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ABSTRACT
Cascading failures occur when the power system is subject to a

signi�cant disturbance, such as tripping one or more transmission

lines. Such failures can severely impact power system stability,

potentially leading to widespread outages. One proposed approach

for mitigating cascading failures is to partition the system into

internally stable islands (a process known as controlled islanding).

Selecting a subset of transmission lines to trip to form desired

islands is inherently a combinatorial optimization problem. Cur-

rent approaches for selecting such subsets, however, rely on com-

putationally expensive heuristics that do not provide optimality

guarantees. In this paper, we propose a submodular optimization

approach for controlled islanding. Our approach has two stages.

In the �rst stage, generators are assigned to each island based on

existing methods such as slow coherency theory in order to ensure

that each island is dynamically stable. In the second stage, we de-

termine which edges to cut in order to minimize the generator-load

imbalance within each island to ensure that a stable steady-state op-

erating point exists. We relax the problem of minimizing imbalance

to a supermodular minimization problem with a matroid constraint,

implying that a greedy algorithm gives a provable optimality bound

of 1/2. Our results are demonstrated using the IEEE 39-bus New

England Test System.
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1 INTRODUCTION
Power systems are large-scale, interconnected cyber-physical sys-

tems in which power is transferred from generators to loads via

capacity-constrained transmission lines. When a major disturbance

such as a transmission line outage occurs in one geographic area,

the system state changes rapidly to a new, possibly unstable oper-

ating region [7]. �is change in the system state shi�s power �ows,

causing transmission lines to exceed their capacities, which can lead

to further outages. �is process, in which local failures propagate

to destabilize the entire power system, is referred to as a cascading
failure [5, 11]. Cascading failures can cause signi�cant economic

damage, as evidenced by the 2003 North American blackout, in

which two transmission line outages in the state of Ohio created a

cascading failure that le� 55 million people without power [2].

�e severe consequences of cascading failures have motivated

research into preventive and corrective control [1, 15, 19]. In con-
trolled islanding, a set of transmission lines are tripped in order to

partition the power system into a set of islands, each of which may

be stable as a self-contained system even if the overall power system

is unstable [1, 15, 19]. Since each island may contain a mismatch

between generation and load (e.g., more demand for power than

can be supplied by the generators in the island), some loads may

have to be shed in order to maintain stability within each island.

�e e�ectiveness of controlled islanding will be determined by

the choice of which transmission lines to trip, or equivalently, which

buses (or nodes) are assigned to each island. If the generators

in an island do not oscillate coherently, the island may become

unstable. Furthermore, a large amount of power imbalance between
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generation and load within an island may leave the island unstable

and may lead to an eventual collapse of the island [20].

Algorithms that select which buses are assigned to each is-

land have been proposed based on these considerations [19, 20].

Coherency-based methods identify clusters of generators with sim-

ilar rotor angle frequencies, since generators with similar frequen-

cies are likely to oscillate together and therefore maintain angle

stability [19, 20]. A�er a set of stable generators has been selected, a

set of loads must be assigned to each island. �is requires selecting

a subset of transmission lines to trip in the power grid such that the

system can be partitioned into disjoint islands and each load bus is

assigned to only one island. Since this problem requires selecting a

subset of transmission lines to cut, it is inherently combinatorial

in nature. Using real-time Phasor Measurement Unit (PMU) mea-

surements as inputs, a centralized controller is able to evaluate the

power system state and use the communication network to exert

controls. �is makes the control design a cyber-physical problem.

A computationally e�cient algorithm for this combinatorial opti-

mization problem would enable controlled islanding with improved

stability guarantees within each island and reduced time to restore

the grid to its prefault state. Current approaches to allocating loads

among islands use graph-theoretic heuristics, such as minimum cut

and spectral clustering, to partition the set of generators with the

goal of minimizing generation-load imbalance [4]. �ese existing

methods, however, do not provide guarantees that the amount of

load that must be shed is within any factor of the minimum possible

load shedding.

In this paper, we propose a submodular optimization approach

to controlled islanding in the presence of cascading failures. Under

our approach, a set of generators is �rst selected using existing

grouping methods such as slow coherency [3]. We then formu-

late the problem of selecting transmission lines to trip in order to

minimize the di�erence between generation and load, subject to

constraints that ensure that di�erent groups of coherent generators

are in disjoint islands. We relax and decompose this problem into

two supermodular minimization problems subject to matroid con-

straints, which provide a lower bound to the original objective. �e

supermodular structure leads to a greedy algorithm for minimizing

the generation-load imbalance during islanding with a provable op-

timality bound on the relaxed problem. We evaluate our approach

via numerical study on the IEEE 39 Bus Test System. In all test cases

we established, the islanding solutions obtained by our submodular

algorithm have total generation-load imbalances within 1/4 of the

optimal strategy.

�e paper is organized as follows. Section 2 reviews the related

work. Section 3 presents the system model and background on

slow coherency methods and submodularity. Section 4 presents the

problem formulation. Section 5 proves the submodular structure

of the problem. Section 6 contains our proposed submodular algo-

rithm for controlled islanding. Section 7 presents numerical results.

Section 8 concludes the paper.

