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Abstract—Voltage instability occurs when a power system is
unable to meet the reactive power demand, and is typically
corrected by switching on additional reactive power devices such
as capacitor banks. Real-time monitoring and communication
technologies can potentially improve voltage stability by enabling
the rapid detection of low voltages and the implementation
of corrective actions. These corrective actions, however, will
only be effective in restoring stability if they are chosen in a
timely, scalable manner. In this paper, we propose a submodular
optimization approach for designing a control strategy that
prevents voltage instability. Our key insight is that the voltage
deviation from the desired level is a supermodular function of
the set of reactive power injections that are employed, leading
to computationally efficient control algorithms for stabilization
with provable optimality guarantees. This submodular control
framework is tested on the IEEE 300-bus transmission system.

Index Terms—Voltage stability, voltage control, submodular
optimization.

I. INTRODUCTION

Voltage stability refers to the ability of a power system to
maintain acceptable voltages under normal conditions and after
disturbances [1]. The inability to prevent system voltages from
decreasing uncontrollably (voltage collapse) has resulted in ex-
tensive blackouts, including the 2003 Northeast US blackout,
1983 Sweden power outage, and 1987 Tokyo blackout [2].
Voltage instability occurs when a power system is unable to
meet the reactive power demand, and is typically corrected by
injecting reactive power at some buses using capacitor/reactor
bank switching or transformer tap changing [1]. In order
to limit the complexity associated with coordinating actions
taken over large networks by multiple system operators, these
corrective actions are traditionally performed as local controls
[3]. A purely local approach that does not take the interactions
between neighboring buses into account, however, may be
insufficient to meet reactive power demands when voltage
deviations occur simultaneously at multiple buses.

Enhanced monitoring and communication capabilities could
help improve voltage stability by enabling centralized or
hierarchical controls. One such architecture was proposed in
[4], and is currently being implemented in southern Cali-
fornia. Under this approach, voltage magnitudes and phase
angles are measured using Phasor Measurement Units (PMUs).
These measurements are used to evaluate the effectiveness
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of distributed voltage controls and, when necessary, devise a
coordinated, centralized response.

A crucial step in a coordinated response is selecting a set
of control actions based on the state of the system. If the
set of actions at each bus is discrete (e.g., switch a capacitor
bank on or off), designing a centralized control response
to resolve multiple voltage deviations is a discrete subset
selection problem. At present, such actions are heuristically
chosen via enumeration and evaluation of combinations of
control actions at multiple buses, after pruning the search
space of all possible combinations using human expert domain
knowledge [4]. Since the computation time of this approach
is worst-case exponential in the number of buses, it does
not scale to large power systems. Furthermore, it may result
in a suboptimal response or fail to timely identify a set of
control actions to prevent an impending voltage collapse. A
computationally efficient optimization approach that exploits
the underlying structure of the voltage regulation problem
to select provably optimal control actions is thus needed to
enable a timely and effective coordinated response to voltage
instability.

This paper presents such an approach, namely a submodular
optimization approach to voltage control in power systems.
Submodularity is a diminishing returns property of set func-
tions that enables the development of efficient approximation
algorithms. Our fundamental insight is that the metrics typ-
ically used to evaluate the effectiveness of a voltage control
strategy, such as the deviation from the desired voltage and the
capacitor/reactor switching cost, have an inherent submodular
structure. We make the following specific contributions:
• We formulate the problem of selecting a set of reactive

power injection devices to minimize the deviation of the
voltages from their desired values and the total operating
cost. We prove that this problem is equivalent to submodular
maximization with a matroid basis constraint.

• We propose polynomial-time algorithms for computing the
optimal voltage control strategy. The performance of a
control strategy is measured by its total operating costs
plus remaining voltage deviations after control. We prove
that the control strategies returned by our algorithms have
performance no worse than a factor 1/3 of the optimal
control strategy.

• We present both a non-adaptive algorithm, which assumes
that switching each reactive device results in a fixed change
in system voltages based on the initial system operating
point, as well as an adaptive algorithm that updates the
operating point after each selection.

