failures [4]. Furthermore, even in
the absence of noise and failures, the leader agents impact
the rate at which the distributed control law converges [5].

Current design approaches to leader selection in MAS
can be broadly classified into two categories. In the first
category, leaders are chosen in order to optimize a continuous
performance metric, such as the mean-square error due to

noise in the links between agents, within either a discrete [6]
or continuous [7] optimization framework. While these ap-
proaches minimize the asymptotic error of the agent states,
they do not guarantee that the selected agents can control the
system.

The second category of leader selection methods focuses
on achieving controllability using combinatorial algorithms.
In [8], making use of results from [9] on the theory of struc-
tural controllability, a polynomial-time matching algorithm
was introduced to select the minimum-size set of leader
nodes necessary to control the system. While this algorithm
guarantees controllability, it is not guaranteed to be optimal
when even a single link experiences noise.

At present there is no design method for leader selection
that incorporates both controllability and performance met-
rics. Moreover, when the number of nodes that can act as
leaders is insufficient to control the entire network, thereis
currently no approach for selecting a leader set that controls
as much of the network as possible. We aim to address these
problems within a unifying framework.

We note that there are two types of leader selection design
problems in MAS. In the first problem, a fixed number of
nodes are chosen as leaders in order to achieve controllability
and optimal performance. In the second problem, the number
of leaders is not fixed and the minimum-size set of leader
nodes must be selected to satisfy controllability and meet a
given set of constraints on the performance metrics. In this
paper, we introduce an analytical framework for addressing
the first problem, leaving the second as future work.

Our contributions are two-fold. First, for the case where
the number of nodes that can be chosen as leaders is suffi-
ciently large to control the network, we formulate a broad
class of leader selection problems within a matroid optimiza-
tion framework in which controllability is a constraint. We
then prove that controllability can be added as a constraint
to several existing leader selection problems for different
performance metrics, including leader selection to minimize
noise and convergence error, with efficient algorithms that
provide a provable bound on optimality.

Second, for the case where the number of leader nodes
is insufficient to guarantee controllability, we introducethe
graph controllability index, a submodular relaxation for the
controllability criterion, and provide efficient, polynomial-
time algorithms for selecting leaders in order to maximize
controllability as well as performance. For the matroid opti-
mization case, our results are illustrated via simulation study.

This paper is organized as follows. In Section II, we
state the system model and provide background on matroid



theory. In Section III, we present our matroid optimization
framework for leader selection. In Section IV, we introduce
and derive a submodular relaxation for leader selection based
on controllability. Section V contains our simulation study.
Section VI concludes the paper.

II. BACKGROUND AND PRELIMINARIES

In this section, we define the system model and give
background on graph matching and controllability. Relevant
definitions of matroids and submodular functions are also
reviewed.

A. System Model

A MAS consisting ofn agents, indexedV = {1, . . . , n},
is considered. An arc(i, j) from agenti to agentj exists if
agentj can receive control inputs from agenti. The set of
nodesi such that(i, j) exists are the neighbors ofj, denoted
N(j). For any subsetA ⊆ V , N(A) ,

⋃

j∈A N(j). The set
of directed arcs is denotedE. We assume that the graph
G = (V,E) is strongly connected, implying that for every
pair of nodesi and i′, there exists a directed path fromi to
i′. The graph topologyG is assumed to be fixed over time.

Agent i maintains a time-varying state, denotedxi(t). A
subset of leader agents, denotedS ⊆ V , receive their state
values directly from the network owner. Each follower agent
i ∈ V \S updates its state based on the current state values of
its neighbors,̇xi(t) =

∑

j∈N(i) Wijxj(t)+Wiixi(t). Letting
xF (t) denote the vector of follower node states andxL(t)
denote the vector of leader node states, the dynamics of the
follower nodes can be written in vector form as

ẋF (t) = W

[

xF

xL

]

= AxF +BxL (1)

whereW = [A | B].

B. Graph Matching

A bipartite graph is defined to be a graphG = (V,E) such
thatV = V1∪V2, with V1∩V2 = ∅ and, for every(i, j) ∈ E,
i ∈ V1 andj ∈ V2. In this case, we writeG = (V1, V2, E). A
matchingon a bipartite graphG is a mappingm : V1 → V2

such thatm(v) 6= m(w) for v 6= w. The cardinality of the
matching is defined to be|m(V1)|. A matching ismaximal
if, after adding any edge tom, m is no longer a matching.
A matching isperfect if |m(v)| = |V2|. By definition, any
perfect matching is maximal. The following theorem gives an
equivalent condition for the existence of a perfect matching.

Theorem 1 (Hall Marriage Theorem [10]):Let A ⊆ V2,
and defineJ(A) = {i ∈ V1 : (i, j) ∈ E for somej ∈ A}.
A perfect matchingm : V1 → V2 exists if and only if, for
everyA ⊆ V2, |A| ≤ |J(A)|.

