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Abstract—Synchronization underlies phenomena including
memory and perception in the brain, coordinated motion of
animal flocks, and stability of the power grid. These syn-
chronization phenomena are often modeled through networks
of phase-coupled oscillating nodes. Heterogeneity in the node
dynamics, however, may prevent such networks from achieving
the required level of synchronization. In order to guarantee
synchronization, external inputs can be used to pin a subset
of nodes to a reference frequency, while the remaining nodes
are steered toward synchronization via local coupling. In this
paper, we present a submodular optimization framework for
selecting a set of nodes to act as external inputs in order to
achieve synchronization from a desired set of initial states. We
derive threshold-based sufficient conditions for synchronization,
and then prove that these conditions are equivalent to constraints
on monotone submodular functions over partition matroids.
Based on this connection, we map the sufficient conditions for

synchronization to constraints on submodular functions, leading
to efficient algorithms with provable optimality bounds for
selecting input nodes. We illustrate our approach via numerical
studies of synchronization in power systems.

I. INTRODUCTION

Synchronization plays a vital role in complex networks.

Stable operation of the power grid requires synchronization

of buses and generators to a common frequency [1]. Syn-

chronized oscillations of neuronal firing provide a biological

mechanism for aggregating information in perception [2] and

memory [3]. Coordinated motion of animals [4] occurs when a

common heading is achieved. The prevalence of synchroniza-

tion across different application domains motivates the study

of the basic principles underlying synchronization [5].

A variety of models have been proposed to quantify and

characterize synchronization phenomena. These models in-

clude phase-coupled oscillator models such as the Kuramoto

model [6], pulse-coupled synchronization models [7], consen-

sus algorithms in distributed systems [8], and coupling models

from statistical physics [9]. A common structure present in

many of these models consists of an intrinsic dynamics of each
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node, together with a (nonlinear) diffusive coupling with the

neighboring nodes. The relative strength of the intrinsic and

diffusive coupling terms will determine whether the distributed

nodes reach a synchronized or consensus state.

The existence and stability of synchronized states has been

studied extensively in the literature [10], [11], [12], including

conditions based on the intrinsic frequencies, network topol-

ogy, and degree of coupling between the nodes. An important

case is synchronization in the presence of external inputs [13].

External inputs arise in applications including neuroscience,

where they represent environmental stimuli [2] or deep brain

stimulation [14]. From an engineering standpoint, by intro-

ducing external inputs that pin a subset of nodes to a desired

phase and frequency, a network that does not synchronize in

the absence of inputs can be driven to a synchronized state,

thus facilitating stability and performance of the network [15],

[16].

Existing analytical approaches to introducing external inputs

assume that the external input node is connected to all other

nodes [15], or that the network has a specific topology such

as a complete graph [16]. Developing sufficient conditions

for synchronization using external inputs in networks with

arbitrary topology is an open problem. Efficient algorithms

for selecting a subset of input nodes in order to guarantee

synchronization are also not available in the existing literature.

In this paper, we present an optimization framework for

selecting a subset of nodes to act as external inputs in order to

guarantee synchronization. Specifically, we consider networks

where the dynamics of each node consists of a constant term

and a nonlinear coupling with each neighboring node, and the

input nodes are pinned to a fixed state. We develop a submodu-

lar optimization framework for selecting a minimum-size set of

input nodes to achieve a desired level of synchronization, with

provable bounds on the optimality of the chosen input nodes.

Submodularity is a diminishing returns property of discrete

optimization problems, analogous to convexity, that leads to

provable optimality bounds for combinatorial problems. Our

contributions are summarized as follows:

• We formulate the problem of selecting a minimum-size

set of input nodes in order to ensure that the network

converges to a fixed point within a desired bound of a

reference state. We incorporate constraints that ensure

that the node states remain within a desired region prior

to convergence.
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• We derive a set of sufficient conditions for a given

set of input nodes to achieve synchronization from any

given set of initial states. We interpret our conditions as

each node achieving a desired level of synchronization

if a threshold number of neighbors reaches that level of

synchronization.

• We develop a submodular optimization framework for

selecting a minimum-size set of input nodes to achieve

these synchronization conditions. We prove that each

condition is equivalent to maximizing a monotone sub-

modular function subject to a partition matroid constraint.

We propose polynomial-time algorithms that exploit these

structures in order to achieve provable bounds on the

optimality of the chosen inputs. We interpret these bounds

for the special case of Kuramoto dynamics.

• We evaluate our approach through a numerical study of

synchronization in power grids using the IEEE 14 Bus

test case [17]. We analyze the set of input nodes required

for synchronization and the trajectories of the non-input

nodes prior to synchronization.

The rest of the paper is organized as follows. In Section II, we

give an overview of the related work. Section III contains our

system model, definition of synchronization, and background

on submodularity. We present our submodular framework

for ensuring synchronization in Section IV. Input selection

algorithms are described in Section V. Section VI contains

our simulation results. Section VII concludes the paper and

gives directions for future work.

II. RELATED WORK

The phase-coupled oscillator framework for modeling syn-

chronization phenomena was introduced in the seminal work

of Winfree [18]. Models of oscillation include Lorenz [9],

kick [19], Van der Pol [20], and pulse-coupled [7] oscillators.

The sinusoidally-coupled Kuramoto model was introduced in

[21]. Extensive studies have been performed on the mean-field

behavior of the Kuramoto model with all-to-all coupling (i.e.,

each node is coupled to each other node) in the limit as the

network size grows large [6]. Results on synchronization in

the absence of any inputs can be found in [11], [22], [23],

[23], [1].

Synchronization in the presence of external inputs has

achieved relatively less study. Numerical studies have esti-

mated the region of attraction, defined as the set of initial

states that converge to the desired state, of the Kuramoto

model with inputs for the case of all-to-all coupling [24].

Sufficient conditions for synchronization when there is a single

input node that is connected to all other nodes were presented

in [15], [25], [16]. These works do not, however, consider

synchronization with external inputs in networks with arbitrary

topology, and do not propose methods for selecting a subset

of input nodes.

Steering a complex network to a desired state by pinning

a set of nodes to a fixed value has been studied in the area

of pinning control [26], [27], [28], [29]. These existing works

assume that each node’s dynamics is a nonlinear function of

the current state with linear coupling between the neighbors,

and hence differs from our approach that considers nonlinear

coupling between neighboring nodes. To the best of our

knowledge, conditions for pinning control of the model that

we consider are not available in the existing literature.

Selecting external input nodes to achieve synchronization

can be viewed as part of the broader area of selecting input

nodes to control complex networks. Much recent work on

selecting input nodes has focused on guaranteeing controlla-

bility of linear dynamics on the network [30], [31], [32], [33].

The assumption of linear dynamics, however, is not applicable

to the nonlinear oscillators considered here. Furthermore,

controllability analysis assumes the input node states can be

set to any desired value, whereas our model considers input

nodes that are pinned to a fixed reference state.

Submodularity has been used in the existing literature to

solve graph optimization problems including influence maxi-

mization [34] and leader selection [35]. At present, however,

there have been no applications of submodularity to nonlinear

synchronization to the best of our knowledge.

III. MODEL AND PRELIMINARIES

In this section, we describe the system model and node

dynamics, define the notion of synchronization considered

in this paper, and give background on submodularity and

matroids.

A. System Model

A network of n nodes, indexed in the set V = {1, . . . , n}
is considered. Each node v ∈ V has a neighbor set N(v) ⊆
V , consisting of the set of nodes that are coupled to v. We

assume that links are bidirectional, so that u ∈ N(v) implies

v ∈ N(u). An edge (u, v) exists if u ∈ N(v) and v ∈ N(u).
We let E denote the set of edges. The graph G = (V,E) is

assumed to be connected; if not, our proposed input selection

methods can be applied to each connected component of the

graph.

Each node v has a time-varying state xv(t). The vector of

node states at time t is denoted x(t) ∈ R
n. We assume that

there are two types of nodes, denoted input and non-input

nodes. We let A denote the set of input nodes. The states of

the non-input nodes follow the nonlinear dynamics

ẋv(t) = −
∑

u∈N(v)

αuv(xv(t)− xu(t)) + ωv. (1)

In (1), the first term represents the coupling between the

nodes, while ωv describes the state dynamics in the absence of

coupling. Note that the ωv’s may be distinct, corresponding to

a case where the frequencies of the nodes are heterogeneous.