• We evaluate our submodular approach through a numerical
study on the IEEE 300-bus test system. We find that, within
the same computational time, our approach results in voltage
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profiles with less deviation compared to a state-of-the-art
algorithm that searches over a subset of the possible control
actions based on voltage sensitivities to reactive power
injections.
The rest of this paper is organized as follows. Section II

reviews related work. Section III presents the power system
model used for voltage control and provides background
information on submodularity. Section IV presents the prob-
lem formulation and the approximation algorithms based on
submodular optimization. Section V presents the simulation
results. Section VI concludes the paper.

II. RELATED WORK

The study of voltage instability problems dates back to the
1980s. Dobson and Chiang [5] introduced a model of voltage
collapse that identifies the point of bifurcation as the operating
point leading to voltage collapse. Traditional approaches to
mitigating voltage instability are mainly preventive actions
based on contingency ranking [6].

In the early 1990s, a three-level hierarchical voltage control
scheme was proposed and later implemented in several Euro-
pean countries [7], [8], [9], [10]. The idea is analogous to the
hierarchical levels of frequency control. In these schemes, a
“pilot bus” that represents the voltage profile of a given region
is selected and all control actions aim at regulating the voltage
at this bus. Ongoing research address the pilot bus selection
problem with improvements mostly in selection theory and
decentralization of the controller [11].

Selecting a pilot point or a control region that is loosely
coupled to the rest of the system is difficult. Furthermore,
in North America, most voltage control actions are achieved
by switching in or out capacitor or reactor banks. An on-
line voltage regulation approach was proposed in [12] based
on capacitor switching and power generation resetting. This
approach, however, is limited in practice because operators
hesitate to switch capacitor banks frequently. A slow cen-
tralized online voltage control scheme was proposed in [13]
and further improved in [14]. In [13], the controller utilizes
SCADA measurements and state estimation to predict the
incremental effects of a switching action. The goal is to
resolve any voltage violation with minimum switching actions
and circular reactive flows. In [14], the state estimator is
replaced by an integer programming method for deciding
switching actions directly from the SCADA data and hence
the computational overhead is significantly reduced. These
approaches, however, are based on the assumption that the
problematic areas containing voltage violations are loosely
coupled and can be considered as separate control regions.
When buses with voltage violations are closely coupled,
the computational burden of these proposed methods either
increases exponentially or the optimality deteriorates because
the size of the control area is reduced.

Recently, a hierarchical, centralized strategy that addresses
the voltage regulation problem for large power systems was
proposed in [4]. In this approach, reactive power control is ex-
erted through switching of reactive power injection devices to
regulate voltage while minimizing the operating costs. This ap-
proach requires an enumeration of all possible configurations

of reactive devices. To keep this enumeration computationally
tractable, the system is partitioned into small areas and the
enumeration is done within each area. This partitioning does
not take into account the interactions between the voltages in
the various areas and thus makes the solutions suboptimal.

Distributed or decentralized approaches for voltage regula-
tion based on control theory are presented in [3], [15]. Zhang
et al. [3] identify a sufficient condition for regulating voltage
in a distributed manner with limited communication between
buses. Robbins et al. [15] derive a distributed control law
that guarantees voltage stability by varying the reactive power
injection at each bus using distributed energy resources (DER).
These works assume that the reactive power injection at every
bus can be dynamically adjusted and do not take into account
the associated cost.

Other voltage control approaches based on wide-area mea-
surements are described in [16], [17], [18]. The control
schemes in [16] and [17] rely on a constrained optimization,
which is solved using linear or stochastic programming de-
pending on the model used. In [18], a real-time control scheme
is proposed to assess the power system stress and adjust
voltage control actions for different stressed situations. These
approaches, however, mainly rely on the control of generator
voltage setpoints and load shedding, which are not suited to the
deregulated power systems of the North American power grid
where operators do not have direct control over generators.

Submodular optimization techniques for control of net-
worked systems have been proposed in [19], [20]. These
techniques focus on optimizing performance parameters, such
as robustness to noise, smooth convergence, and controllability
of linear systems. At present, however, submodularity has not
been explored in the context of power system stability and
control. This paper adds an adaptive-selection algorithm to
the preliminary version [21] and has a detailed validation of
proposed control algorithms on a larger power system.