2 RELATEDWORK
�e study of controlled islanding to prevent cascading failure has

received extensive research a�ention since the 2003 North Ameri-

can blackout [19], [15], [20], [4], [18], [16]. An analytical approach

to automatically determine islanding strategies was developed in

[20], in which cutsets are selected to minimize the overall load-

generation imbalance. A�er identifying the slowly coherent groups

of generators, an exhaustive searching over all feasible solutions is

required to achieve the optimum and hence limits the scalability of

this approach to large systems. In [18], a re�ned islanding scheme

is proposed using the minimum net �ow between islands as the

objective function, which �ts the islanding problem into theoretical

graph max-�ow min-cut form and hence allows implementation

of existing graph theory based tools. A brute force search by enu-

merating all possible solutions, however, is still needed. In [19], a

simulation study of the slow coherency based generator grouping

and min-cut islanding was conducted on the 2003 blackout scenario.

Other than the slow coherency based approaches, another branch

of controlled islanding is using Ordered Binary Decision Diagram
(OBDD)-based methods [16]. �e goal of this approach is to �rst

simplify a system topology into less than 30 nodes and then conduct

a fast brute force search to decide feasible cutsets. Various tech-

niques are conducted to simplify the system, including identifying

important transmission lines that should not be cut. �ese tech-

niques, however, are based on heuristics and hence cannot provide

a guarantee on the optimality of the selected solutions. O�-line ma-

chine learning based approaches have been investigated in recent

years [15]. Given a large data set of o�-line simulations, a probabil-

ity model can be established to assist online evaluation of islanding

strategies. A two-stage islanding approach based on the spectral

clustering is proposed in [4]. At the �rst stage, the generators

are grouped using normalized spectral clustering which identi�es

synchronized generators that have strong dynamic coupling. In

the next stage, other buses are grouped based on constrained spec-
tral clustering with the goal of minimizing power-�ow disruption

on cu�ing edges. Although the spectral clustering algorithms are

computationally e�cient, the gap between their solutions and the

optimal strategy is not guaranteed.

Submodular optimization techniques to address power system

voltage and angle stabilities have been proposed in [9], [8]. A

framework that provides optimality guarantees on the controlled

islanding with scalable computational overhead, currently not in

existing literature, is provided in this paper.

3 SYSTEM MODEL AND PRELIMINARIES
In this section, we present the power system model and introduce

notations that will be used throughout this paper. We also give an

introduction on generator grouping by slow coherency theory and

background on submodularity.

3.1 Power System Model
We consider a power system consisting ofn buses and l transmission

lines that connect buses. We use a graph G (N ,L) to depict the

power system, where N = {1, . . . ,n} represents the set of buses

and L ⊆ N ×N is the set of edges. Given any initial operating point,

we say an edge (i, j ) ∈ L if and only if there is a transmission line

connecting bus i and bus j. For any bus i , the set of neighboring

buses is de�ned by ∆(i ) = {j : (i, j ) ∈ L}. A bus with at least one

generator connected to it is called a generator bus and other buses

are called load buses. We denote G ⊆ N as the set of generator
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buses. Let д0

i be the initial active power that is generated at a

generator bus i (д0

i = 0 at load buses) and let d0

i be the pre-shedding

active power demand at any bus i . We denote p0

i j as the amount

of active power �owing over a transmission line (i, j ) ∈ L at the

initial operating point.

In this paper, we propose a control methodology to group all

buses into islands to prevent the cascading failure in a power sys-

tem. When a subset of buses, denoted by N1 ⊆ N , is determined

by the controller to form an island, a subset of transmission lines,

S ′ ⊆ L, connecting these buses N1 to the rest of the grid N \N1 will

be tripped o�. Other control actions including generation recon�g-

uration and load shedding can be implemented when necessary to

assist the system islanding. A basic requirement in any controlled

islanding procedure is to keep each island stable. We assume an

island is internally stable only if there exists a valid power �ow,

de�ned as follows, inside the island.

Denote дi as the active power generated at bus i a�er control

and di as the load demand at bus i a�er shedding. We also denote

pi j as the amount of active power that �ows on a transmission

line (i, j ) from bus i to j a�er recon�guring any generations and

loads. Given дi , di for all i ∈ N1, we say a valid power �ow exists

in island N1 if there exists pi j , for all i, j ∈ N1, such that the �ow

conservation holds at each bus:∑
j ∈∆(i )

pi j = дi − di , ∀i ∈ N1, (1)

or equivalently, in the following matrix form,


A




x


=


b


, (2)

where An×l is the incidence matrix of an orientation of G (N ,L),
which is de�ned as follows. Edges in L are sorted such that L =
{e1, . . . , el } where the k-th edge ek represents an edge (i, j ) ∈ L.

�e entry in the i-th row and k-th column of A is denoted by aik ,

where aik = −1 if edge ek connects i to some bus j and i > j, 1

if ek connects i to j and i < j, and 0 otherwise. �e vector x has

the kth entry pi j corresponding to the power �ow on the edge

ek = (i, j ) ∈ L. �e vector b has entries di − дi for each bus i .
As the power systems typically allow very large power �ows on

each transmission line for emergency contigencies [7], the emer-

gency capacity constraints on transmission lines are ignored in this

paper.

A valid power �ow implies that generation and load within the

island are balanced with no power �ow at any bus violating the

�ow conservation law, which is a necessary condition to guarantee

the internal stability of an island.

3.2 Slow Coherency-based Generator Grouping
It has been observed empirically that, a�er a major disturbance

to a power system, sets of tightly coupled generators will remain

synchronized (“swing together”), while loosely coupled generators

will lose synchrony. �e property of coherency, de�ned as follows,

was introduced to mathematically represent this phenomenon.

De�nition 3.1 ([3]). Let ẋ(t ) = Hx(t ) be a linear system where

H has eigenvalues {λ1, . . . , λn }. Let σa ⊆ {λ1, . . . , λn }. �en two

states xi and x j of x are coherent with respect to σa if and only if

x(0) being in the eigenspace of σa implies that xi (t ) − x j (t ) = 0 for

all t .