C. Controllability

Definition 1 ( [11]): The system defined by (1) iscontrol-
lable if, for any initial statexF (0) = a and any final state
b, with a,b ∈ R

n−|S|, there exists an inputxL(t) from the
leader nodesS such thatxF (T ) = b for some finiteT .

A system isstructurally controllableif it is controllable
for almost any choice of the weight matrixW . The following

theorem, proved in [9], relates the structural controllability
of a leader-follower system to its graph topology.

Theorem 2:The leader-follower system with follower dy-
namics given by (1) is structurally controllable from the
leader setS if and only if the following conditions hold.
First, for any nodev ∈ V \S, there exists a directed path from
some nodew ∈ S to v. Second, for any subsetA ⊆ V \ S,
|A| ≤ |N(A)|. If the setS satisfies the first condition, the
system is defined to beaccessible. If the second condition
is satisfied, then the system isdilation-free.

The relationship between the dilation-free property of
Theorem 2 and graph matching theory is shown in the
following lemma, which generalizes the minimum inputs
theorem of [8].

Lemma 1:For a given leader setS, define a bipartite
graphH = (U1, U2, L) by U1 = N(V \ S), U2 = V \ S,
and(i, j) ∈ L iff (i, j) ∈ E. Then the dilation-free property
is satisfied byS iff there exists a perfect matching inH .

Proof: First, suppose that the system is dilation-free.
Then for everyA ⊆ V \ S, |N(A)| ≥ |A|, and hence a
perfect matching of the graphH exists by the Hall Marriage
Theorem. Similarly, if such a matchingm exists, then|A| =
|m(A)| ≤ |N(A)|.

Moreover, since we have assumed that the graphG is
strongly connected, the accessibility criterion is satisfied for
anyS, and hence controllability fromS is equivalent to the
existence of a perfect matching fromN(V \ S) into V \ S
as in Lemma 1.

D. Matroid Theory and Submodularity

In what follows, if v ∈ V andA ⊆ V , thenA+ v is used
to representA ∪ {v}. A matroid is then defined as follows.

Definition 2: A matroid M consists of a finite setV
and a collectionI of subsets ofV satisfying the following
properties: (i)∅ ∈ I, (ii) if B ∈ I, then A ∈ I for all
A ⊆ B, and (iii) if A,B ∈ I and |A| < |B|, then there
existsx ∈ B such thatA+ x ∈ I.

A maximal set inI is denoted abasis. All bases of a
matroid have the same cardinality; moreover, by property
(ii) of Definition 2, any matroid can be characterized by its
bases. A simple example of a matroid is theuniform matroid,
Uk,n, defined as the set of all subsetsS ⊆ V , with |V | =
n, satisfying |S| ≤ k. The bases of this matroid are the
sets with cardinality exactlyk. The following lemma gives
a composition rule for matroids [12].

Lemma 2:Let M1 = (V, I1) andM2 = (V, I2) be
matroids. Then the setM = (V, I), with A ∈ I iff
A = A1 ∪A2 for someA1 ∈ I1 andA2 ∈ I2, is a matroid.

Lastly, we define the properties ofsubmodularityand
monotonicityfor set-valued functions [13].

Definition 3: Let V be a finite set. Then the functionf :
2V → R is nondecreasing (resp. nonincreasing) ifA ⊆ B
implies f(A) ≤ f(B) (resp.f(A) ≥ f(B)). The function is
strictly nondecreasing (nonincreaisng) ifA ( B implies that
the inequality is strict.

Definition 4: The functionf : 2V → R is submodular if
for anyA ⊆ B andv /∈ B, f(A+ v)− f(A) ≥ f(B+ v)−



f(B). f is supermodular if−f is submodular.
Intuitively, submodularity is a notion of diminishing re-

turns, analogous to concavity of continuous functions. It
implies that adding a new elementv to a relatively small
set provides a larger incremental benefit than addingv to a
larger set.

III. M ATROID OPTIMIZATION FRAMEWORK

In this section, the problem of selecting leaders in order
to optimize performance while guaranteeing controllability
is presented within a matroid optimization framework. We
first formulate a general matroid optimization problem for
leader selection. We then give solution algorithms, followed
by bounds on the accuracy of our algorithms that are satisfied
when the objective function is supermodular.

A. Problem Formulation

We study the problem of selecting a set of leader agents
S according to three criteria. First, the set of leader agents
cannot exceed a fixed numberk. Second, the follower agents
should be controllable from the leader agents. Third, the
leader agents should be chosen to minimize a cost function
f(S), provided that the first two constraints are satisfied.
Letting

C , {S ⊆ V : V controllable fromS}, (2)

the problem can be formulated as

minimize f(S)
S
s.t. |S| ≤ k

S ∈ C

(3)

The following theorem gives a formulation that is equiv-
alent to (3).