III. SYSTEM MODEL AND PRELIMINARIES

In this section, we present the power system model and
introduce notations that will be used throughout the paper.
We also give a background on submodularity.

A. Power System Model

We consider a power system consisting of n PQ buses, m
PV buses and a slack bus. We index PQ buses by i = 1, . . . , n,
PV buses by i = n+1, . . . , n+m and the slack bus by i = 0.
At each bus i, the voltage magnitude Vi and angle θi can
be measured by PMUs and are available to the centralized
controller. A set of capacitor and reactor banks, denoted as Ω,
is located at a subset of PQ buses. One PQ bus i may have
multiple capacitor/reactor banks, denoted as Ωi, available to
switch in or out. Switching a capacitor/reactor bank j ∈ Ωi
located at bus i increases the reactive power injection at
bus i by ∆Qj . The magnitude of the change is taken to
be a function of pre-switching voltage at the bus where the
capacitor/reactor bank is located, e.g., |∆Qj | = CjV

2
i , where

Cj is the capacitance of the capacitor/reactor bank j. If a
subset of capacitor/reactor banks, Si ⊆ Ωi, are switched at
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bus i, then the total change in reactive power injection at bus
i is the sum of changes due to individual switches, denoted as
(∆Q)i =

∑
j∈Si

∆Qj .
The impact of reactive power injection on the system

voltages is derived as follows using a linearization of the power
flow equations. We denote the admittance of the transmission
line between bus i and j as yij = gij − jbij where gij and
bij denote the conductance and susceptance, respectively. Note
that gii = −

∑n+m
j 6=i gij and bii = −

∑n+m
j 6=i bij . At each bus

i, the active power injection Pi and reactive power injection
Qi satisfy the power flow equations

Pi = Vi

n+m∑
j=0

Vj [gij cos(θi − θj) + bij sin(θi − θj)] , (1)

Qi = Vi

n+m∑
j=0

Vj [gij sin(θi − θj)− bij cos(θi − θj)] . (2)

Define P = [P1, P2, . . . , Pn+m]T as the vector of active power
injections at all PQ and PV buses and Q = [Q1, Q2, . . . , Qn]T

as the vector of reactive power injections at PQ buses. By lin-
earizing these equations around the current operating point, we
obtain the following relation that contains a Jacobian matrix,
J , of power flow equations, [∆PT ∆QT ]T = J [∆θT∆V T ]T ,
where ∆P = [(∆P )1, (∆P )2, . . . , (∆P )n+m]T is the vector
of changes in active power injections at PQ and PV buses,
while ∆Q = [(∆Q)1, (∆Q)2, . . . , (∆Q)n]T is the vector of
changes in reactive power injections at PQ buses. The vector
∆θ = [∆θ1,∆θ2, . . . ,∆θn+m]T refers to changes in bus an-
gles at PQ and PV buses, while ∆V = [∆V1,∆V2, . . . ,∆Vn]T

refers to changes in voltage magnitudes at PQ buses.
The Jacobian matrix J is assumed to be invertible under

normal operating condition. This assumption is consistent with
existing literature [5], [22], where the operating point at which
the Jacobain matrix J becomes singular was identified as the
point of voltage collapse since no change in power injection
could stabilize the change in voltage magnitudes.

Inverting the matrix J and using the fact that the changes in
real power injections are zero (∆P = 0) implies that voltage
changes at all PQ buses due to capacitor/reactor bank switches
can be approximated by

∆V = D∆Q, (3)

where D is the n×n sub matrix of J−1 describing the effect
of changes in reactive power injections on changes in voltage
magnitudes.

B. Background on Submodularity

Submodularity is a diminishing returns property of set func-
tions, wherein the incremental benefit of adding an element
to a set S decreases as more elements are added to S. It is
analogous to concavity of continuous functions. The following
formally defines submodularity.

Definition 1 ([23]). Let V be a finite set, and let 2V denote
the set of all subsets of V (power set). A function f : 2V → R
is submodular if, for any subsets S ⊆ V and T ⊆ V ,

f(S) + f(T ) ≥ f(S ∪ T ) + f(S ∩ T ). (4)

In addition, f is supermodular if −f is submodular. f is
modular if the equality holds in (4).