The function αuv(y) is assumed to satisfy dαuv

dy (xu−xv) ≥ 0

when x ∈ Λfinal. We define α′
uv(y) =

dαuv

dy .

As a motivating example, the Kuramoto model [6] can be

obtained by setting αuv(xv − xu) = Kuv sin (xv − xu) for

some coupling coefficient Kuv ≥ 0. The condition dαuv

dy ≥ 0
holds when |xv − xu| ≤

π
2 .

Each input node v ∈ A is assumed to be pinned to a desired

frequency ω0 and state offset x0, so that ẋv(t) = ω0 and

xv(t) = ω0t+x0 for all v ∈ A. We assume that ω0 = x0 = 0.
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This assumption is without loss of generality since we could

define a new state x̂v(t) = xv(t)−ω0t−x0 and ω̂i = ωi−ω0.

The overall node dynamics are given by

ẋv(t) =

{

−
∑

u∈N(v) αuv(xv(t)− xu(t)) + ωv, v /∈ A

ω0, v ∈ A
(2)

We define Λinit to denote the possible initial states, and

Λbound to denote the set of safe states for the dynamics (2).

The set Λbound is motivated by applications such as phase

synchronization in power systems, where |xv−xu| > π/2 for

two neighboring generators v and u implies that one generator

will trip off.

We let xv = max {|xv| : x ∈ Λinit} and x∗ to be the largest

value of r such that ||x||∞ ≤ r implies that x ∈ Λbound.

B. Definition of Synchronization

We now define the notion of synchronization considered in

this paper.

Definition 1: A set of notes achieves γ-synchronization if,

for any x(0) ∈ Λinit, (i) limt→∞ x(t) = x∗ with x∗ satisfying

||x∗||∞ ≤ γ, and (ii) x(t) ∈ Λbound for each time t.
We define the set Λfinal = {x : ||x||∞ ≤ γ}.

This definition of synchronization implies that the node

states converge to a fixed point with all node states within the

desired bound γ of the reference state, 0. In the special case of

the Kuramoto model, condition (i) is analogous to the practical

synchronization condition of [1]. Condition (ii) ensures that

the nodes never reach an undesired state, for example, having

a phase separation of greater than π/2 in a power system.

C. Background on Submodularity

We now give background on submodularity and matroids.

Let V denote a finite set, and let 2V denote the set of all

subsets of V .

Definition 2: A function f : 2V → R is submodular if, for

any sets S and T with S ⊆ T ⊆ V and any v ∈ V \ T ,

f(S ∪ {v})− f(S) ≥ f(T ∪ {v})− f(T ). (3)

Submodularity of a function f(S) implies that the incremental

increase in the function from adding an element v to a set S
is larger than the benefit from adding v to a larger set T ,

and hence can be viewed as a notion of diminishing returns.

For a submodular function f(S), with S ⊆ {1, . . . , n}, the

multilinear relaxation F : [0, 1]n → R is defined by

F (y) =
∑

S⊆{1,...,n}

[

f(S)

(

∏

i∈S

yi

)(

∏

i/∈S

(1 − yi)

)]

.

The function F (y) can be interpreted as the expected value of

f(R), where R is a random subset of V that is obtained by

sampling each element i ∈ V with probability yi.
A function f : 2V → R is monotone if S ⊆ T implies that

f(S) ≤ f(T ).
A matroid is defined as follows.

Definition 3: A matroid M = (V, I) consists of a set V
and a collection of subsets of V denoted I. M is a matroid

if (i) ∅ ∈ I, (ii) A ⊆ B and B ∈ I implies A ∈ I, and (iii)

A, B ∈ I and |A| < |B| implies that there exists v ∈ B \ A
with (A ∪ {v}) ∈ I.

If M = (V, I) is a matroid and A ∈ I, then A is denoted

an independent set. The rank of a matroid is defined as the

size of the largest independent set. A maximal independent set

is a basis. The matroid rank function ρ : 2V → R is defined

as

ρ(A) = max {|B| : B ⊆ A and B ∈ I},

i.e., the size of the largest independent subset of A. For

any matroid M with V = {1, . . . , n}, the matroid polytope

P (M) ⊆ R
n is defined by
{

y ∈ R
n :
∑

i∈A

yi ≤ ρ(A) ∀A

}

.

A simple example of a matroid is the free matroid, defined

by S ∈ I iff |S| ≤ k for some integer k. Another type of

matroid that will be used in the subsequent sections is the

partition matroid, defined as follows.

Definition 4: Let V = V1∪· · ·Vm be a partition of a set V ,

i.e., Vi ∩ Vj = ∅ when i /∈ j. Define a collection I by A ∈ I
if |A ∩ Vi| ≤ 1 for all i = 1, . . . ,m. Then M = (V, I) is a

partition matroid.

Lastly, we define the direct sum of two matroids.

Definition 5: Let M1 = (V1, I1) and M2 = (V2, I2). The

direct sum M =M1 ⊕M2 is defined by V = V1 ∪ V2 and

A ∈ I if (A ∩ V1) ∈ I1 and (A ∩ V2) ∈ I2.

IV. SUBMODULAR FRAMEWORK FOR SYNCHRONIZATION

In this section, we formulate the problem of selecting a

set of input nodes to guarantee synchronization. We first show

that the nodes achieve synchronization if there exists a positive

invariant set containing the set of possible initial states of the

nodes, and if any initial state in the invariant set eventually

converges to the set of desired final states, Λfinal. We then

formulate a sufficient condition for existence of a positive

invariant set and prove that it is equivalent to a submodular

constraint. Finally, we formulate a sufficient condition for

convergence to γ-synchronization, as well as an equivalent

submodular constraint.

A. Statement of Sufficient Condition

We first present a known result on consensus in time-varying

networks as a preliminary. For any δ > 0 and any matrix B,

the δ-digraph is defined as the digraph where edge (i, j) exists

if Bij ≥ δ.

Theorem 1 ([36], Theorem 1): Consider the linear system

ẋ(t) = F (t)x(t), where F (t) is a time-varying system

matrix. Assume that the system matrix is a bounded piecewise

continuous function of time, and that for every time t the

system matrix is Metzler (i.e., all off-diagonal elements are

nonnegative) and has zero row sums. Suppose further that there

is an index k ∈ {1, . . . , n}, a threshold value δ > 0, and an

interval length T > 0 such that for all t ∈ R the δ-digraph

associated to
∫ t+T

t

F (s) ds
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has the property that all nodes may be reached from the node

k. Then the set of states {x∗1 : x∗ ∈ R} is uniformly

exponentially stable. In particular, all components of any

solution converge to a common value as t→∞.

The following theorem gives a sufficient condition for a set

of input nodes to guarantee synchronization.

Theorem 2: Suppose that there exists a set ΛPI such that

the following conditions hold: (a) Λinit ⊆ ΛPI ⊆ Λbound, (b)

ΛPI is positive invariant, i.e., if x(0) ∈ ΛPI , then x(t) ∈ ΛPI

for all t ≥ 0, and (c) If x(0) ∈ ΛPI , then there exists T such

that t ≥ T implies x(t) ∈ Λfinal. Then the set of input nodes

A satisfies conditions (i) and (ii) of Definition 1 and hence

ensures γ-synchronization.

Proof: In order to prove condition (i) of Definition 1,

consider ẋ(t), which has dynamics

ẍv(t) = −
∑

u∈N(v)

[α′
uv(xv(t)− xu(t))(ẋv(t)− ẋu(t))] (4)

for v /∈ A and ẍv(t) ≡ 0 for v ∈ A.

We now define dynamics of the form in Theorem 1 in order

to analyze the convergence of (4). Let z(t) ∈ R
n+1 denote

the state variable, where zn+1 is the state of a “super node”

with dynamics żn+1(t) ≡ 0. Suppose that t > T and hence

x(t) ∈ Λfinal. Define the system matrix F (t) by

Fvu(t) =























α′
uv(xv(t)− xu(t)), for (u, v) ∈ E, v /∈ A
−
∑

s∈N(v) α
′
sv(xv(t)− xs(t)), u = v, u /∈ A

−1, for u = v, u ∈ A
1, for v ∈ A, u = (n+ 1)
0, for v = n+ 1

By assumption, α′
uv ≥ 0. Hence F (t) is a bounded, piecewise

continuous Metzler matrix with rows that sum to zero, and

the connectivity of the graph G implies that node (n + 1) is

connected to all other nodes in the associated δ-digraph. By

Theorem 1, z(t) converges to a state x∗1.