Theorem 3:Define the setCk by

Ck , {S : S ∈ C and |S| = k} (4)

and defineC̃k , {S : S ⊆ T ∈ Ck}. If the functionf(S) is
strictly decreasing as a function ofS, then the setS∗ solving
the optimization problem

minimize f(S)
S

s.t. S ∈ C̃k

(5)

is also a solution to (3).
Proof: Since Ck ⊆ C̃k, it suffices to show that the

optimal solution to (5) is a feasible set of (3). Sincef(S) is
a strictly decreasing function ofS, any solution to (3) and
(5) must satisfy|S| = k. However, ifS ∈ C̃k and |S| = k,
thenS ∈ Ck, since it would not be possible forS to be a
proper subset of a set inCk. Hence the optimal solution to
(5) is a feasible solution to (3).

Theorem 3 establishes that solving (3) is equivalent to
solving the relaxed problem (5). The structure of (5) is given
by the following theorem.

Theorem 4:The setMk = (V, C̃k) is a matroid.

The following lemma gives a needed intermediate step to
the proof.

Lemma 3:Definek0 , min {|S| : S ∈ C}. ThenMk0
is

a matroid.
Proof: Define a bipartite graphH = (N(V ), V, E) as

in Lemma 1. We first show thatCk0
is equal to the set of

subsetsS ⊆ V such that there exists a maximal matching
m : V → V on H with all v ∈ S unmatched. First, suppose
that S ∈ Ck0

. By Lemma 1, there exists a perfect matching
m : N(V \ S) → V \ S. Suppose that, for somev ∈ S, m
can be extended to a matching̃m : V → V with m̃(u) = v
for someu ∈ N(v). This implies that there is a perfect
matching fromN(V \ (S − v)) into V \ (S − v), and hence
the setS − v is sufficient to control the network. However,
|S−v| = k0−1, contradicting the definition ofk0. Therefore
m is a maximal matching onV .

Now, suppose that there exists a maximal matchingm :
V → V such that allv ∈ S are unmatched. Thenm defines
a perfect matching onN(V \ S) → V \ S. Furthermore,
since all maximal matchings have the same cardinality [10],
|V \ S| = n− k0, and hence|S| = k0.

The above establishes thatCk0
is equal to the set of subsets

that are unmatched by any maximal matching. This family
of sets, however, defines the dual of thepartition matroid,
and hence is a matroid [10, Lemma 3.1.5].

Proof: [Proof of Theorem 4] Letk0 be defined as in
Lemma 3. DefineC′k to be

C′k , {A1 ∪A2 : A1 ∈ Ck0
, |A2| ≤ k − k0} (6)

By Lemma 3,Ck0
defines a matroid. It can also be shown that

{S : |S| ≤ k − k0} defines a matroid. HenceM′ = (V, C′k)
is a matroid by Lemma 2.

We now show thatC′k = C̃k. Let B andB′ be the sets of
maximal sets inC′k andC̃k. SinceC′k and C̃k are equal to the
sets of subsets ofB andB′, respectively, it suffices to show
thatB = B′.

Suppose thatS is a basis element ofC′k. Then S =
B1 ∪ B2, whereB1 andB2 are basis elements ofCk0

and
Uk−k0

, respectively. SinceB1 ⊆ S andB1 ∈ C, the system
is controllable fromS and henceS ∈ C̃k.

Now, letS ∈ B′. SinceS ∈ B′, the system is controllable
from S, and so by Lemma 1 there exists a perfect matching
m : N(V \ S) → V \ S. Now, m can be extended to a
maximal matchingm̃ : V → V [10]. Let S1 equal the set of
nodes that are left unmatched bỹm, and letS2 equal the set
of nodes that are matched bỹm but notm. By Lemma 3,S1

is a basis set ofCk0
. Furthermore, sincẽm has cardinality

n−k0 andm has cardinalityn−k, |S2| = k−k0, and hence
S2 is a basis set ofUk−k0

that is disjoint fromS1. S1∪S2 is
therefore a basis set ofC′k. This establishes that the maximal
sets ofC′k and C̃k are equal, completing the proof.

Together, Theorems 3 and 4 imply that selecting a set of
up to k leaders in order to guarantee controllability while
optimizing performance is a matroid optimization problem.
Matroid optimization can be performed efficiently using
greedy algorithms, as described in the following section.



B. Leader Selection Algorithms

A general algorithm for solving leader selection problems
of the form (5) is as follows. LetSt denote the leader set
before thet-th iteration, withS0 = ∅. At the t-th iteration,
the first step is to find the set of nodesVt , {v ∈ V \St−1 :
St−1 + v ∈ C̃k}.