It can be shown that a nonnegative weighted sum of
submodular functions is submodular. As a notation, let |S|
denote the cardinality of a set S. A matroid is defined as
follows.

Definition 2. Let V be a finite set, and let I be a collection
of subsets of V . The pair M = (V, I) is a matroid if the
following three conditions hold: (i) ∅ ∈ I, (ii) If B ∈ I, then
A ∈ I for all A ⊆ B, and (iii) If A,B ∈ I and |A| < |B|,
then there exists v ∈ B \A such that (A ∪ {v}) ∈ I.

The collection I is referred to as the set of independent sets
of the matroidM. A maximal independent set is a basis. It can
be shown that all bases of a matroid have the same cardinality.
The following lemma defines a sub-class of matroids.

Lemma 1. Let V denote a finite set, and let V1, . . . , Vm be a
partition of V , i.e., a collection of sets such that V1∪· · ·∪Vm =
V and Vi∩Vj = ∅ for i 6= j. Let d1, . . . , dm be a collection of
nonnegative integers. Define a set I by A ∈ I iff |A∩Vi| ≤ di
for all i = 1, . . . ,m. Then M = (V, I) is a matroid.

A matroid defined as in Lemma 1 is a partition matroid.
The following lemma gives a property of submodular functions
over matroid bases.

Lemma 2 ([24]). Let M = (V, I) be a matroid, and let f :
2V → R be a submodular function defined on V . Define S to
be a matroid basis such that, for all u and v with u ∈ S, v /∈ S,
and (S \ {u} ∪ {v}) ∈ I), (1 + ε)f(S) ≥ f(S \ {u} ∪ {v}).
Then for any basis C of M,

2(1 + ε)f(S) ≥ f(S ∪ C) + f(S ∩ C). (5)

IV. VOLTAGE CONTROL FRAMEWORK

This section formulates the problem of minimizing the
deviation from the desired voltage and the operating cost
by selecting a set of reactive power injection devices. We
first formulate the problem and prove that it satisfies sub-
modularity. Based on the submodularity property, we present
a polynomial-time voltage control algorithm with provable
optimality guarantees. We then describe an adaptive selection
procedure added to the submodular control algorithm that
mitigates the error in state prediction due to linearization.

A. Problem Formulation

A centralized voltage controller can monitor and control the
voltages continuously for all PQ buses. In a well-maintained
power system, the voltage magnitude typically varies within
5% of the nominal value, e.g., 0.95 ∼ 1.05 p.u. (per unit).

Switching a capacitor/reactor bank incurs an operating cost.
We denote ci as the operating cost of switching in a capacitor
bank i that is inactive or switching out a reactor bank i that is
active, and denote bi as the cost of switching out a capacitor
bank i that is active or switching in a reactor bank i that
is inactive. Let O ⊆ Ω be the set of capacitor banks that are
currently active and reactor banks that are inactive, and F ⊆ Ω
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be the set of capacitor banks that are inactive and reactor banks
that are active.

The centralized controller exerts control by selecting a set
O′ ⊆ Ω consisting of capacitors that should be active and
reactors that should be inactive. This set O′ can be interpreted
as a set of capacitor/reactor banks that are selected to inject
reactive power to the buses where they are located. Based
on the current status set O and decision set O′, the actual
control action is to switch a set of capacitor/reactor banks,
denoted as S ⊆ Ω, from on to off or from off to on with
S = (O′ \O) ∪ (O \O′).

The goal of the centralized controller is to choose the
injecting set O′ that minimizes the resulting voltage deviations
at PQ buses and the operating cost. The cost of voltage
deviation and operation can be captured by the metric f(O′),
defined as

f(O′) =
∑

j∈O′\O

cj +
∑

j∈O\O′

bj

+ λ

n∑
i=1

h(Vi + ∆Vi − Vref,i), (6)

where h is a penalty function on voltage deviation at PQ buses.
The function h is chosen to be convex as heavier penalty
should be applied if the voltage deviates further from the
reference. The first two terms in Equation (6) give the total
operating cost of switching capacitor/reactor banks in S, while
the third term is a sum of penalties on voltage deviations at
each PQ bus after switching capacitor/reactor banks in S. λ is
a nonnegative trade-off factor between the operating cost and
the penalty on voltage deviations.