If we set zv(0) = zn+1(0) = 0 for all v ∈ A and zv(0) =
ẋv(0) for all v /∈ A, then the trajectory of [z1(t) · · · zn(t)]T

will be identical to the trajectory of ẋ(t). Hence, by Theorem

1, limt→∞ ẋ(t) = ω∗1 for some ω∗ ∈ R. Moreover, since

ẋv(t) ≡ 0 for all v ∈ A, we must have ω∗ = 0, implying

convergence to a fixed point.

Since ẋ converges to 0, x(t) converges to a fixed point

x
∗. By condition (c), since x(t) ∈ Λfinal for t sufficiently

large, x∗ ∈ Λfinal. This completes the proof of condition (i)

of Definition 1.

The proof of condition (ii) in Definition 1 follows from (a)

and (b), which imply that x(t) ∈ ΛPI ⊆ Λbound for all t ≥ 0
whenever x(0) ∈ Λinit.

Figure 1 illustrates the relationship between the sets Λbound,

Λinit, Λfinal, and ΛPI of Definition 1 and Theorem 2.

The following two subsections present a submodular for-

mulation for selecting a set of input nodes to satisfying the

conditions of Theorem 2.

B. Submodular Constraint for Existence of Positive Invariant

Set

In this section, we formulate a submodular constraint for

existence of a subset ΛPI that is positive invariant and satisfies

Fig. 1. Illustration of the sets Λbound, Λinit , Λfinal, and ΛPI .

Λinit ⊆ ΛPI ⊆ Λbound. This corresponds to conditions (a) and

(b) of Theorem 2. We first state the following proposition that

gives a sufficient condition for positive invariance.

Proposition 1: Suppose that a set ΛPI is defined by ΛPI =
{x : |xv| ≤ xPI

v } for some {xPI
v : v ∈ V }. If

∑

u∈N(v)

min
{

αuv(x
PI
v − xu) : |xu| ≤ xPI

u

}

> |ωv|+ ǫ (5)

for all v ∈ V and some ǫ > 0, then the set ΛPI is positive

invariant.

Proof: Suppose that (5) holds for all v ∈ V and yet

ΛPI is not positive invariant. Let x(0) ∈ ΛPI be such that

x(t) /∈ ΛPI for some t, and define

t∗ , inf {t : xv(t) > xPI
v for some v}.

Then |xv(t
∗)| = xPI

v for some v ∈ V , and we have

ẋv(t
∗) = −

∑

u∈N(v)

αuv(x
PI
v − xu(t

∗)) + ωv

< −
∑

u∈N(v)

min
{

αuv(x
PI
v − xu) :

|xu| ≤ xPI
u

}

+ |ωv|

< −(|ωv|+ ǫ) + |ωv| < −ǫ

implying that |xv(t)| ≤ xPI
v in some neighborhood of t∗ and

contradicting the definition of t∗.

A similar argument holds when xv(t
∗) = −xv. We have

ẋv(t
∗) = −

∑

u∈N(v)

αuv(−x
PI
v − xu(t

∗)) + ωv

=
∑

u∈N(v)

αuv(x
PI
v + xu(t

∗)) + ωv

>
∑

u∈N(v)

min
{

αuv(x
PI
v − xu) :

|xu| ≤ xPI
u

}

+ ωv

> |ωv|+ ǫ− |ωv| > ǫ

which implies that xv(t) > −xPI
v in some neighborhood of

t∗. These contradictions imply ΛPI is positive invariant.

Based on this sufficient condition, we can evaluate the

number of input nodes required for synchronization for certain

types of graphs, as in the following lemma.

Lemma 1: Suppose that the graph G = (V,E) is complete,

i.e., there exists an edge (u, v) ∈ E for each u and v in V ,

and that Kuv ≡ K for all u and v. Then synchronization is

achieved if xmax
v ≤ π

4 and |A| ≥ |ω|
√
2

K .
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Proof: Choose as the candidate positive invariant set

ΛPI =
{

|xv| ≤
π
4

}

. Then Proposition 1 implies that synchro-

nization is achieved if
∑

u∈A

sin
π

4
≥ |ω|,

which is equivalent to |A| ≥ |ω|
√
2

K .

As a first step in our approach, we develop a discrete version

of the constraint in Proposition 1. In what follows, we assume

that α′
uv(x) ≥ 0 for all x; the general case is considered in

Section IV-D. Let M be a positive integer. For any integers

mu,mv ∈ {1, . . . ,M}, define

λuv(mu,mv) = min

{

αuv

(

mvx
max
v

M
− xu

)

:

|xu| ≤
mux

max
u

M

}

.

By Proposition 1, a sufficient condition for existence of a

positive invariant set is the existence of a set of integers

(mv : v ∈ V ) satisfying
∑

u∈N(v)

λuv(mu,mv) ≥ |ωv|+ ǫ.

Note that the construction xPI
v =

mvx
max

v

M and mv ≤ M
ensures that xPI

v ≤ xmax
v , and hence ΛPI ⊆ Λbound.

We can obtain an equivalent condition by setting

ρuv(mu,mv) = λuv(mu,mv)− min
mu,mv=1,...,M

λuv(mu,mv),

given by

∑

u∈N(v)

ρuv(mu,mv) ≥ |ωv|+ ǫ

−
∑

u∈N(v)

min
mu,mv=1,...,M

λuv(mu,mv) , τv, (6)

noting that ρuv(mu,mv) ≥ 0 for all mu and mv.

We now formulate a submodular constraint for ensuring

convergence to a positive invariant set. Our approach is to

introduce the set V = {vm : m = mv, . . . ,M}, where

mv = min {m : |xv| ≤
xmax
v m

M
∀x ∈ Λinit},

and to map the problem of identifying a positive invariant

set to selecting a set S ⊆ V subject to constraints that we

will show are equivalent to (6). Under this mapping, vm ∈ S
implies that mv = m. The definition of V ensures that mv ≥
mv for all v ∈ V , and hence that Λinit ⊆ ΛPI .

In order to ensure that the mapping is well-defined and that

the number of inputs does not exceed a desired bound k, we

introduce the collection Ik of subsets of V , with S ∈ Ik if

|S ∩ {vm : m = 1, . . . ,M}| ≤ 1 for all v ∈ V and |S ∩ {v0 :
v ∈ V }| ≤ k.

Lemma 2: The collection Mk = (V , Ik) is a matroid.

Proof: Define V
(0)

= {v0 : v ∈ V } and V
(1)

= {vm :
v ∈ V,m = mv, . . . ,M}. We construct a collection of subsets

of V
(0)

, denoted I
(0)
k , by S ∈ I

(0)
k if |S| ≤ k. Similarly,

construct a collection of subsets of V
1
, denoted I

(1)
k , by S ∈

I
(1)
k if |S ∩ {vm : m = mv, . . . ,M}| ≤ 1 for all v ∈ V .

The collection M
(0)
k = (V

(0)
, I

(0)
k ) is a free matroid of

cardinality k. The collectionM
(1)
k = (V

(1)
, I

(1)
k ) is a partition

matroid. By inspection,Mk =M
(1)
k ⊕M

(2)
k , and henceMk

is a matroid as well.

The set of bases of Mk is denoted Bk. We observe that a

set S ∈ Ik could have v0 ∈ S and vm ∈ S. In this case, the

quantity mv from Eq. (6) is given by mv = 0.

We will now construct a submodular function fv(S) such

that {fv(S) ≥ τv} ∩ {S ∈ Ik} is equivalent to (6). As a

preliminary, define

Suv = S ∩ {ul, vm : l = mu, . . . ,M,m = mv, . . . ,M}.

One candidate function is given by
∑

u
m′ ,vm∈S

ρuv(um′ , vm).