�e interpretation of De�nition 3.1 is that if a perturbation of the

system is in the span of the modes corresponding to eigenvalues

in σa , then the responses of states i and j will be the same. �e

de�nition of coherency depends on the choice of eigenvalues in the

set σa . Slow coherency is derived by choosing σa as the l slowest

modes, i.e., the l eigenvalues with smallest magnitude. Two gener-

ators that satisfy slow coherence can be grouped together because

the di�erences in their state values lie in the span of fast modes,

and hence will decay quickly.

A simple algorithm for selecting generator islands through slow

coherency analysis is as follows. Compute an eigenbasis {v1, . . . ,vl }
for the l eigenvalues in σa , and let V be the matrix with columns

v1, . . . ,vl . Two generators i and j are grouped into the same island

if the i-th and j-th rows are equal, and are designated as incoherent

otherwise.

For real systems, in general no two rows of the eigenbasis matrix

will be equal to each other. A heuristic algorithm that uses an ϵ-

relaxed de�nition of coherence, in which two rows wi and w j are

coherent if | |wi −w j | |2 < ϵ , was proposed in [3].

An enhanced tolerance-based slow coherency method is de-

scribed in [13] to handle coherent generator grouping in large

power systems. In this approach, some parameters can be speci�ed

by the users, including the tolerance, the number of slow modes l
and the number of eigenvalues being calculated. �is method also

provides more accurate results.

�ere are other methods for identifying coherent generators

than the slow coherency [3, 12, 13] that utilize techniques includ-

ing electrical distance, time-domain analysis, frequency-domain

Fourier transform and Lapalce transform.

3.3 Background on Submodularity and
Matroids

Submodularity is a property of discrete set functions. LetV denote a

�nite set and let 2
V

denote a power set ofV . A function f : 2
V → R,

which takes as input a subset of V , is submodular if for every pair

of sets S and T , we have

f (S ) + f (T ) ≥ f (S ∩T ) + f (S ∪T ).

A function f is supermodular if −f is submodular, and is modu-

lar if both f and −f are submodular (i.e., if the function is both

supermodular and submodular).

Furthermore, any nonnegative weighted sum of submodular

(resp. modular, supermodular) functions is submodular (resp. mod-

ular, supermodular).

A matroid is de�ned as follows.

De�nition 3.2. Let V denote a �nite set, and let I denote a col-

lection of subsets of V . �e tupleM = (V ,I) is a matroid if (i)

∅ ∈ I, (ii) for any B ∈ I and A ⊆ B, A ∈ I, and (iii) if A,B ∈ I and

|A| < |B |, then there exists v ∈ B \A such that (A ∪ {v}) ∈ I.

A maximal independent set of a matroid is a basis. An important

class of matroids, denoted graphic matroids, is de�ned as follows.
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Lemma 3.3. Let G = (N ,L) be a graph with node set N and edge
set L. De�ne I to be a collection of subsets of L such that A ∈ I i� A
does not contain any cycle (i.e., A is a forest). �enM = (L,I) is a
matroid.

For connected graphs, the set of bases of a graph matroid is the

set of all spanning trees.

4 PROBLEM FORMULATION
�e main requirement of the controlled islanding procedure is

internal stability of the islands. In order for internal stability to be

achieved, the generators within the island must be coherent, and the

mismatch between generation and load within each island must be

minimized. Consistent with [4], our controlled islanding approach

has two stages. �e �rst stage ensures coherence of the generators

within each island by partitioning generators into islands using

methods such as the slow coherency procedure presented in Section

3.2. In the second stage, we identify a subset of edges that must be

cut to partition the system into islands, while minimizing generator-

load imbalance within each island.

For the �rst stage (generator selection), we apply existing meth-

ods including slow coherency based methods. �e output of this

stage is the number of islandsm and the set of generators,G1, . . . ,Gm ,

in each island. Hence, this section will describe our novel submod-

ular optimization approach to the second stage problem, namely

selecting edges to partition the system into islands.

We assume that the generators have been partitioned into m
groups, G1, . . . ,Gm ⊆ N where Gi ∩ G j = ∅,∀i , j, by slow co-

herency methods. �e goal of the controlled islanding at the second

stage is to select a set of edges, S ′ ⊆ L, to cut, (or equivalently, to

select the complementary set S = L \ S ′ of edges to remain con-

nected in the islanding) such that the entire system is partitioned

into islands I1, . . . , Im ⊆ N where Ii ∩ Ij = ∅,∀i , j and each island

contains one group of generators, i.e.,Gi ⊆ Ii ,∀i = 1, . . . ,m. A nec-

essary condition on S ′ is that in the complementary set S = L \ S ′,
there exists a partition of S , such that S = S1 ∪ · · · ∪ Sm , where

S1, . . . , Sm satisfy the following conditions:

a) Si ∩ Sj = ∅,∀i , j.
b) �e island (Ii , Si ) is connected for all i = 1, . . . ,m.

c) For any edge (i, j ) ∈ Sk , i ∈ Ik and j ∈ Ik .

A set S is called a partitioning set of the graph G (N ,L) if it

satis�es the conditions above. Each subset Si denotes the edges

connecting all buses (including generators and loads) in island i
and S is the union of the edges Si of each island. �erefore, the set

S de�nes a partition of the system.