By using the approximation of Eq. (3), the last term of Eq.
(6) can be re-written as

λ

n∑
i=1

h

∑
j∈S

ωij(∆Qj)− Vref,i + Vi

,
where ωij = Dik for j ∈ Ωk, i.e., the capacitor/reactor
bank j ∈ S located at bus k. (Here, Dik denotes the ith
row and kth column entry of the matrix D in Section III-A.)
The parameter, ωij , can be interpreted as the approximated
incremental increase in voltage at bus i from a per unit reactive
power injection by capacitor/reactor bank j.

By substituting S with (O′ \O)∪ (O \O′) and rearranging
terms, we have

f(O′) =
∑

j∈O′\O

cj +
∑

j∈O\O′

bj+

λ

n∑
i=1

h

∑
j∈O′

ωij |∆Qj | − V̄i

, (7)

where V̄i = Vref,i − Vi +
∑
j∈O ωij |∆Qj |. The problem

of selecting an optimal set O′ of capacitor/reactor banks to
inject reactive power can then be formulated as a discrete
optimization problem

min {f(O′) : O′ ⊆ Ω}. (8)

This is a combinatorial optimization problem, and hence
cannot be efficiently solved or approximated unless the objec-
tive function possesses additional structure, such as submodu-
larity. While the objective function f(O′) is not supermodular,
an equivalent submodular objective function can still be de-
rived, as shown in the following subsection.

B. Submodular Optimization Approach

We first give a new problem formulation with a matroid
constraint, followed by the proof of its equivalence to the
previous formulation. We then demonstrate that this problem
has the structure of matroid basis-constrained submodular
maximization. The submodular formulation is established on
an expanded ground set Ω, defined as

Ω = {vjl : j ∈ Ω, l = 0, 1},

where vj0 denotes the event that the capacitor bank j is
inactive (or active if j is reactor bank), while vj1 is the event
that the capacitor bank j is active (or inactive for reactor bank).

For each PQ bus i, let Pi = {j ∈ Ω : ωij > 0} and
Ri = {j ∈ Ω : ωij < 0}, i.e., the set of capacitor/reactor banks
that, by injecting reactive power at its located bus, causes an
increase (Pi) or decrease (Ri) in voltage at bus i. For any set
A ⊆ Ω, we define sets A0 and A1 by

A0 = {j ∈ Ω : vj0 ∈ A}, A1 = {j ∈ Ω : vj1 ∈ A}.

The submodular formulation consists of an objective func-
tion f̂ : 2Ω → R that is supermodular and equivalent to Eq.
(8), and a matroid constraint with the matroid bases collection
denoted as B. For each PQ bus i, we define a cost function
f̂i : 2Ω → R by

f̂i(A) = h

 ∑
j∈Pi∩A1

ωij |∆Qj |

+
∑

j∈Ri∩A0

|ωij ||∆Qj | − V̂i

 ,

where V̂i = V̄i −
∑
j∈Ri

ωij |∆Q|j . Considering n PQ buses
overall, then the system-wide cost function f̂ is defined as

f̂(A) =
∑

j∈A1∩F
cj +

∑
j∈A0∩O

bj + λ

n∑
i=1

f̂i(A). (9)

The equivalence between f̂(A) and the objective function in
the previous subsection is established by the following lemma.

Lemma 3. Suppose that the set A ⊆ Ω satisfies |A ∩
{vj0, vj1}| = 1 for all j ∈ Ω. Then f̂(A) = f(A1).

The proof can be found in the appendix and it follows from
the fact that, under the assumption on A, Ω = A0 ∪ A1 is a
partition of the set Ω, and hence Ri = (Ri ∩A0)∪ (Ri ∩A1)
and Ri ∩A1 = Ri \ (Ri ∩A0).