This function, however, is not submodular as a function of

S; instead, if v0 /∈ S, we define fv(S) =
∑

u∈N(v) fuv(S),
where

fuv(S) = Kuv log (|Suv|+ 1)

+ max















∑

vm∈S

u
m′∈S

ρuv(um′ , vm), guv(S)















. (7)

In (7), guv(S) = min {ρuv(0, vm) : vm ∈ S} if u0 ∈ S and 0
if u0 /∈ S. The parameter Kuv is defined by

Kuv =
1

logφ

∑

u′
m
,vm∈V

ρuv(um′ , vm) ,
1

logφ
Zuv (8)

for some φ ∈
(

1, 1 + 1
4M2+8M+3

)

. If v0 ∈ S, then let

fv(S) = R for some R satisfying R ≥ fv(S) for all S that

do not contain v.

Let Kv =
∑

u∈N(v) Kuv. We now prove that Eq. (6) can

be expressed as a constraint on fv(S).
Proposition 2: There exist a set of indices (mv : v ∈ V )

and a set of inputs A with |A| ≤ k such that (6) holds for all

v ∈ V if and only if there is a set S satisfying S ∈ Bk and

fv(S) ≥ Kv log 3 + τv for all v ∈ V .

Proof: First, suppose that the indices (mv : v ∈ V ) satisfy

(6) with input set A. We assume without loss of generality that

|A| = k (otherwise we can add elements to A until |A| = k).

For each v ∈ A (for which mv = 0), choose an arbitrary

m̂v ∈ {mv, . . . ,M}. Define the set S by

S = {vmv
: v ∈ V \A} ∪ {v0, vm̂v

: v ∈ A}.

By construction, S ∈ Bk. We have |Suv| = 2 for all u and v.

The functions fuv(S) for v /∈ A are evaluated as follows. If

u /∈ A, then fuv(S) = Kuv log 3 + ρuv(umu
, vmv

). If u ∈ A,

then

fuv(S) = max {ρuv(um̂u
,mv), ρuv(0,mv)}

= ρuv(0,mv) = ρuv(mu,mv),
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since ρuv(m̂u,mv) ≤ ρuv(0,mv) by definition. Hence

∑

u∈N(v)

fuv(S) = Kv log 3 +
∑

u∈N(v)

ρuv(mu,mv)

≥ Kv log 3 + τv

for all v ∈ V .

Conversely, suppose that S ∈ Bk and fv(S) ≥ dvK log 3+
τv for all v ∈ V . For each v ∈ V , set mv = 0 if v0 ∈ S
and mv as the unique integer with vmv

∈ S otherwise. By the

same argument as above,

fuv(S) = Kuv log 3 + ρuv(mu,mv),

and hence fv(S) ≥ Kv log 3 + τv is equivalent to (6).

We next prove that fv(S) is monotone and submodular as

a function of S, starting with monotonicity.

Lemma 3: The function fv(S) is monotone nondecreasing

as a function of S.

The proof is given in the appendix. The next step is to show

that fuv(S) is submodular as a function of S.

Proposition 3: The function fuv(S) is submodular as a

function of S.

The proof can be found in the appendix. The following

lemma enables us to formulate existence of a positive invariant

set as a single matroid constraint and a single submodular

constraint.

Lemma 4: The constraint fv(S) ≥ Kv log 3 + τv for all

v ∈ V is equivalent to

f̃(S) ,
∑

v∈V

min {fv(S), τv +Kv log 3}

≥
∑

v∈V

(τv +Kv log 3).

The function f̃(S) is monotone nondecreasing and submodular

as a function of S.

Proof: If fv(S) ≥ Kv log 3+ τv for all v ∈ V , then each

term of F (S) is equal to τv + Kv log 3 and hence F (S) ≥
∑

v∈V (τv +Kv log 3). Conversely, f̃(S) is bounded above by
∑

v∈V (τv +Kv log 3), and equality can hold only if fv(S) ≥
Kv log 3 + τv for each v ∈ V .

Since fv(S) is submodular as a function of S, it is a

known result that min {fv(S), c} is submodular as a function

of S for any constant c. Hence f̃(S) is a sum of submodular

functions and is submodular. Monotonicity of f̃(S) follows

from monotonicity of each fv(S).

Lemma 4 and Proposition 2 imply that (6) is equivalent to

the existence of a set S ⊆ V satisfying S ∈ Ik and F (S) ≥
∑

v∈V Kv log 3 + τv .

C. Ensuring Convergence to Synchronization

The following proposition gives sufficient conditions to

ensure that, for any x(0) ∈ Λinit, there exists T such that

x(t) ∈ Λfinal for all t ≥ T . This corresponds to condition (c)

of Theorem

Proposition 4: Let Λ = {x : |xv| ≤ xv} be a positive

invariant set. Suppose there exists an index v and xv ∈ [0, xv]
such that

∑

u∈N(v)

min {αuv(xv − xu) :

xv ∈ [xv, xv], |xu| ≤ xu} > |ωv|+ ǫ. (9)

Define Λ′ = Λ \ {x : xv ∈ [xv, xv]}. Then Λ′ is positive

invariant and, when x(0) ∈ Λ, there exists T such that x(t) ∈
Λ′ for all t ≥ T .

Proof: We first show positive invariance of Λ′. Suppose

x(0) ∈ Λ′. Since Λ is positive invariant, |xu| ≤ xu for all

u 6= v. It suffices to show that if |xv(0)| ≤ xv , then |xv(t)| ≤
xv for all t ≥ 0. This result holds by (9) and Proposition 1.

It remains to prove that, if x(0) ∈ Λ, then there exists T
such that x(t) ∈ Λ′ for t ≥ T . Suppose that this is not the

case, and choose x(0) ∈ Λ such that xv(t) ∈ [xv, xv] for all

t ≥ 0. Then

ẋv(t) = −
∑

u∈N(v)

αuv(xv(t)− xu(t)) + ωv

≤ −|ωv| − ǫ + |ωv| = −ǫ,

implying that

xv(t) ≤ xv(0)− ǫt ≤ xv − ǫt

and hence xv(t) ≤ xv for t sufficiently large. This contra-

diction implies that x(T ) ∈ Λ′ for some T > 0. Positive

invariance of Λ′ then yields x(t) ∈ Λ′ for t ≥ T .

Based on Proposition 4, we divide the time into intervals of

length T , and let

mi
v = max

{

m : |xv(t)| ≤
mγ

M
∀t ≤ iT

}

.

Hence mi
v defines on upper bound on xv(t) during the first i

time intervals. A sufficient condition for (9) is then given by

∑

u∈N(v)

σuv(m
i−1
u ,mi

v) ≥ |ωv|+ ǫ,

where

σuv(m, l) = min {αuv(xv − xu) :

xv ∈

[

(m− 1)xmax
v

M
,
mxmax

v

M

]

, |xu| ≤
lxmax

u

M

}

.

We observe that the values of mi
v are nonincreasing over time,

and that during each time epoch, either at least one value of

mi
v is decremented, or no values of mj

v can be decremented

in any future epoch j > i. Since each value of mi
v can be

decremented at most M times, the total number of epochs

that must be considered is bounded by (MN + 1).

Convergence to Λfinal is then ensured if

mMN+1
v ≤ max

{

m :
mxmax

v

M
≤ γ

}

, mv.
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In what follows, we develop a submodular optimization

approach for ensuring convergence to Λfinal. Analogous to

Section IV-B, we define the ground set

Ṽ = {v0m : m = mv, . . . ,M, v ∈ V }

∪ {vim : m = 1, . . . ,M, v ∈ V, i = 1, . . . ,MN}

∪ {vMN+1
m : m = 1, . . . ,mv, v ∈ V } ∪ {v0 : v ∈ V }.

For a set S ⊆ V , vim ∈ S implies that mi
v ≤ m. The constraint

that v0m ∈ Ṽ only for m ≥ mv ensures that all initial states

in Λinit are included in the analysis. Similarly, vMN+1
m ∈ Ṽ

for m ≤ mv ensures that the final states lie in Λfinal.

We define the set of feasible sets Jk by S ∈ Jk if

|S ∩ {vim : m = 1, . . . ,M}| ≤ 1

for all v ∈ V and i = 0, . . . ,MN + 1, and if |S ∩ {v0 : v ∈
V }| ≤ k.

Lemma 5: The collection of sets Nk = (Ṽ ,Jk) is a matroid.