�us, the controller �nds a partitioning set S to form islands

(Ii , Si ),∀i = 1, . . . ,m. At the same time, the resulting islands have

minimum load shedding or generation recon�guration. Minimizing

the generator-load imbalance and ensuring that the set of tripped

edges partitions the graph are necessary conditions for controlled

islanding. Other factors in power system stability, such as frequency

and voltage instabilities, occur at longer time scales and hence

are neglected in this study. A metric that captures the load and

generation imbalance is de�ned as follows.

Let ai be the ith column of the incidence matrix A, which corre-

sponds to an edge ei ∈ L. For any subset S ⊆ L, de�ne A(S ) to be a

matrix consisting of columns ai ,∀ei ∈ S .

In case of a cascading failure, generators that are identi�ed in

di�erent groups must be partitioned into di�erent islands in order

to achieve internal stability in each island. Given any partitioning

set S , the minimum load that must be shed can be captured by

F (S ) ,
minx,d,д | |A(S )x − (d0 − д0) | |

2

2

s.t. 0 ≤ d ≤ d0, 0 ≤ д ≤ д0

A(S )x = d − д
(3)

�e metric F (S ) is equal to the minimum generation-load imbalance

for any power �ow x that satis�es the �ow conservation constraints

at each bus. Using the metric F (S ), the problem of selecting a set

S ′ = L\S of edges to cut to form controlled islands can be formulated

as

min

S
F (S ) (4)

s .t . S ⊆ L and S is a partitioning set of the graph

G (N ,L) satisfying conditions a), b), c) above.

In order to de�ne a submodular relaxation of the problem (4),

we introduce the metric

f (S ) = min

x
‖A(S )x − b0‖

2

2
, (5)

where the restrictions on demand d and generation д are relaxed.

�e following lemma establishes the connection between the

metric f (S ) and F (S ), which proves that f (S ) is a lower bound to

F (S ).

Lemma 4.1. Given any set S ⊆ L, we have f (S ) = 0 if F (S ) = 0,
and f (S ) ≤ F (S ) if F (S ) , 0.

Proof. If F (S ) = 0, then there exists a valid power �ow x̄ such

that A(S )x̄ = b0. �us, we have

f (S ) = min

x
‖A(S )x − b0‖

2 = ‖A(S )x̄ − b0‖
2 = 0.

Suppose the optimal solution of F (S ) is x̂ , i.e., x̂ = arg minx ‖A(S )x−
(d0−д0)‖

2 s .t . 0 ≤ d ≤ d0, 0 ≤ д ≤ д0 andA(S )x = d−д. If F (S ) , 0,

then we have

f (S ) = min

x
‖A(S )x − b0‖

2 ≤ ‖A(S )x̂ − b0‖
2 = F (S ),

completing the proof.

�

�e metric f (S ) selects an optimal power �ow x to minimize the

deviation from the power �ow b0 while relaxing the �ow conser-

vation constraints and restrictions on generation and load. As a

result, the function f (S ) may correspond to a power �ow that is

physically unrealizable.

By Lemma 4.1, the function f (S ) is a relaxed metric of (3) as it

neglects the restrictions on the power �ows x . �us the problem (4)

has a relaxed formulation, given as follows, that provides a lower

bound on the optimal solution:

min

S
f (S ) (6)

s .t . S ⊆ L and S is a partitioning set of the graph

G (N ,L) satisfying conditions a), b), c). (7)
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�e metric f (S ) solves a least square problem, which results in

the minimum geometric distance between b0 and the span of A(S ),
and hence f (S ) de�ned in Eq. (5) is equivalent to

f (S ) = dist2 (b0, span(A(S ))) . (8)

Problem (6) is a combinatorial optimization problem. In the

following section we present an approach to approximating the

solution by proving the supermodular structure of f (S ) and devel-

oping su�cient matroid constraints for (7).

5 SUBMODULAR OPTIMIZATION APPROACH
Our proposed approach to solve the controlled islanding problem is

established by showing that problem (6) consists of a monotone de-

creasing supermodular objective function and a matroid constraint,

which is su�cient to achieve the condition in (7).

Theorem 5.1. �e function f (S ) de�ned in Eq. (8) is monotone
decreasing and supermodular in the set S .

Before giving the proof of �eorem 5.1, we present the following

lemma that establishes the main argument in proving the theorem.

Lemma 5.2 ([17, Lemma 8.1]). Let {ai , i = 1, . . . , l } be a set of
vectors in Rn and let v be an arbitrary vector in Rn . Given any subset
S ⊆ {ei , i = 1, . . . , l }, de�ne

projS (v ) = arg min

y∈span ( {ai : ei ∈S })
‖v − y‖.

�en, the function д(S ) = ‖projS (v )‖
2 is monotone increasing and

submodular.

Proof of �eorem 5.1: By the de�nition of projS (v ) in Lemma 5.2,

we have

projS (b0) = arg min

b ∈span (A(S ))
‖b0 − b‖,

which is the projection of b0 onto the subspace spanned by the

columns of A respect to the selection S . �en we can write f (S ) as

f (S ) = dist2 (b0, span(A(S )))

= ‖b0 − projS (b0)‖
2,

which is the distance square from b0 to the projection of b0 onto

the subspace spanned by A(S ).
Using the fact that projS (b0) and b0 − projS (b0) are orthogonal,

we have

f (S ) = ‖b0‖
2 − ‖projS (b0)‖

2.