By Lemma 3, the problem (8) of selecting a set of buses to
inject reactive power is equivalent to minimizing f̂(A) subject
to the constraint that |A ∩ {vj0, vj1}| = 1 for all j ∈ Ω. We
define a collection B of subsets of Ω by A ∈ B iff |A ∩
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{vj0, vj1}| = 1 for all j ∈ Ω. Then the equivalent discrete
optimization problem can be formulated as

min {f̂(A) : A ∈ B}. (10)

Next, we show B is the collection of bases of a matroid and
hence the condition that A ∈ B in Eq. (10) is a matroid basis
constraint on the set A ⊆ Ω. The intuition comes from the fact
that each device can be either on or off, which corresponds to
|A ∩ {vj0, vj1}| = 1 for all j ∈ Ω, i.e., A ∈ B. As a result,
for any optimal selection A, the resulting A0 and A1 should
always form a partition of Ω.

We define Ωj = {vj0, vj1} for j ∈ Ω. Then the sets Ωj∈Ω

form a partition of Ω, i.e., Ω = ∪j∈ΩΩj and Ωi ∩Ωj = ∅ for
i 6= j. By Lemma 1, the constraint A ∈ I iff |A∩Ωj | ≤ 1 for
all j ∈ Ω defines a partition matroid M = (Ω, I) . The bases
of M are the sets A satisfying |A ∩ Ωj | = 1 for all j ∈ Ω,
which are exactly the sets in B.

It remains to show f̂(A) is supermodular, which is estab-
lished by the following theorem.

Theorem 1. The function f̂(A) is supermodular in A ⊆ Ω.

The proof, which is in the appendix, is established by
showing f̂(A) as a composition of a convex function over
a non-negative modular function.

Combining Theorem 1 with the above discussion of B, we
have that Eq. (10) is a supermodular minimization problem,
which can be transformed to an equivalent submodular max-
imization problem, subject to a matroid basis constraint. The
submodularity of this problem allows constructing approxima-
tion algorithms with provable optimality bound, as presented
in the following subsection.

C. Voltage Control Algorithms

We now present a voltage control algorithm that is derived
from techniques for maximizing a submodular function subject
to a matroid basis constraint.

As the constraint A ∈ B in Eq. (10) implies that each
capacitor/reactor bank j ∈ Ω can be either active v1j or
inactive v0j , the algorithm proceeds as follows. We initialize
a set A ⊆ Ω by the current configuration of capacitor/reactor
banks such that A = {vj1 : j ∈ O} ∪ {vj0 : j ∈ F}. For
a chosen constant parameter ε > 0, the algorithm iteratively
selects a capacitor/reactor bank j from A0 or A1 such that

f̂(A\{vj0}∪{vj1}) < (1−ε)f̂(A) if vj0 ∈ A (i.e., j ∈ A0),

or

f̂(A\{vj1}∪{vj0}) < (1−ε)f̂(A) if vj1 ∈ A (i.e., j ∈ A1).

The algorithm terminates when no such device j can be found.
A pseudocode description is given as Algorithm 1.

Intuitively, at each iteration, the algorithm identifies a ca-
pacitor/reactor bank j ∈ Ω such that switching it will reduce
the system-wide cost f̂(A).

The algorithm converges to a ε-local minimum, defined as
a set A ⊆ Ω that satisfies (1 − ε)f̂(A) < f̂(A ∪ {v} \ {w})
for any v, w ∈ Ω such that (A ∪ {v} \ {w}) ∈ B. The

Algorithm 1 Algorithm for selecting a set of capacitor/reactor
banks to inject reactive power.

1: procedure SUBMODULARVC(v, vref , ω, q, b, c, O, F )
2: Input: Initial voltages at each bus v, reference volt-

ages for PQ buses vref , weights ωij from inverse Jacobian
J−1, possible reactive power injections by each capaci-
tor/reactor bank q = {|∆Qj |, j ∈ Ω}, switching costs b
and c, set of active capacitor banks and inactive reactor
banks O that initially injecting reactive power, F = Ω\O.

3: Output: Set of capacitor/reactor banks O′ to inject
reactive power.