A procedure for determining whetherSt−1 + v ∈ C̃k is
as follows. The procedure assumes that a maximal matching
mt−1 has been found such thatSt−1 is unmatched. There
are two cases. Ifv is unmatched bymt−1, then v ∈ Vt.
If v is matched, then a search is performed for a pathπ =
{(v0, w0), (w0, v1), (v1, w1), . . . , (wr−1, vr)} in the bipartite
graphH , wheremt−1(wi) = vi, (wi, vi+1) ∈ E, v0 = v,
vi /∈ S, andvr is unmatched bymt−1. If such a path is found,
then a new matchingmv

t is initialized with m(wi) = vi+1

for i = 1, . . . , r − 1 and v is added toVt. Otherwisev is
not added toVt. A proof of the correctness of this stage is
given as Lemma 4 in the appendix. A recursive algorithm
denotedDetermine-v-Vt for finding such a path based on
breadth-first search is given below.

Algorithm Determine-v-Vt: Determines if a nodev
is in the setVt

Input: Graph topologyG = (V,E), setT , nodev
Matchingm that avoidsT
Output: Matchingm′ that avoidsT + v if it exists
Otherwise outputs∅
if v unmatched bym

return m
else

w← unique node satisfyingm(w) = v
for all j ∈ N(w) \ T
mj ← Matchingm restricted toV \ {w}
m̃j ← Determine-v-Vt(G− w, T, j,mj)
if m̃j 6= ∅
m′ ← m̃j ∪ {(w, j)}
return m′

end if
end for

end if; return ∅

Among the nodes inVt, let v∗t denote the node such that
f(St−1+v∗t ) is minimized. SetSt = St−1+v∗t and increment
t. The algorithm terminates whent = k. A pseudocode
description of the algorithm is denotedk-leaders-matroid.

Bounds on the optimality of the leader set returned by
algorithm k-leaders-matroid can be derived for certain
properties of the functionf(S), as described by the following
theorem.

Theorem 5:Let f̂ = maxv∈V f({v}), and letf∗ be the
optimum value off(S) in (3). If f(S) is strictly decreasing
and supermodular as a function ofS, then the setS∗ returned
by k-leaders-matroid satisfies

f(S∗) ≤
1

2
f∗ +

1

2
f̂ (7)

Proof: Sincef(S) is strictly decreasing as a function
of S, (3) and (5) are equivalent (Theorem 3). In [14] it was

Algorithm k-leaders-matroid: Algorithm for selecting
a set ofk leaders that
satisfy controllability while minimizing objectivef
Input: Graph topologyG = (V,E),
maximum number of leadersk
Output: Set of leadersS
Initialization: S0 ← ∅, t← 1
m0 ← maximal matching ofV into V
while t ≤ k

Vt ← ∅
for v ∈ V \ S
mv

t ← Determine-v-Vt(G,St−1,mt−1)
if mv

t 6= ∅: Vt ← Vt + v
end for v∗ ← argmin {f(St−1 + v) : v ∈ Vt}
St ← St−1 + v∗

mt ← mv
t

end while
S ← St, return S

shown that, for a matroidI and monotone nonincreasing
supermodular functionh(S), the setS formed by selecting
at each iteration the nodev defined by

v = argmin
v
{h(S + v) : (S + v) ∈ I, v /∈ S},

satisfies
h(S) ≤

1

2
h(S∗) +

1

2
ĥ (8)

whereS∗ is the optimal set and̂g is the maximum value of
h. By Theorem 4,C̃k is a matroid, and hence the algorithm
k-leaders-matroid satisfies (8).

Some examples of supermodular objective functionsf(S)
are as follows. In [6], it was shown that, when the followers
estimate the leader state using a best linear estimator, the
resulting mean-square error in steady-state is a supermodular
function of S. Similarly, the network coherence, defined
as the asymptotic deviation of the node states from their
consensus value, was shown in [2] to be proportional to
tr(L(S)−1), whereL(S) is obtained by removing the rows
and columns with indices inS from the graph Laplacian
L. By the argument of [6], this function is supermodular
as well. Furthermore, in [5], it was proved that the that the
lp-norm of the deviation of a node’s state from its desired
final state is a supermodular function ofS. Leaders can be
selected to optimize any of these performance metrics while
guaranteeing controllability and a provable optimality bound
as a result of Theorem 5.

If an additional linearity constraint is imposed onf(S),
thenk-leaders-matroid can be shown to be optimal.