By Lemma 5.2, the function ‖projS (b0)‖
2

is monotone increasing

and submodular in S . Since the negative of a submodular function

is supermodular, it then follows that f (S ) is a monotone decreasing

supermodular function. �

In order to develop a matroid constraint that is su�cient for (7),

we divide the problem into two stages. In the �rst stage, a collection

of disjoint, connected subgraphs G1, . . . ,Gm with Gi ⊆ Gm are

generated. In the second stage, edges are added to each subgraph

in order to create a set of islands that minimizes f (S ).
�e goal of the �rst stage is to selectm subsets E1, . . . ,Em ⊆ L,

such that

(i) For each set Ei , the edges in Ei form a connected subgraph

of G, denoted by Gi (Ni ,Ei ), where Ni ⊆ N are vertices of

the edges in Li .
(ii) All subgraphs are disjoint, i.e., Ni ∩Nj = ∅ and Ei ∩Ej = ∅

for all i , j.
(iii) Moreover, each subgraph contains a group of generators,

i.e., Gi ⊆ Ni ,∀i = 1, . . . ,m. In other words, the given

subset Ei of edges can connect generators in Gi within

each island i .

In general, selecting such a set of edges is an NP-hard problem. In

some cases, however, coherent generators are in close geographical

proximity [1], allowing the use of heuristic approaches. One such

approach is to construct a shortest path πi, j between each pair of

generators i and j, and then take

Ek =
⋃

i, j ∈Gk

πi, j ,

i.e., the union of all shortest paths in the same island. If generators

in di�erent geographical areas are in close proximity, then methods

such as spectral clustering [4] can be used to select the subgraphs.

A�er E1, . . . ,Em have been selected, we construct a graph G

as follows. First, de�ne N0 = N1 ∪ · · · ∪ Nm . �e vertex set

N = (N \ N0) ∪ {0}. �e edge set L is given by

{(i, j ) ∈ L : i < N0, j < N0}∪

{(i, 0) : (i, j ) ∈ L for some j ∈ N0 }.

One edge (i, 0) is added for each node j ∈ ∆(i ) ∩ N0, where ∆(i )
denotes the neighboring buses of bus i , i.e., j ∈ ∆(i ) i� (i, j ) ∈ L.

Intuitively, the graph G is obtained by contracting all nodes in

N1 ∪ · · · ∪ Nm to a single node 0, creating duplicate edges (i, 0) if

node i has multiple neighbors in N0.

LetM = (L,I) denote the graphic matroid de�ned on the graph

G , with basis I. Since G is connected, each entry of I corresponds

to a spanning tree of G. �e following lemma relates independent

sets inM to islands.

Lemma 5.3. �e set S ⊆ L is a partitioning set of the graph G (N ,L)
if S = (E1 ∪ · · · ∪ Em ) ∪ S where {Ei ,∀i} satisfy the conditions (i),
(ii) and (iii) discussed above and S ∈ I.

Proof. It su�ces to prove that if S = (E1 ∪ · · · ∪ Em ) ∪ S where

{Ei ,∀i} satisfy the conditions (i), (ii) and (iii) and S ∈ I, then S
satis�es the partitioning conditions a), b) and c) in Section 4.

Given the sets E1, . . . ,Em satisfying conditions (i), (ii) and (iii),

the subgraphs Gi (Ni ,Ei ) formed by these edge sets are disjoint and

Gi ⊆ Ni ,∀i . Suppose S ∈ I, i.e., S forms a spanning tree in the

graph G (N ,L). Set node 0 as the root of the spanning tree. �en

there exist subsets S1, . . . , Sm ⊆ S that form a partition of S , i.e.,

S = S1 ∪ · · · ∪ Sm and Si ∩ S j = ∅,∀i , j. Edges in each subset Si
correspond to a branch of the spanning tree connected to the root 0.

Denote N i ⊆ N \ N0 as the collection of vertices of the edges in Si .

By the de�nition of a spanning tree, N = (N 1∪ · · · ∪Nm )∪N0 and

in each branch i , there is exactly one bus j ∈ N i that is connected

to the node 0 by a certain edge e = (k, j ) ∈ L \ (E1∪ · · ·∪Em ). �us,

by the de�nition of the node 0, there exists a subgraph Gi (Ni ,Ei )

such that bus k ∈ Ni and hence the branch de�ned by edges in Si
and nodes in N i is connected to exactly one subgraph Gi (Ni ,Ei ).
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We denote Gi = (Ii , Si ) as the resulting connected graph by edges

Si ∪ Ei , where Ii = N i ∪ Ni and Si = Si ∪ Ei , and hence we get

b) ∀i = 1, . . . ,m, (Ii , Si ) is a connected graph and ∪mi=1
Ii = N , and

c) for any edge (i, j ) ∈ Sk , i ∈ Ik and j ∈ Ik . Since the subgraphs

Gi (Ni ,Ei ) are disjoint, we have Gi disjoint as well, which implies

a) Si ∩ Sj = ∅,∀i , j.
�us, the set S satis�es the partitioning conditions a), b) and c)

in Section 4 and hence completes the proof.

�

By Lemma 5.3, the problem of selecting a set of edges S , such that

S = S ∪ E1 . . . ∪ Em de�nes an islanding strategy that minimizes

generator-load imbalance, can be formulated as

min f ((E1 ∪ · · · ∪ Em ) ∪ S ) (9)

s .t . S ∈ I.

Combining �eorem 5.1 and the discussion of the matroid basis

I of graph G , we have that Eq. (9) is a supermodular minimization

problem, which can be transformed to an equivalent submodular

maximization problem, subject to a matroid constraint. �e super-

modular structure enables development of e�cient approximation

algorithms with provable optimality guarantees for (9).