4: Initialization: A ← {vj0 : j ∈ F} ∪ {vj1 : j ∈ O},
A0 ← F , A1 ← O, flag = 1

5: while flag == 1 do
6: flag = 0, ∆f̂0 = 0, ∆f̂1 = 0
7: if there exists j0 ∈ A0 with f̂(A \ {vj00} ∪
{vj01}) < (1− ε)f̂(A) then

8: j0 ← arg minj∈A0
f̂(A \ {vj0} ∪ {vj1})

9: flag = 1, ∆f̂0 = f̂(A \ {vj00} ∪ {vj01})
10: end if
11: if there exists j1 ∈ A1 with f̂(A \ {vj11} ∪
{vj10}) < (1− ε)f̂(A) then

12: j1 ← arg minj∈A1
f̂(A \ {vj1} ∪ {vj0})

13: flag = 1, ∆f̂1 = f̂(A \ {vj11} ∪ {vj10})
14: end if
15: Compare ∆f̂0 and ∆f̂1

16: if ∆f̂0 < ∆f̂1 then
17: A← A \ {vj00} ∪ {vj01}
18: A1 ← A1 ∪ {j0}, A0 ← A0 \ {j0}
19: else if ∆f̂0 > ∆f̂1 then
20: A← A \ {vj11} ∪ {vj10}
21: A0 ← A0 ∪ {j1}, A1 ← A1 \ {j1}
22: end if
23: end while
24: if f̂(A) ≤ f̂(Ω \A) then
25: O′ ← A1, return O′

26: else
27: O′ ← Ω \A1, return O′

28: end if
29: end procedure

local minimum is known to be within a factor of 1/6 for the
nonmonotone submodular maximization problem with matroid
basis constraint [24]. This optimality bound can be improved
by 1/3 by exploiting the partition matroid structure of (10),
as shown in the following theorem.

Theorem 2. Let M satisfy f̂(A) ≤M for all A ⊆ Ω. Define
O′ to be the set chosen by Algorithm 1, and let O∗ be the
optimal solution to min {f(O′) : O′ ⊆ Ω}. Then

M − f(O′) ≥
(

1

3 + ε

)
(M − f(O∗)). (11)

Denote the cardinality |Ω| by N . The complexity of Algo-
rithm 1 is described by the following proposition.

Proposition 1. Let fmin = min {f(O′) : O′ ⊆ Ω} and
fmax = max {f(O′) : O′ ⊆ Ω}. The runtime of the algorithm
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is bounded above by O(NT0), where T0 =
⌈ log

[
fmin
fmax

]
log (1−ε)

⌉
.

The proofs for Theorem 2 and Proposition 1 can be found
in the appendix.

D. Adaptive Selection Algorithm

The approach of Algorithm 1 introduces additional errors
due to the approximation resulting from the linearization of the
nonlinear power flow equations (1)–(2). In what follows, we
present an adaptive approach that reduces these errors. Instead
of using fixed values of ∆Q and the Jacobian matrix J , the
adaptive algorithm solves the power flow equations at each
iteration after selecting a capacitor/reactor bank to switch. The
values of J and ∆Q are updated based on the new operating
point. Algorithm 2 embodies this adaptive approach.

Algorithm 2 Algorithm for adaptively selecting a set of
capacitor/reactor banks to inject reactive power.

1: procedure ADAPTIVE VC(v, vref , ω, q, b, c, O, F )
2: Line 2− 14 in Algorithm 1
3: Compare ∆f̂0 and ∆f̂1

4: if ∆f̂0 < ∆f̂1 then
5: A← A \ {vj00} ∪ {vj01}
6: A1 ← A1 ∪ {j0}, A0 ← A0 \ {j0}
7: [Switch j0 and update f̂ : voltages v; O = A1 and
F = A0; Jacobian inverse matrix J−1 and weights ω]

8: else if ∆f̂0 > ∆f̂1 then
9: A← A \ {vj11} ∪ {vj10}

10: A0 ← A0 ∪ {j1}, A1 ← A1 \ {j1}
11: [Switch j1 and Update f̂ : voltages v; O = A1 and

F = A0; Jacobian inverse matrix J−1 and weights ω]
12: end if
13: Line 23− 28 in Algorithm 1
14: return O′

15: end procedure

Algorithm 2 proceeds with a logic similar to Algorithm 1.
At each iteration, the algorithm selects a device j ∈ Ω, such
that switching device j will lower the cost function f̂(A).
Before entering the next iteration, the centralized controller
implements this switching action in simulation, and updates
the cost function f̂ by requesting the post-switching system
state from the nonlinear power flow solver.