Proof: Define N k by N k = (Ṽ ′,J ′
k), where Ṽ ′ = {v0 :

v ∈ V }, and S ∈ J ′
k if |S| ≤ k. DefineN i

k by N i
k = (Ṽ i

k ,J
i
k),

with Ṽ i
k = {vim : i = 1, . . . ,M, v ∈ V } and S ∈ J i

k if

|S ∩ {vim : m = 1, . . . ,M}| ≤ 1 for all v ∈ V .

By construction, N k is a free matroid of rank k, and each

N i
k is a partition matroid. Furthermore,

Nk = N k ⊕N
0
k ⊕ · · · ⊕ N

MN+1
k ,

implying that Nk is a direct sum of matroids and hence is a

matroid.

We now construct a submodular function that gives a

sufficient condition for convergence to Λfinal. For each i =
1, . . . ,MN + 1 and (u, v) ∈ E, define

f i
uv(S) = Kuv log

(

|Si
uv|+ 1

)

+max



















∑

vi
m

∈S

ui−1

m′ ∈S

σuv(m
′,m), giuv(S)



















,

where Kuv is defined as

Kuv =
1

logφ

∑

m,m′=1,...,M

σuv(m
′,m) , Zuv,

the set Suv is defined by

Si
uv = S∩

(

{ui−1
m : m = 1, . . . ,M} ∪ {vim : m = 1, . . . ,M}

)

,

and

giuv(S) =

{

minvi
m
∈S {σuv(0,m)}, u0 ∈ S

0, else

The following proposition provides a sufficient condition

for convergence to Λfinal based on f i
v(S).

Proposition 5: If there exists S such that S ∈ B(Nk) and

f i
v(S) ≥ Kv log 3 + |ωv|+ ǫ

−
∑

u∈N(v)

min {α(xv − xu) : x ∈ Λbound}

, βv

for all v ∈ V and i = 1, . . . ,MN + 1, then the state x(t)
converges to Λfinal.

Proof: Define mi
v to be equal to 0 if v0 ∈ V , and equal

to the unique v with vim ∈ S otherwise. We will show that, at

time T i, |xv(t)| ≤
mi

v
xmax

v

M by induction on i. At time i = 0,

the condition holds by assumption. Suppose the result holds

up to time i − 1, and at time i we have f i
v(S) ≥ βv for all

v ∈ V . Then

f i
v(S) =

∑

u∈N(v)

(Kuv log 3 + σuv(mi−1
u ,mi

v))

≥ Kv log 3 + |ωv|+ ǫ

−
∑

u∈N(v)

min {α(xv − xu) : x ∈ Λbound}.

Equivalently,

∑

u∈N(v)

min {αuv(xv − xu) :

xv ∈

[

(mi
v)x

max
v

M
,
mi−1

v xmax
v

M

]

, |xu| ≤
mi−1

u xmax
u

M

}

> |ωv|+ ǫ,

implying that |xv(t)| ≤
mi

v
γ

M for t ≥ iT by Proposition 4.

Hence, by induction, for t sufficiently large,

|xv(t)| ≤
mMN+1

v xmax
v

M
≤

mvx
max
v

M
≤ γ

since vMN+1
m ∈ S and S ∈ B(Nk) implies that vm ≤ mv .

The following result enables convergence to Λfinal to be

formulated as a submodular constraint on S.

Proposition 6: The function f i
v(S) is monotone and sub-

modular as a function of S.

The proof can be found in the appendix. In order to combine

the results of this section and the previous section, we define

a function

f(S) , f̃(S) +

MN+1
∑

i=1

∑

v∈V

min {f i
v(S), βv}, (10)

which is monotone and submodular as a function of S since

f̃(S) and each f i
v(S) is monotone and submodular. The

problem of selecting a minimum-size set of input nodes to

ensure synchronization can then be formulated as

minimize k

s.t. f(S) ≥
∑

v∈V τv +
∑MN+1

i=1

∑

v∈V βv

S ∈ Nk

(11)

D. Input Selection with Non-Monotone Coupling

The case where dαuv

dx can be negative is considered as

follows. An example of a scenario where this occurs is the

Kuramoto model when the phase separation between adjacent

nodes exceeds π/2. As in [15], we develop conditions for

synchronization in which the set of input nodes is a dominating

set, i.e., A ∩ {u, v} 6= ∅ for each (u, v) ∈ E. The following

proposition gives sufficient conditions for synchronization

when this assumption holds.
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Proposition 7: If the functions αuv satisfy dαuv

dx ≥ 0 for

x ∈ Λfinal, the non-input nodes v satisfy
∑

u∈N(v)

αuv(xv) > |ωv|

for all x ∈ Λinit\Λfinal, and A∩{u, v} 6= ∅ for all (u, v) ∈ E,

then the oscillators achieve synchronization.

Proof: Proposition 1 and Proposition 4, together with

the dominating set assumption, imply that synchronization is

achieved if all v /∈ A satisfy
∑

u∈N(v)

αuv(xv) > |ωv| (12)

for all x ∈ [xfinal
v , xPI

v ] for some xPI
v such that |xPI

v | ≥
|xinit

v |. This requirement is equivalent to (12) holding with

xPI
v = xinit

v .

Proposition 7 implies that the following procedure is suf-

ficient to select input nodes that guarantee synchronization.

First, initialize the set of input nodes A to be equal to the

set of all nodes v such that Eq. (12) fails. Then, taking the

graph G′ = (V ′, E′) induced by the vertices V \ A, find a

minimum-size set of nodes A′ such that A′ ∩ {u, v} 6= ∅ for

all (u, v) ∈ E′ by solving an instance of the set cover problem.

This algorithm will produce an O(log n) approximation to the

minimum-size set satisfying (12) in polynomial-time [37].

V. INPUT SELECTION ALGORITHMS FOR

SYNCHRONIZATION

In this section, we propose efficient algorithms for selecting

input nodes to guarantee synchronization based on the formu-

lation of Eq. (11). We first present our proposed algorithm,

followed by analysis of its optimality bounds.

The input selection algorithm is a two-stage approach. In

the first stage, the the set S ∩ {vim : m = 1, . . . ,M, i =
1, . . . ,MN + 1} is selected in order to approximate the

solution to
maximize f(S1)
s.t. S1 ∈ M1

(13)

where M1 is the matroid consisting of all sets S ⊆ Ṽ with

S ∈ Nk and S ∩ {v0 : v ∈ V } = ∅. This stage corresponds to

selecting a sequence of positive invariant sets that the node

states will occupy, with the final state a subset of Λfinal.

From the previous section, Eq. (13) consists of maximizing

a monotone nondecreasing submodular function subject to a

partition matroid constraint. A continuous greedy algorithm

for solving this problem is described as follows.

The idea of the algorithm is to solve a continuous relaxation

of (13) to obtain a solution y, and then round the continuous

solution to obtain a discrete set S1. The continuous problem

is formulated as

maximize F (y)
s.t. y ∈ P (M1)

(14)

where F (y) is the multilinear relaxation and P (M1) denotes

the matroid polytope of M1. In order to approximate 14), y
is initialized to 0. At each iteration, define avi

m
by

avi
m
= E(f(R ∪ {vim})− f(R)),

where R is a random variable generated by sampling each

i ∈ Ṽ with probability yi. A set I is then chosen to satisfy

max
{
∑

i∈I avi
m
: I ∈M1

}

. SinceM1 is a partition matroid,

this optimization problem can be solved in linear time. The

set y is then incremented as y(t+ δ) = y(t)+ δ1I , where δ =
1

(N+(NM+1)N)2 . The increment is chosen to be 1/rank(M1)
2,

in accordance with [38]. The time index is then incremented

to t+ δ. The algorithm terminates when t = 1.

After the continuous greedy algorithm terminates, the con-

tinuous solution y is rounded to obtain a set S using the

pipage rounding technique. Since M1 is a partition matroid,

the pipage rounding method simply selects one element in each

partition set with probability yi. A pseudocode description of

this approach is given as Algorithm 1.

Algorithm 1 Algorithm for selecting a sequence of positive

invariant sets.