6 SUBMODULAR ISLANDING ALGORITHM
In this section, we present polynomial-time algorithms to approxi-

mately solve the problem

min f (S ) (10)

s .t . S = (E1 ∪ · · · ∪ Em ) ∪ S where Ei ⊆ L satis�es

the conditions (i), (ii) and (iii), ∀i and S ∈ I. (11)

We �rst establish a scheme to �nd the necessary sets of edges,

E1, . . . ,Em that connect generators in each group, followed by a

greedy algorithm that solves the supermodular optimization prob-

lem (9).

As a �rst step to solve the problem (10)-(11), we �nd necessary

edges Ei that have to be selected to connect all generators in each

given groupGi . As discussed in the previous section, one approach

is to take the union of all shortest paths between generators in the

same island i , denoted Êi . Let N̂i =
⋃

(j,k )∈Êi
{j,k }. For each island

i , a subgraph is de�ned by
ˆGi (N̂i , Êi ).

Given these subgraphs, the necessary set of edges that have to

be selected to connect all generators in a given group Gi can be

obtained by solving the following problem:

min { f (Ti ) : Ti ∈ Bi } (12)

where Bi is the collection of independent sets of a matroid. A set

Ti ⊆ Êi is in Bi i� the edges in Ti form a spanning tree in the

subgraph
ˆGi (N̂i , Êi ).

By �eorem 5.1, the function f (Si ) is supermodular and hence

the problem (12) is a supermodular minimization problem which

can be approximately solved by a polynomial-time algorithm up to

a worst-case optimality bound of 1/2 [6]. A pseudocode description

of the algorithm, named as Spanning Tree Algorithm, is given as

Algorithm 1. It proceeds as follows when it is applied to solve the

problem (12).

Given a graph
ˆGi (N̂i , Êi ) and the set function f : 2

E → R,

initialize a set Ti to be empty. At each iteration, the algorithm

selects an edge e ∈ Êi \Ti that minimizes f (T ∪ {e}). �e edge e
is added to the set Ti if it does not generate any cycle in the graph

consisting of edges Ti ∪ {e}. Delete the edge e from the groundset

Êi . �e algorithm terminates when the groundset Êi is empty.

Apply the Algorithm 1 to each subgraph
ˆGi (N̂i , Êi ). For each

subgraph
ˆGi , the solutionTi that is returned by the Algorithm 1 is a

set of edges corresponding to a spanning tree of
ˆGi . Since the path

between any two nodes in a tree is unique, given a spanning tree

Ti , we can �nd all paths to connect any two generators in Gi . �e

union of all these paths consists of a subset of edges Ei ⊆ Ti , which

then can be found as necessary edges to connect all generators in

an island i .

Algorithm 1 Algorithm for selecting a set of edges that form a

spanning tree in a graph while minimizing a supermodular function.

1: procedure Spanning Tree(G (N ,E), f )

2: Input: An undirected graph G (N ,E) where N is the set

of nodes and E is the set of edges, a monotone decreasing

supermodular function f : 2
E → R.

3: Output: Set of edges T ∈ E that form a spanning tree of G

while minimizing f .

4: Initialization: T = ∅.
5: while E , ∅ do
6: e ← arg minv ∈E\T f (T ∪ {v})
7: if T ∪ {e} contains any cycle then
8: E ← E \ {e}
9: else

10: T ← T ∪ {e}
11: E ← E \ {e}
12: end if
13: end while
14: return T
15: end procedure

�e sets of edges, E1, . . . ,Em , form disjoint subgraphsGi (Ni ,Ei )

respectively that are used to construct the undirected graph G

containing a node 0 for the next step.

At the second step of solving the problem (10)-(11), we contract

all nodes in N1 ∪ · · · ∪Nm to a single node 0 and construct the new

undirected graph G as discussed in Section 5. �e supermodular

structure of the problem (9) is essentially the same as problem

(12), which implies that it can be approximately solved by applying

Algorithm 1 to the new graphG with supermodular function f (S ) =

f ((E1 ∪ · · · ∪ Em ) ∪ S ). �e solution S returned by Algorithm 1

corresponds to a spanning tree in the graph G.

�e partitioning set S = (E1 ∪ · · · ∪ Em ) ∪ S results inm disjoint

islands and gives a lower bound to the initial islanding problem

(4). Our approach identi�es the buses in each island and all edges

connecting di�erent islands that need to be cut.

A pseudocode description of the whole approach is given as

Algorithm 2.

�e following describes the optimality guarantees of this ap-

proach to addressing problem (10).
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Algorithm 2 Algorithm for selecting a set of edges that partitions

the system into islands

1: procedure Submodular Islanding(G (N ,L), д, d , G)

2: Input: Directed graph G (N ,L) where N is the set of nodes

and L is the set of edges, power generation д at each bus and

power demand d at each bus, generator groups G1, . . . ,Gm .

3: Output: Set of edges S ∈ L that form a partition of G,

where each partition contains one group of generators.

4: Initialization: Construct incidence matrix A, b = d − д,

S = ∅.
5: (Step 1: �nd necessary edges E1, . . . ,Em to connect gener-

ators in G1, . . . ,Gm respectively.)

6: Find disjoint subgraphs
ˆGi (N̂i , Êi ) such that Gi ⊆ N̂i .

7: for i = 1 tom do
8: Ti ← SPANNING TREE(

ˆGi (N̂i , Êi ), f )

9: Ei ← ∅
10: for u ∈ Gi do
11: for v ∈ Gi and v , u do
12: Ei ← Ei ∪ {e ∈ T̂i : edges connecting u,v}
13: end for
14: end for
15: end for
16: for i = 1 tom do
17: Ni = ∅

18: for (u,v ) ∈ Ei do
19: Ni ← Ni ∪ {u,v}
20: end for
21: end for
22: (Step 2: construct the graph G using E1, . . . ,Em and �nd a

spanning tree S .)