Theorem 6:If the function f(S) =
∑

i∈S wi for some
wi ≤ 0, thenk-leaders-matroid returns the solution setS∗

to problem (3).
Proof: Theorem 1 of [12, Chapter 19] states that an

optimal setS that minimizes an objective function
∑

i∈S wi,
where thewi’s are constant andS belongs to a matroid, can
be found by a greedy algorithm. Theorem 6 then follows
from the fact that (3) and (5) are equivalent, as well as the



fact thatC̃k is a matroid. The conditionwi ≤ 0 is needd to
ensure that the algorithm does not terminate until|S| = k;
otherwise, the returned setS might not be a basis set of̃Ck,
and hence controllability cannot be guaranteed.

IV. L EADER SELECTION VIA SUBMODULAR

RELAXATION

The problem of selecting a setS of up to k leaders in
order to ensure controllability and minimize a cost metric
f(S) implicitly assumes that a fixed number of nodesk
is sufficient to control the network. When this is not the
case, a relaxed formulation is needed to ensure that as
much of the network as possible is controllable. The relaxed
controllability criterion should be a real number in the
interval [0, 1], taking value1 if the system is controllable and
0 if no nodes can be controlled. We first define the function
c(S) for a leader setS as

c(S) , max {|V ′| : (V ′, E′) ⊆ G is controllable fromS}.

The functionc(S) is equal to the size of the largest subgraph
of G that is controllable from the leader setS. We define the
term graph controllability index(GCI) to be equal toc(S)

n
,

the fraction of nodes that can be controlled fromS, which is
equal to1 when the entire network is controllable. Based on
this definition, a relaxed version of the problem of selecting
up to k leaders to guarantee controllability is given by

maximize 1
n
c(S)− λf(S)

S
s.t. |S| ≤ k

(9)

whereλ is a nonnegative constant. Under the formulation (9),
a set of leaders is chosen in order to maximize controllability,
subject to a penalty introduced by the cost functionf(S).
If c(S) is submodular as a function ofS and f(S) is
supermodular as a function ofS, then 1

n
c(S) − λf(S)

is submodular, leading to efficient algorithms for solving
(9). The following theorem establishes the submodularity of
c(S).

Theorem 7:c(S) is a submodular function ofS.
Proof: By Lemma 1, a subgraphG′ = (V ′, E′) is

controllable fromS if there exists a perfect matching from
N(V ′ \S) into V ′ \S. A maximum controllable subgraph is
therefore given by the set of nodes matched by a maximal
matching ofN(V \S) into V \S, denotedg(S). The function
c(S) is then equal tog(S), plus the size of the setS itself,
so thatc(S) = |S|+ g(S).

Since |S| is a submodular function ofS [15], it suffices
to show thatg(S) is submodular. LetS ⊆ T , and suppose
v /∈ T . The functiong(S) is submodular if and only if

g(S + v)− g(S) ≥ g(T + v)− g(T ). (10)

We now analyze the possible values ofg(T + v)− g(T ). If
there is a maximal matching ofN(V \ S) into V \ S that
avoidsv, theng(S+v) = g(S). Otherwise, if every maximal
matching ofN(V \S) into V \S includesv, then removing
v from V \ S reduces the cardinality of every matching by
1. Henceg(S + v) = g(S)− 1 in this case.

In order to prove (10), we observe that, by the preceding
analysis,(g(T + v) − g(T )) ∈ {−1, 0} and (g(S + v) −
g(S)) ∈ {−1, 0}. If g(T + v) − g(T ) = −1, then (10) is
satisfied automatically, sinceg(S+v)−g(S) ≥ −1. If g(T+
v)− g(T ) = 0 holds, then it must be shown thatg(S+ v) =
g(S). This is equivalent to proving that if there is a maximal
matching ofN(V \ T ) into V \ T that avoidsv, then there
is a maximal matching ofN(V \ S) into V \ S that avoids
v as well.

Let m be a maximal matching ofV \ T such thatv is
unmatched, and letm′ be a maximal matching ofN(V \S)
into V \S. If v is left unmatched bym′, theng(S) = g(S+v)
and (10) holds. Otherwise, we give a sequential procedure
for constructing a maximal matching̃m of N(V \ S) into
V \ S such thatv is unmatched.

The first step of the procedure is as follows. Definev0 = v
and letu0 satisfym′(u0) = v0 = v. Sinceu0 is a neighbor
of v0 ∈ V \ T , u0 ∈ N(V \ T ). If u0 is unmatched bym,
thenm can be extended by settingm(u0) = v, contradicting
the assumption thatm is maximal. Definev1 = m(u0). We
have thatv1 6= v, sincev1 is matched underm andv is not.

At stepl in the procedure, wherel > 1, l distinct elements
of N(V \ T ), denotedu0, . . . , ul−1, are given, along with
(l + 1) distinct elements ofV \ T , denotedv0, . . . , vl. The
elements satisfym′(ur) = vr andm(ur) = vr+1 for r =
0, . . . , l − 1. There are two cases. In the first case,vl is
unmatched bym′. In the second case,vl is matched bym′.