1: procedure FIRST STAGE OPT(G = (V,E), ω1, . . . , ωn,

{xmax
v : v ∈ V }, γ, {xv : v ∈ V })

2: Input: Graph G = (V,E), frequencies ω1, . . . , ωn,

input nodes A, bounds {xmax
v } on each node state, desired

level of synchronization γ, bounds xv on initial node

states.

3: Output: Set S1

4: δ ← 1
(N+(NM+1)N)2

5: for k = 1, . . . , (N + (NM + 1) ∗N)2 do

6: for v ∈ V , i = 0, . . . ,MN+1, m = 1, . . . ,M do

7: avi
m
← E(f(R ∪ {vim}))−E(f(R))

8: end for

9: for v ∈ V , i = 0, . . . , (MN + 1) do

10: I ← I ∪ {argmax {avi
m
: m = 1, . . . ,M}}

11: end for

12: y ← y + δ1I

13: end for

14: S1 ← ∅
15: for v ∈ V , i = 0, . . . ,MN + 1 do

16: Choose exactly one ṽim from {vim : m =
0, . . . ,M} with probability yim

17: S1 ← S1 ∪ {ṽim}
18: end for

19: return S1

20: end procedure

The complexity of Algorithm 1 is described by the following

lemma.

Lemma 6: Algorithm 1 terminates in O(N6M4).
Proof: The rank of the matroid is equal to N(MN +

1), implying that there are O(M2N4) iterations of the outer

loop. At the inner loop, the cost is dominated by computing

the increments E(f(R∪ {vim}))−E(f(R)). This leads to an

overall complexity of O(N6M4).
The optimality bounds provided by this approach are sum-

marized as follows.

Lemma 7: Algorithm 1 returns a set S satisfying f(S) ≥
(1− 1/e)f(S∗), where S∗ is the optimal solution to (13).

Proof: From [38], the continuous greedy algorithm

is guaranteed to select an approximate solution S to
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max {f(S) : S ∈M}, where f(S) is a monotone submodular

function and M is a matroid, satisfying

f(S) ≥ (1− 1/e)f(S∗)

where S∗ is the optimal solution. The lemma then follows

from monotonicity and submodularity of f(S) and the matroid

structure of M1.

In addition, the complexity of the algorithm can be re-

duced, at the cost of some optimality, by using a simple

greedy approach. Under the greedy algorithm, at each iteration,

the element {vim} is chosen that maximizes f(S ∪ {vim}),
terminating when S is a basis of M1. This algorithm has

O(MN2(NM(NM + 1))) = O(N4M3) complexity, and an

optimality bound of 1/2.

After the set S1 has been chosen, the next stage is to choose

an input set S0 that ensures f(S0∪S1) ≥ α. This second stage

optimization problem is written as

minimize |S0|
s.t. f(S0 ∪ S1) ≥ ζ

(15)

where

ζ =
∑

v∈V

τv +

MN+1
∑

i=1

∑

v∈V

βv.

A simple greedy algorithm is sufficient to approximate (15)

up to a provable optimality bound. At each iteration of the

algorithm, the element {v0} that maximizes f(S0∪S1∪{v0})
is added to the set, terminating when f(S0 ∪ S1) ≥ ζ. A

pseudocode description is given as Algorithm 2.

Algorithm 2 Algorithm for selecting a set of input nodes A
to ensure convergence to Λfinal.

1: procedure SECOND STAGE GREEDY(G = (V,E),
ω1, . . . , ωn, {xmax

v : v ∈ V }, γ, {xv : v ∈ V }, S1)

2: Input: Graph G = (V,E), frequencies ω1, . . . , ωn,

input nodes A, bounds {xmax
v } on each node state, desired

level of synchronization γ, bounds xv on initial node

states, set S1.

3: Output: Input set A
4: S0 ← ∅
5: while f(S0 ∪ S1) < ζ do

6: for v ∈ V do

7: λv ← f(S0 ∪ S1 ∪ {v0})
8: end for

9: v∗ ← argmaxλv

10: S0 ← S0 ∪ {v∗0}
11: end while

12: A← {v : v0 ∈ S0}
13: return A
14: end procedure

Algorithm 2 has complexity O(N2), and hence the overall

complexity is dominated by the cost of selecting a positive in-

variant set. The following proposition describes the optimality

guarantees of Algorithm 2.

Proposition 8: Algorithm 2 selects a set S0 satisfying

|S0|

|S∗
0 |
≤ 1 + log

{
∑

v∈V |ωv|+ ǫ

σ∗

}

where S∗
0 is the optimal solution to (15) and

σ∗ = min {σuv(0,m)− σuv(m
′,m) :

(u, v) ∈ E,m = 1, . . . ,M,m′ = 1, . . . ,M} .

Proof: From [39], the greedy algorithm is known to select

a set S satisfying

|S|

|S∗|
≤ 1 + log

{

f(V )− f(∅)

f(S)− f(St−1)

}

,

where St−1 is the set at the second-to-last iteration of the

greedy algorithm. In this case,

f(V )− f(S1) ≤
∑

v∈V

(|ωv|+ ǫ),

while the last increment is bounded below by

σuv(0,m)− σuv(m
′,m)

where u is the last input node added to the set and um′ ∈ S1.

Taking the minimum over all possible values of u, v, m, and

m′ as a lower bound gives the desired result.

The bound in Proposition 8 depends on the functions αuv .

An analysis for the special case of the Kuramoto model is as

follows. In this case, αuv(xv − xu) = Γuv sin (xv − xu) for

some coupling coefficient Γuv ≥ 0. For simplicity, assume that

all coupling coefficients are equal to the same value Γ. Then

for M sufficiently large, the minimum value is approximately

equal to Γ
M , giving an upper bound of

|S|

|S∗|
≤ 1 + log

M

Γ

∑

v∈V

(|ωv|+ ǫ).

VI. NUMERICAL RESULTS

We investigated our approach through a numerical study.

The goal of our study was to analyze the impact of the external

inputs on the node dynamics, as well as to investigate the prop-

erties of the inputs chosen by our algorithm. In order to reduce

the computation time, we used the greedy approximation to

the optimization problem (13). We considered synchronization

of phase angles in the IEEE 14 Bus power system test case

[17]. The parameters M = N = 20. The node coupling values

were chosen as αuv(xv−xu) = −Γuv sin (xv − xu) for some

Γuv ≥ 0, i.e., the Kuramoto model [6].

Synchronization plays a vital role in the power system,

in which stable operation requires buses and generators to

maintain the same frequency and a relative phase difference

of no more than π/2 on each transmission line (edge) [40]. In

order to evaluate our approach to synchronization of power

systems, we consider the first-order model with negligible

resistance on the transmission lines. The input nodes represent

generators that are fixed to a common reference phase and

frequency in order to restore stability to the grid. We studied

phase synchronization in the power system using the IEEE 14

Bus case study [17], which provides a network topology with

n = 14 nodes along with the line impedances of the edges. We

defined the coupling coefficient Γuv = 1/ηuv, where ηuv is

the magnitude of the impedance of edge (u, v). The intrinsic

frequencies were chosen according to a zero-mean Gaussian
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Fig. 2. Synchronization case study using the IEEE 14 Bus case study [17]. Coupling coefficients were chosen to be equal to the inverse of the magnitudes
of the line impedances, while the intrinsic frequencies were chosen from a Gaussian distribution. (a) Illustration of 14-bus network and inputs needed for one
trial when the variance of the intrinsic frequencies was equal to 8. The black squares indicate input nodes. (b) Sample trajectories for nodes 2, 4, and 5 in the
14-bus network. Node trajectories converge to within the desired phase difference (γ = π/3) of each other. (c) Number of inputs required for synchronization
as a function of the variance of the intrinsic frequencies. As the variance increases, the frequencies of neighboring nodes diverge and hence more inputs are
needed to ensure synchronization.

distribution with variance ranging from 0.01 to 100 in different

trials. The goal was to ensure that the phase angles satisfied

|xv(t)| <
π
5 asymptotically, while ensuring that |xv(t)| ≤ π/4

for all t, consistent with the goal of guaranteeing power system

stability [40].