23: N = N \ (N1 ∪ · · · ∪ Nm ) ∪ {0}

24: S ← SPANNING TREE(G (N ,E), f (x ) = f (E1 ∪ · · · ∪ Em ∪
x ))

25: S ← E1 ∪ · · · ∪ Em ∪ S
26: return S
27: end procedure

Proposition 6.1. Let S∗ denote the optimal solution to (9). �en
the solution returned by Algorithm 2 satis�es f (S ) ≤ 1

2
( f (∅)+ f (S∗)).

Proof. �e function f (S ) is a nonincreasing supermodular func-

tion of S , and Algorithm 2 is equivalent to greedy submodular max-

imization under a matroid constraint. �e greedy algorithm for

problems of this form is known to have an optimality gap of 1/2

[6].

�

Furthermore, the runtime of Algorithm 2 is determined by the

complexity of evaluating the objective function and checking the

matroid constraint. In total, the algorithm requires O (2l ) evalua-

tions of the f (S ), each of which involves solving a least-squares

problem for an n × l (at most) matrix, and O (n2) checks of the

matroid constraints. �e cost of �nding coherent generator groups

G1, . . . ,Gm by slow coherency is dominated by the computation

of eigenvalues and eigenvectors of the linearized system ẋ = Hx at

the initial operating point, which is O (n3) in general for n states.

7 NUMERICAL STUDY
�is section presents a numerical study of our proposed submodular

approach for controlled islanding on the IEEE 39-bus New England

test system. We also verify the optimality bound that our algo-

rithm achieved by comparing with the minimum-power-imbalance

solution obtained from enumerating all feasible islanding strategies.

�e power system simulation tool Matpower [21] is used to

generate the initial operating point. Initial system data including

system topology G (N ,L) and power demand d is given by the

program default function case39.m. �e generator con�guration

д is obtained by solving an optimal power �ow on case39.m with

resistance neglected, which is listed in Table 1.

Table 1: Generator Data

Generator

Label

G1 G2 G3 G4 G5 G6 G7 G8 G9 G10

Bus No. 39 31 32 33 34 35 36 38 37 30

дi (MW) 660.85 646 660.85 652 508 660.85 580 660.85 564 660.85

Given any islanding strategy S , we adopt the metric

√
f (S ) =

d (b0, span(A(S ))) = minx ‖A(S )x −b0‖ with unit in MW to approx-

imately estimate the total load-generation imbalance (load that

must shed) a�er control. At the initial operating point, we observe

that

√
f (L) = d (b0, span(A)) = 0, which implies that the total load

and generation are balanced and hence the system can be stable if

all generators are coherent.

In the �rst stage of our proposed controlled islanding, we assume

three generator groups, as shown in Table 2, are identi�ed to be

coherent, which is consistent with the �rst step of the spectral

clustering approach [4]. Bus 39 represents the rest of the power grid

that is not shown in the IEEE 39-bus system topology. At the initial

operating point, we observe a large generation-load imbalance at

Bus 39, where the total generation is д39 = 660.85 MW while the

load that is supported is d39 = 1104 MW.

Table 2: Generator Groups in the First Stage

Group 1 Group 2 Group 3

G2, G3, G4, G5, G6, G7 G8, G9, G10 G1

Table 3: Selected edges to connect generators in each island

Subgraphs Selected edges Li for each subgraph Gi

G1

31-6, 6-11, 11-10, 10-32, 10-13, 13- 14, 14-15, 15-16,

16-19, 19-20, 20-34, 19-33, 16-21, 21-22, 22-23, 23-36, 22-35

G2 30-2, 2-25, 25-37, 25-26, 26-29, 29-38

G3 ∅

In the second stage of the submodular islanding, disjoint sub-

graphs Gi (Ni ,Ei ) that connect generators in each group are �rst

identi�ed by taking the union of all shortest paths between any two

generators in each island. �e selected edges to connect generators

in each island are listed in Table 3 and the resulting subgraphs are
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marked in Fig. 1. It is followed by construction of a new graph, as

shown in Fig 2, with node 0 representing the union of all subgraphs.

By running the spanning tree algorithm on this new graph, a set

of edges labeled by {2, 3, 8, 9, 10, 11, 15, 21, 24, 25, 31, 34, 35} in red

circles is chosen along with subgraphs to form disjoint islands. �e

�nal islanding strategy returned by our submodular approach is

marked in Fig 3.

3536

Figure 1: Disjoint subgraphs to connect generators in each
island on IEEE 39-bus test system. �e bold lines represent
buses and transmission lines necessary to be selected such
that generators are connected in each island.

Node	0
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Figure 2: �e reconstructed graph ¯G with node 0 represent-
ing the union of all subgraphs G1,G2,G3. Edges are labeled
in red circles that show the connection between the original
graph in Fig. 1 and this new graph.

In the following, we compare our submodular islanding solu-

tion with the islanding strategy that achieves the minimum load-

generation imbalance. �e performance of an islanding strategy is

evaluated by the actual load-generation imbalance within an island

I , which is measured by the di�erence between the total generation

and total load within the island, i.e.,
��
∑
i ∈I (дi − di )�� =

���
∑
i ∈I, j<I pi j

���.
A metric is given in [4] to approximate the actual power imbalance

in an island I by the power �ow disruption

∑
i ∈I, j<I

���pi j
���. For small

systems such as the IEEE 39 bus system, a brute-force searching on

all possible cutsets is able to identify the islanding strategy corre-

sponding to the minimal power-�ow disruption between islands.