Case I –vl is unmatched bym′: If vl is unmatched by
m′, thenm̃ can be constructed by setting̃m(ur) = vr+1 for
r = 0, . . . , l − 1 andm̃(w) = m′(w) for w /∈ {u0, . . . , ur}.
The matchingm̃ has the same cardinality asm′, and hence
is maximal. Moreover, it avoidsv, and hence the procedure
returnsm̃ and terminates.

Case II –vl is matched bym′: In this case, there exists
ul with m′(ul) = vl. Since vl ∈ V \ T , the element
ul is in N(V \ T ). Assume thatvl is left unmatched by
m. The cardinality ofm could then be strictly increased
by settingm(ur) = vr for r = 0, . . . , l (sincem would
match all the same elements ofV \ T in addition to v).
This, however, contradicts the assumption thatm is maximal.
Hencem(ul) = vl+1 for somevl+1 ∈ V \ T . Furthermore,
the elementsu0, . . . , ul ∈ N(V \ T ) are distinct, since
they are matched bym′ to v0, . . . , vl, which are distinct by
inductive hypothesis. The elementsv0, . . . , vl+1 ∈ V \T are
distinct since they are matched bym to distinct elements
u0, . . . , ul. The value ofl is incremented to(l + 1) and the
procedure continues.

By construction, this procedure terminates iff a maximal
matchingm̃ : N(V \ S) → V \ S that avoidsv is found.
To complete the proof, it suffices to show that the procedure
does in fact terminate. Suppose thatN(V \T ) has cardinality
K, and suppose that the procedure has reached stepK.
Then (K + 1) distinct elementsu0, . . . , uK ∈ N(V \ T )
have been found, contradicting the assumption that there
are onlyK distinct elements inN(V \ T ). The procedure
therefore terminates withinK steps by returning a matching
m̃ : N(V \ S)→ V \ S that avoidsv, as desired.



Theorem 7 implies that (9) is a submodular optimiza-
tion problem when the functionf(S) is supermodular as
a function of S. Since 1

n
c(S) − λf(S) is submodular,

efficient algorithms can be designed that jointly maximize
controllability and performance, as described in the following
section.

A. Leader Selection Algorithms for Relaxed Formulation

An algorithm for selecting a set of leadersS under the
relaxed formulation of (9), in which leaders are selected
to maximize the largest controllable subgraph ofG, is as
follows. The leader set is initialized toS = ∅. At the t-th
iteration, the nodevt ∈ V \S that maximizes1

n
c(S)−λf(S)

is selected andS is updated toS ∪ {vt}. In other words,
at each iteration, the next best possible leader is added to
the leader set. The algorithm terminates afterk iterations,
wherek is the maximum number of leaders. A pseudocode
description is given ask-leaders-relaxed.

Algorithm k-leaders-relaxed: Algorithm for selecting
up to k leaders to maximize controllability
while minimizing the costf(S)
Input: GraphG = (V,E),

maximum number of leadersk
Output: Leader setS
Initialization: t← 0, S ← ∅
while t < k

v ← argmaxv∈V \S

{

1
n
(c(S + v)− c(S))

−λ(f(S + v)− f(S))}
S ← S + v, t← t+ 1

end while
return S

Theorem 8:Suppose that the functionf is a monotone
supermodular function ofS. Let Ŝ be the solution to (9),
and letS∗ be the set returned byk-leaders-relaxed. Then

1

n
c(S∗)− λf(S∗) ≥

(

1−
1

e

)[

1

n
c(Ŝ)− λf(Ŝ)

]

(11)

Proof: Since f(S) is supermodular,−λf(S) is sub-
modular, and so1

n
c(S) − λf(S) is submodular. Hence the

theorem holds by Theorem 4.1 of [13], which establishes
that, for a monotone submodular function, the greedy algo-
rithm returns a set that is within a factor of(1− 1/e) of the
optimum value.

Theorem 8 establishes that the algorithmk-leaders-
relaxed that are within a provable bound of the optimum.
Moreover, ifλ = 0, corresponding to the case where leaders
are selected based on controllability alone, the algorithm
returns a minimum-size set of leadersS such thatG is
controllable fromS. In other words, whenλ = 0, k-leaders-
relaxed is optimal.

Theorem 9:If λ = 0 and there exists a setS with |S| ≤ k
such thatG is controllable fromS, thenG is controllable
from the set returned byk-leaders-relaxed.