Figure 2(a) illustrates input selection for a given set of

intrinsic frequencies. The variance of the intrinsic frequencies

was equal to 8. The larger squares indicate input nodes selected

by our algorithm. We observe that each non-input node is at

most two hops away from an input node, which suggests that

centrally located nodes are more likely to be candidates for

inputs. On the other hand, nodes with high degree were not

necessarily chosen as inputs. Additional information beyond

the network topology, including the intrinsic frequencies and

the coupling coefficients between nodes, is incorporated into

the input selection process.

In Figure 2(b), trajectories of non-input nodes 2, 4, and

5 from Figure 2(a) are shown. The trajectories of these

neighboring nodes converge to within the desired bound of
π
3 from each other, and synchronize to the frequency of the

input nodes. We selected ω0 = 0 for clarity of the figure;

as discussed in Section III-A, we can make this assumption

without loss of generality.

Figure 2(c) shows the number of input nodes required

to achieve synchronization for different intrinsic frequencies.

When the variance of {ωv : v ∈ V } is low, only one input

node is required to achieve synchronization. For variance of 1,

on average 7.2 inputs are required for synchronization, while

for large variance in the intrinsic frequencies all nodes must

be selected as input nodes to guarantee synchronization.

VII. CONCLUSIONS AND FUTURE WORK

We considered the problem of ensuring synchronization in

networks with nonlinear dynamics by introducing external

input nodes. We proved that synchronization is achieved if

two conditions hold. First, if there exists a positive invariant

set ΛPI that contains the set of initial node states and lies

within a set of upper bounds on the node phases. Second, for

any initial state inside ΛPI , each node’s phase is guaranteed

to converge to within the desired level of synchronization.

We formulated a submodular optimization approach for

selecting a set of input nodes to guarantee synchronization.

Under the submodular optimization approach, each condition

is mapped to a threshold condition on a monotone submodular

function, together with a partition matroid constraint. Based on

the submodular formulation, we proposed efficient algorithms

with provable optimality bounds for selecting a set of up to

k nodes in order to maximize the level of synchronization in

the network, as well as selecting the minimum-size input set

to guarantee a desired level of synchronization.

Our approach was validated through a numerical study

of synchronization in power systems. Our numerical study

supports the intuition that the number of input nodes required

decreases as the coupling between neighboring nodes grows

stronger. In addition, we found that centrally located nodes are

often chosen as inputs, so that the maximum distance between

a node and the input set is small.

The threshold-based conditions derived in this work are

sufficient, but not necessary. Characterizing the space of

networks where these conditions are also necessary, as well

as developing tighter sufficient conditions, remains an open

problem. Furthermore, while the model we studied considers

the first-order dynamics of the nodes, second-order dynamics

are often used to model systems such as the power grid [23].

Generalizing our approach to these second-order systems is a

direction of future research.

APPENDIX A

PROOFS

In this section, we provide proofs of Lemma 3, Proposition

3, and Proposition 6. For ease of exposition, we divide the

proofs into a sequence of lemmas. We begin with a preliminary

result.

Lemma 8: For any r with 0 ≤ r ≤ 2M ,

Kuv log
r + 2

r + 1
≥ Zuv +Kuv log

r + 3

r + 2
. (16)
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Proof: By definition, Kuv = Zuv

logφ with φ ∈
[

1, 1 + 1
4M2+8M+3

]

. Eq. (16) is therefore equivalent to

Kuv log
r + 2

r + 1
≥ Kuv

(

logφ+ log
r + 3

r + 2

)

.

Rearranging terms implies that (16) is equivalent to

r + 2

r + 1
≥ φ

r + 3

r + 2
.

By definition of φ,

φ
r + 3

r + 2
≤

r + 3

r + 2

(

1 +
1

4M2 + 8M + 3

)

≤
r + 3

r + 2

(

1 +
1

r2 + 4r + 3

)

=
r + 3

r + 2

(

(r + 2)2

(r + 1)(r + 3)

)

=
r + 2

r + 1
,

completing the proof.

We now establish monotonicity of fv(S).

Proof of Lemma 3: Consider the increment fv(S ∪
{wl}) − fv(S) for some wl ∈ V \ S. We divide the proof

into four cases, namely, (i) wl = v0, (ii) w /∈ {u, v}, (iii)

w = u0, and (iv) w ∈ {um : m = mu, . . . ,M} ∪ {vm : m =
mv, . . . ,M}.

Case (i): By construction, if v0 ∈ S, then fv(S) = R for

some R with R > Kv log 2M +Zv, i.e., R is an upper bound

on fv(S) for any S with v0 /∈ S. Hence the increment is

positive.

Case (ii): If w /∈ {u, v}, then fv(S ∪ {wl}) = fv(S).

Case (iii): If v0 ∈ S, then fv(S ∪ {u0}) − fv(S) = 0.

Otherwise, since adding u0 to S does not change the set Suv,

we have

fv(S) =
∑

u∈N(v)

[Kuv log (|Suv|+ 1)

+
∑

u
m′ ,vm∈S

ρuv(m
′,m)





fv(S ∪ {u0}) =
∑

u∈N(v)

[Kuv log (|Suv|+ 1)

+ max







∑

um′ ,vm∈S

ρuv(m
′,m), min

vm∈S
ρ(0,m)









 ,

and hence

fv(S ∪ {u0})− fv(S)

=
∑

u∈N(v)



max







∑

um′ ,vm∈S

ρuv(m
′,m), min

vm∈S
ρ(0,m)







−
∑

um′ ,vm∈S

ρuv(m
′,m)



 ,

which is nonnegative.

Case (iv): We have that

fuv(S ∪ {wl}) ≥ Kuv log (|Suv|+ 2)

≥ Kuv log (|Suv|+ 1) + Zuv

+Kuv log
|Suv|+ 3

|Suv|+ 2

≥ Kuv log (|Suv|+ 1) + Zuv ≥ fuv(S),

where (17) follows from Lemma 8. Summing over u ∈ N(v)
yields the desired result.

We now prove submodularity of fv(S). To show submodu-

larity of fv(S), we need to establish that, for any S ⊆ T with

wl /∈ T ,

fv(S ∪ {wl})− fv(S) ≥ fv(T ∪ {wl})− fv(T ).

For clarity, we consider three cases of wl as separate lemmas,

namely (a) wl = v0 (Lemma 9), (b) wl = u0 (Lemma 10), and

(c) wl ∈ {um : m = mu, . . . ,M} ∪ {vm : m = mv, . . . ,M}
(Lemma 11). The results are then summarized in a proof of

Proposition 3.

Lemma 9: For any S ⊆ T with v0 /∈ T ,

fv(S ∪ {v0})− fv(S) ≥ fv(T ∪ {v0})− fv(T ).

Proof: By definition of fv, fv(S ∪ {v0}) = fv(T ∪
{v0}) = R. The desired result is therefore equivalent to

fv(S) ≤ fv(T ), which holds by Lemma 3.

We next prove submodularity when u0 is added to the set

S.

Lemma 10: For any S ⊆ T with u0 /∈ S,

fv(S ∪ {u0})− fv(S) ≥ fv(T ∪ {u0})− fv(T ). (17)

Proof: Since Suv and Tuv are left unchanged by the

addition of {u0}, we have that

fuv(S ∪ {u0})− fuv(S)

= max















∑

u
m′ ∈S

vm∈S

ρuv(m
′,m), min

vm∈S
ρ(0,m)















−
∑

u
m′ ∈S

vm∈S

ρuv(m
′,m).

We consider four sub-cases. In the first case,
∑

u
m′∈S

vm∈S

ρuv(m
′,m) ≥ min

vm∈S
ρuv(0,m)

∑

u
m′ ∈T

vm∈T

ρuv(m
′,m) ≥ min

vm∈T
ρuv(0,m)

When these conditions hold, fuv(S ∪ {u0}) = fuv(S) and

fuv(T ∪ {u0}) = fuv(T ). In the second case,
∑

u
m′∈S

vm∈S

ρuv(m
′,m) ≥ min

vm∈S
ρuv(0,m)

∑

u
m′ ∈T

vm∈T

ρuv(m
′,m) < min

vm∈T
ρuv(0,m)
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These conditions, however, cannot hold simultaneously. If the

first inequality holds, then

min
vm∈T

ρuv(0,m) ≤ min
vm∈S

ρuv(0,m) ≤
∑

u
m′ ∈S

vm∈S

ρuv(m
′,m)

≤
∑

u
m′ ∈T

vm∈T

ρuv(m
′,m),

contradicting the second inequality.