Figure 3: Proposed submodular islanding. �e dotted lines
represent the cutsets.

�is is because the number of feasible islanding solutions is very

limited given speci�c generator groups that are required to sit in

disjoint islands. For generator groups in Table 2, a list of candidate

islanding strategies with potential minimum power disruption is

given by [4]. We enumerate all possible cutsets in this test case

and �nd the one resulting in minimum power disruption. Table 4

lists several possible islanding strategies and corresponding power

disruption.

Table 4: Cutting strategies and corresponding power disrup-
tion

Cutset spli�ing generator

group G1 from {G2,G3}

∑
|Pi j |(MW ) Method

(1) 9-39, 3-4, 3-18, 17-27 375.37 Min-Disruption

(2) 8-9, 3-4, 3-18, 17-27 381.87 Submodular Islanding

(3) 8-9, 3-4, 17-18, 17-27 539.87 Exhausted enumeration

(4) 8-9, 3-4, 16-17 539.87 Exhausted enumeration

(5) 9-39, 3-4, 17-18, 17-27 533.37 Exhausted enumeration

Cutset spli�ing generator

group G2 from G3

∑
|Pi j |(MW ) Method

(1) 1-39 288.03 Min-Disruption

(2) 1-2 385.63 Submodular Islanding

Given the same initial operating point, the islanding strategy that

has minimum power disruption is shown in Fig. 4. We observe that

the islanding strategy Ssub returned by our submodular algorithm

achieves a lower value in our metric with

√
f (Ssub ) = 344.76 while

the min-�ow-disruption solution Smin with

√
f (Smin ) = 454.86.

When the load-generation imbalance is measured by

∑
i ∈Ij (дi −di ),

for each island j, the submodular islanding results in imbalances

of 117.06 MW, 430.19 MW and −547.25 MW within each island

respectively. �e min-disruption islanding strategy achieves an

overall 19.02% lower imbalance which is given as 110.56 MW, 332.59

MW and −443.15 MW in each island respectively. �us, the metric
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f (S ) leads to a solution that is within a bound of 1/4 of the optimal

solution in this test case.

We also test our proposed submodular algorithm on a di�erent

operating point as follows. Instead of solving the optimal power

�ows, we get a power �ow solution using the default data given

in case39.m. By se�ing resistance to zero, the generation data is

slightly changed in order to match the total power demand. �e

resulting operating point is close to the one given in case39.m with

up to 1% variation in voltage magnitudes and 1.5 degree change in

bus angles.

In this test case, the submodular algorithm achieves the optimal

islanding solution with minimum power �ow disruption. �is

solution has the same partitioning as that shown in Fig. 4. Table

5 shows the comparison of power disruption between di�erent

islanding strategies. �e total load-generation imbalance resulted

by the submodular islanding is 208 MW.

We conclude that the submodular approach can achieve islanding

strategies within a bound of at least 1/4 of the optimal solution on

IEEE 39-bus system. One advantage of our submodular islanding

is its scalablity to larger systems. When enumerating all possible

islanding combinations is not feasible, the proposed submodular

approach can provide more reliable strategies given its optimality

guarantee on the objective function.

Table 5: Cutting strategies and corresponding power disrup-
tion in the new test case

Cutset spli�ing generator

group G1 from {G2,G3}

∑
|Pi j |(MW ) Method

(1) 9-39, 3-4, 3-18, 17-27 146.78

Min-Disruption/

Submodular Islanding

(2) 8-9, 3-4, 3-18, 17-27 153.28 Exhausted enumeration

(3) 8-9, 3-4, 17-18, 17-27 311.28 Exhausted enumeration

(4) 8-9, 3-4, 16-17 311.28 Exhausted enumeration

(5) 9-39, 3-4, 17-18, 17-27 304.78 Exhausted enumeration

Cutset spli�ing generator

group G2 from G3

∑
|Pi j |(MW ) Method

(1) 1-39 82.49

Min-Disruption/

Submodular Islanding

(2) 1-2 180.09 Exhausted enumeration

8 CONCLUSION
In this paper, we investigated the problem of controlled islanding in

power systems, in which a set of transmission lines are deliberately

tripped in order to partition the system into disconnected, internally

stable islands. We proposed a two-stage procedure for islanding. In

the �rst stage, generators are grouped into stable islands via slow

coherency analysis. In the second stage, load buses are assigned to

each island in order to minimize the generator-load imbalance. We

proved that the second stage can be further decomposed into two

submodular optimization problem, in which the objective function

for each problem is a lower bound on the generator-load imbalance.

In each problem, ensuring that each island is connected and that

there are no transmission lines between islands was mapped to

Figure 4: Islanding that has minimum �ow disruption. �e
dotted lines represent the cutsets.

a matroid constraint. �e supermodular structure enabled us to

propose polynomial-time islanding algorithms with a provable

optimality gap. Our approach was evaluated through a numerical

study on the IEEE 39-bus New England Test System.

�e procedure for controlled islanding presented in this paper

assigns generator and load buses to each island in separate stages,

and hence is inherently a relaxation of the islanding problem. Fu-

ture work includes investigating algorithms for joint selection of

generator and load buses in each island and incorporating more

characteristics of the power system, such as line capacities, relay

tripping time delays, power system voltage, and frequency dynam-

ics. We will also investigate other methods for grouping coherent

generators such as the approaches based on dynamic PMUs mea-

surements proposed in [10, 14].
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