Proof: Let k0 be the minimum number of agents needed
to control the system, as in 3, so thatc(∅) = n − k0. At
each iteration, a node that maximizesc(S + v) − c(S) =

|S+v|−|S|+(g(S+v)−g(S)) is added toS. Suppose that, at
each iteration, a nodev is added such thatg(S+ v) = g(S).
Then sincec(S) is incremented by1 at each iteration and
c(S) = n−k0 initially, c(S) = n afterk0 iterations, implying
that a controllable leader set is chosen if it exists.

It remains to show that, at each iteration, there exists
v ∈ V \ S such thatg(S + v) = g(S). Suppose this is
not true when|S| < k0. Then for anyv ∈ V \S and for any
maximal matchingm, m(u) = v for someu ∈ N(V \ S).
This, however, implies that there is a maximal matching with
unmatched set equal toS, contradicting the assumption that
|S| < k0. HenceS is insufficient to control the system.

B. Example of Joint Leader Selection

As an example, consider the system with network topology
given by the graphG in Figure 1(a). We analyze leader selec-
tion for this network under the two criteria of controllability
and coherence. Coherence is optimized by minimizing the
deviationf(S) = tr((L(S))−1), whereL is the Laplacian
matrix of the graph andL(S) is the matrix obtained by
removing the rows and columns with indices inS fromL [7].
Note that, while an undirected graph is used to ensure that
the coherence metric is well-defined, our approach is valid
for both directed and undirected graphs for other metrics.

Fig. 1. Illustration of the relationship between matching and our proposed
framework. (a) An example network topology. (b) The equivalent bipartite
representation. Each line represents an edge in the graphG. The bold lines
represent one possible maximal matching. The leader set corresponding to
this maximal matching is equal to the set of unmatched nodes{n2, n3}.

The matching-based selection algorithm of [8] chooses
a leader set by identifying a maximal matching of the
associated bipartite graph (Figure 1(b)). A matching can
be found, for example, by using the Edmonds matching
algorithm [10, Ch 1]; one possible matching is given by
the bold lines in Figure 1(b). Since neithern2 nor n5 can
be added to the matching without removing an existing
node, this matching is maximal. Moreover, these unmatched
nodes correspond to the leader set, with associated network
coherence of4.

An analysis based on the joint selection approach of algo-
rithm k-leaders-relaxedis as follows, withλ = 0.1, andk =
2. Initially, there are four nodes that can be left unmatched by
a maximal matching onG, namely{n2, n3, n4, n5}. These
nodes can be identified, for example, by using algorithm
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Fig. 2. Comparison of our proposed matroid optimization approach with other leader selection algorithms. (a) Our proposed method achieves significantly
lower mean-square error in steady-state than other algorithms. Note that random leader selection outperforms degree-based selection. (b) The matroid
optimization approach achieves controllability for all chosen networks, while the other methods do not guarantee controllability in general.

Determine-v-Vt in Section III-B. Of these nodes,n2 andn3

result in the minimum deviation of5.0. For this example,
suppose thatS = {n2} is chosen at the first iteration.
Choosingn1 or n6 will not cause an incremental increase in
c(S), and hence are suboptimal.

At the second iteration, a nodev is chosen to maximize
c({2}+v)−λf({2}+v). Onlyn3, n4, andn5 are unmatched
by a maximal matching onV \ S. Of these two nodes,n3

leads to a deviationf(S) of 3.0, and hence is chosen, for a
leader set ofS = {n2, n3}. As in the algorithm of [8], this
leader set also leads to controllability. In addition, however,
there is a25% reduction in incoherence.

V. SIMULATION

We evaluated the performance of the matroid optimization
approach of Section III via Matlab simulation study. We gen-
erated an Erdos-Renyi random graphG(n, p) with n = 100
total nodes [16]. The probability that edge(i, j) exists was
set to0.05, with the probability of(i, j) existing independent
of (i′, j′) existing for all i 6= i′ and j 6= j′. Each link(i, j)
was assumed to experience additive white Gaussian noise
with varianceν2ij . The varianceν2ij was chosen at random
from an exponential distribution with mean1. Each data
point represents an average over150 independent trials.

Leader selection was carried out using four algorithms.
Under the first algorithm, a set ofk leaders was selected
uniformly at random. In the second algorithm, thek nodes
with highest degree were selected as leaders. Under the third
algorithm, thek nodes with average degree were chosen as
leaders. The fourth algorithm was the matroid optimization
approach defined in thek-leaders-matroid algorithm. The
mean-square error of the nodes in steady-state, as defined
in [6], was chosen as a performance metric.

Figure 2(a) shows the level of error achieved for each
leader selection approach. The matroid optimization ap-
proach provides significantly lower average error in steady-
state than the other methods. As an example, selecting5
leader nodes using the matroid-based approach leads to a
mean-square deviation from the consensus value of20 in

steady-state, compared with40 for the degree-based and ran-
dom methods. This suggests that incorporating controllability
as a design constraint does not lead to substantially lower
performance. Furthermore, the random selection method
slightly outperforms selection based on average degree,
which in turn gives lower error than choosing high-degree
nodes.