In the third case,
∑

u
m′∈S

vm∈S

ρuv(m
′,m) < min

vm∈S
ρuv(0,m)

∑

u
m′∈T

vm∈T

ρuv(m
′,m) ≥ min

vm∈T
ρuv(0,m)

We then have fuv(S ∪ {u0}) > fuv(S) and fuv(T ∪ {u0}) =
fuv(T ), implying that submodularity holds in this case as well.

In the final case,
∑

u
m′∈S

vm∈S

ρuv(m
′,m) < min

vm∈S
ρuv(0,m)

∑

u
m′∈T

vm∈T

ρuv(m
′,m) < min

vm∈T
ρuv(0,m)

We have that

fuv(S ∪ {u0})− fuv(S) = min
vm∈S

ρuv(0,m)

−
∑

u
m′∈S

vm∈S

ρuv(m
′,m)

Hence

min {ρuv(0,m) : vm ∈ S} ≤ min {ρuv(0,m) : vm ∈ T },

since S ⊆ T . Similarly,
∑

u
m′∈S

vm∈S

ρuv(m
′,m) ≤

∑

u
m′ ∈T

vm∈T

ρuv(m
′,m).

These inequalities imply that Eq. (17) holds.

The next lemma treats the case where vm or um is added

to S for some m 6= 0.

Lemma 11: For any S ⊆ T and wl /∈ T , with

wl ∈ {um : m = mu, . . . ,M} ∪ {vm : m = mv, . . . ,M},

we have that

fv(S ∪ {wl})− fv(S) ≥ fv(T ∪ {wl})− fv(T ).

Proof: The increment fuv(S ∪ {wl})− fuv(S) satisfies

fuv(S ∪ {wl})− fuv(S) ≥ log
|Suv|+ 2

|Suv|+ 1
(18)

≥ Zuv + log
|Suv|+ 3

|Suv|+ 2
(19)

≥ Zuv + log
|Tuv|+ 2

|Tuv|+ 1
(20)

≥ fuv(T ∪ {wl})− fuv(T ),(21)

where (19) follows from Lemma 8.

Combining the above lemmas leads to the proof of Propo-

sition 3.

Proof of Proposition 3: First, note that if w /∈ {u, v},
then fv(S ∪ {wl}) = fv(S) and fv(T ∪ {wl}) = fv(T ). The

other three cases of wl are treated by Lemmas 9–11.

The proof of Proposition 6 follows the proofs of Lemma 3

and Proposition 6.

Proof of Proposition 6: The proof of monotonicity of

each f i
uv(S) is similar to the proof of Lemma 3, using the

definition of Zuv from Section IV-C. The proof of submodu-

larity of f i
uv(S) consists of four different cases of

f i
uv(S ∪ {w

j
l })− f i

uv(S) ≥ f i
uv(T ∪ {w

j
l })− f i

uv(T ),

namely, (a) wj
l = v0, (b) wl = u0, (c) wj

l ∈ {u
i
m : m =

1, . . . ,M} ∪ {vim : i = 1, . . . ,M}, and (d) any other value

of wj
l . The proof of submodularity in Case (a) is analogous

to the proof of Lemma 9. Case (b) is analogous to the proof

of Lemma 10, and case (c) is similar to the proof of Lemma

11. The increment is left unchanged in case (d), implying that

submodularity holds.
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monotone submodular function subject to a matroid constraint,” SIAM

Journal on Computing, vol. 40, no. 6, pp. 1740–1766, 2011.
[39] L. Wolsey, “An analysis of the greedy algorithm for the submodular set

covering problem,” Combinatorica, vol. 2, no. 4, pp. 385–393, 1982.
[40] A. R. Bergen, Power Systems Analysis. Pearson Education India, 2009.

PLACE
PHOTO
HERE

Andrew Clark is currently an Assistant Profes-
sor in the Department of Electrical and Computer
Engineering at Worcester Polytechnic Institute. He
received the BS degree in Electrical Engineering and
the MS degree in Mathematics from the University
of Michigan - Ann Arbor in 2007 and 2008, respec-
tively. He received the PhD degree from the Network
Security Lab, Department of Electrical Engineering,
at the University of Washington Seattle in 2014. He
is author or co-author of the IEEE/IFIP William C.
Carter award-winning paper (2010), the WiOpt Best

Paper (2012), and the WiOpt Student Best Paper (2014), and was a finalist for
the IEEE CDC 2012 Best Student-Paper Award. He received the University
of Washington Center for Information Assurance and Cybersecurity (CIAC)
Distinguished Research Award (2012) and Distinguished Dissertation Award
(2014). He holds a patent in privacy-preserving constant-time identification
of RFID. His research interests include control and security of complex
networks, submodular optimization, control-theoretic modeling of network
security threats, and deception-based network defense mechanisms.

PLACE
PHOTO
HERE

Basel Alomair is an Assistant Professor and Found-
ing Director of the National Center for Cybersecu-
rity Technology (C4C) in King Abdulaziz City for
Science and Technology (KACST), an Affiliate Pro-
fessor and co-director of the Network Security Lab
(NSL) at the University of Washington-Seattle, an
Affiliate Professor at King Saud University (KSU),
and an Information Security Officer at the Technol-
ogy Control Company (TCC). He was recognized
by the IEEE Technical Committee on Fault-Tolerant
Computing (TC-FTC) and the IFIP Working Group

on Dependable Computing and Fault Tolerance (WG 10.4) with the 2010
IEEE/IFIP William Carter Award for his significant contributions in the
area of dependable computing. His research in information security was
recognized with the 2011 Outstanding Research Award from the University of
Washington. He was also the recipient of the 2012 Distinguished Dissertation
Award from the University of Washingtons Center for Information Assurance
and Cybersecurity (UW CIAC), and he was a co-author of the 2014 WiOpt
Best Student Paper Award.

PLACE
PHOTO
HERE

Linda Bushnell is a Research Associate Professor
and Director of the Networked Control Systems
Lab at the Electrical Engineering Department of the
University of Washington. She received her Ph.D.
in EE from UC Berkeley in 1994, her M.A. in
Mathematics from UC Berkeley in 1989, her M.S. in
EE from UConn (Storrs, CT) in 1987, and her B.S.
in EE from UConn (Storrs, CT) in 1985. She also
received her MBA from the University of Washing-
ton Foster School of Business in 2010. Her research
interests include networked control systems, control

of complex networks, and secure-control. She is a recipient of the US Army
Superior Civilian Service Award, NSF ADVANCE Fellowship, and IEEE
Control Systems Society (CSS) Recognition Award. She was the Co-Editor
of a special issue of the Asian Journal of Control and Guest Editor for three
issues of the IEEE Control Systems Magazine. She is a Senior Member
of the IEEE (1999). For IEEE CSS, she is a Member of the Board of
Governors, a Distinguished Lecturer, a member of the Women in Control
Standing Committee, a member of the TC Control Education, a member of
the History Committee, and the Liaison to IEEE Women in Engineering.



14

PLACE
PHOTO
HERE

Radha Poovendran is a Professor and Chair of the
Electrical Engineering Department at the University
of Washington (UW). He was elected a Fellow of
the IEEE for his contributions to security in cyber
physical systems. He is the founding director of
the Network Security Lab (NSL) at UW EE. He
is a founding member and the associate director
of research of the UW Center for Excellence in
Information Assurance Research and Education. His
research interests are in the areas of wireless and
sensor network security, control and security of

cyber-physical systems, adversarial modeling, smart connected communities,
control-security, games-security and information theoretic security in the
context of wireless mobile networks. He is a recipient of the NSA LUCITE
Rising Star Award (1999), National Science Foundation CAREER (2001),
ARO YIP (2002), ONR YIP (2004), and PECASE (2005) for his research
contributions to multi-user wireless security. He is also a recipient of the
Outstanding Teaching Award and Outstanding Research Advisor Award from
UW EE (2002), Graduate Mentor Award from Office of the Chancellor at
University of California San Diego (2006), and the University of Maryland
ECE Distinguished Alumni Award (2016). He was co-author of award-
winning papers including IEEE/IFIP William C. Carter Award Paper (2010)
and WiOpt Best Paper Award (2012).