The controllability of the system under each algorithm is
illustrated in Figure 2(b). In the figure, each data point rep-
resents the fraction of the trials that resulted in a controllable
network using the specified algorithm. For the matroid-based
approach, the probability of controllability was initially less
than 1 for small values ofk, since for some networks it is
not possible to achieve controllability with only one or two
leaders. Ask increases, the probability of controllability for
the matroid-based approach converges to1.

The random and degree-based algorithms result in a proba-
bility of controllability that varies between0 and1 but does
not converge to1. In the case of degree-based selection,
this is supported by earlier work of [8], which suggests that
highly-connected, high-degree nodes may be unsuitable for
controlling a network. The fact that typically leaders chosen
using random selection are unable to control the network
follows from the fact that only a relatively small subset of
nodes are capable of satisfying the controllability criterion
when chosen as leaders, and that these nodes are not likely to
be simultaneously selected by random chance. This further
reinforces the need for unified framework for leader selection
that incorporates controllability as a design constraint while
meeting performance requirements.

VI. CONCLUSIONS ANDFUTURE WORK

Leader selection in MAS can be performed according to
two design approaches. Under the first approach, a fixed
number of leaders are chosen to achieve controllability while
optimizing a performance metric. In the second approach,
the minimum-size set of leaders is chosen in order to
satisfy controllability while meeting a required bound on a
performance metric.



In this paper, we studied the problem of selecting a
fixed number of leaders based on joint consideration of
controllability and performance metrics. We showed that
the joint formulation can be studied within a matroid op-
timization framework, in which controllability represents a
matroid constraint. This formulation leads to algorithms with
provable accuracy bounds for the case where the performance
metric is a supermodular function of the leader set, and
optimal algorithms when the metric is a linear function of
the leader nodes.

For the case where the number of leaders is insufficient to
guarantee controllability, or where performance criteriasuch
as robustness to noise are given equal weight to controllabil-
ity, we introduce a relaxed formulation based on the fraction
of nodes that are controllable from the leader set. We then
proved that this fraction of nodes is a submodular function of
the leader set, leading to efficient leader selection algorithms.
Our theoretical results for the matroid optimization approach
presented in this paper were also illustrated and supported
through example and simulations.

In our future work, we will study the case where the
number of nodes that can act as leaders is not fixed. In this
case, a bound on the system performance is given and the
leader set must be chosen in order to achieve controllability
and satisfy this bound. We plan to investigate this leader
selection problem within both the matroid optimization and
submodular relaxation frameworks.
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APPENDIX

The following lemma proves that the algorithm
Determine-v-Vt of Section III-B correctly determines
whetherv ∈ Vt.

Lemma 4:Let G = (V,E) be a graph, and letm
be a maximal matching onG such thatm avoids a set
T . Then there exists a maximal matchingm′ on G that
avoids T + v if and only if there exists a pathπ =
{(v0, w0), (w0, v1), (v1, w1), . . . , (wr−1, vr)} in the bipartite
graph H , wherem(wi) = vi, (wi, vi+1) ∈ E, v0 = v,
vi /∈ S, andvr is unmatched bym.

Proof: Suppose that the matchingm avoidsv. Then
let m′ = m, and there is a trivial pathπ = {v}. Now,
suppose thatm(w) = v for somew. First let m′ be a
maximal matching that avoidsT + v. Choosew0 = w, and
let v1 = m′(w0). If v0 = v1 = v, then a pathπ is defined
by π = {(v0, w0)}, as desired.

Otherwise, at each iteration, aftervi has been selected,
choosewi such thatm(wi) = vi. If no suchwi exists, then
π = {(v0, w0), (w0, x1), . . . , (wi−1, vi)} is a path satisfying
the conditions of the lemma. On the other hand, if such a
wi exists, then letvi+1 = m′(wi) (if wi were unmatched,
then a larger matching could be derived by settingm′(wi) =
vi and leaving the rest ofm′ unchanged, contradicting the
assumption thatm′ is maximal).

Hence, at each iteration, either a pathπ is found, or a pair
of edges(vi, wi) and (wi, vi+1) are found withvi 6= vj for
i 6= j, wi 6= wj for i 6= j, andvi /∈ T + v. Since thevi’s
are distinct, the process must terminate withinn− (|T + v|)
iterations; when termination occurs, a pathπ satisfying the
conditions of the lemma has been found.

Conversely, suppose that such a pathπ has been found.
Then a new matchingm′ that avoidsT + v can be found by
settingm′(wi) = vi+1 for all wi andm′(w) = m(w) for all
otherw ∈ N(V \ T ).