Compared to Algorithm 1, Algorithm 2 requires one extra
step at each iteration for solving the power flow equations,
denoted by F (x) = 0. If the nonlinear power flow solver uses
Newton-Raphson iterative method, provided that a good initial
guess is known, then it adds a complexity of O((log k)H(k))
to each iteration of Algorithm 2, where H(k) is the cost
of calculating F (x)/F ′(x) with k-digit precision. Thus, the
overall computational complexity of Algorithm 2 is O((N +
O((log k)H(k)))T0).

V. CASE STUDY: 300-BUS TRANSMISSION SYSTEM

This section presents test results of our proposed voltage
controller on the IEEE 300-bus test system. A state-of-the-art

algorithm [4] based on voltage sensitivities to reactive power
changes is also implemented for comparison.

A. Test Setup

Power system state information (including voltage magni-
tudes V and angles θ) is obtained by solving power flows
using Matpower [25]. Initial power flow data for the IEEE 300-
bus test system is provided by the program default function
case300.m and all test cases considered in this section
are generated from this base case with variations in power
demands. A power flow solution of the original case300.m
produces an unrealistic voltage profile with a number of
voltages both above and below the acceptable [0.95, 1.05] per
unit voltage range.

Because an optimal power flow (OPF) is not able to find
a feasible solution for the original loading conditions, the
following procedure was used to create realistic low voltage
initial conditions. We obtain an initial operating point by
scaling the active and reactive loads in the original data by
a factor α < 1. We then solve the OPF to get all bus voltages
within the range V opfmin = 0.95 to V opfmax = 1.05. Finally we
scale the active and reactive loads by a factor β > 1 at each
PQ bus and solve the power flow equations. A larger β value
corresponds to an increase in loading and hence additional
violations of the lower voltage limit. The following parameter
values were used:

1) Case 1: α = 0.89, β = 1.07.
2) Case 2: α = 0.89, β = 1.08.
Once an initial operating point was created, we initialized

the rest of the simulation as follows. The reference voltages
at PQ buses were set to vref = 1 p.u.. We assume that a
capacitor bank is available at each PQ bus. The IEEE 300-
bus system consists of a main transmission network with
high nominal voltages (66-345 kV) and a small part (buses
labeled 9001-9533 in case300.m) with low nominal volt-
ages (0.6-13.8 kV). Thus, two types of capacitor banks are
assumed to be installed at different PQ buses. Capacitors in the
main transmission network are assumed to have capacitance
C = 0.003 Mvar/kV 2 (e.g., 155-Mvar capacitor bank at
230 kV, [4]), while capacitors at the low-voltage branch have
capacitance C = 0.03Mvar/kV 2 (e.g., 6-Mvar capacitor
bank at 13.8 kV, [26]). We do not consider reactors in this
simulation. We assume that no capacitor banks are energized
at the initial operating point, i.e., O = ∅.

All algorithms are implemented in MatlabTM. Given neces-
sary information including the initial voltages, corresponding
Jacobian matrix and capacitances of capacitor banks, each
algorithm returns a set S of buses where reactive power will
be injected.

The total cost f(S) of any switching action S is calculated
using Eq. (6). We choose a trade-off factor λ = 1. For
switching costs at bus i, we set bi = 1 and ci = 1 for switching
capacitor banks off and on, respectively. The parameters used
in cost function f are chosen to make the switching costs
relatively small compared to penalties on the voltage deviation,
such that switching solutions are differentiated mainly by their
impact on the voltage.
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Fig. 1: Comparing submodular voltage control with sensitivity-based voltage control in test case 1. (a) Initial voltage deviation.
Initially, 19 buses are below the desired operating voltage. (b) Effect of the submodular control algorithm on system voltages.
After exerting control, one bus is at 1.05 p.u. and no bus is below 0.95 p.u.. (c) Change in voltage due to the sensitivity voltage
control. After exerting the control, 3 PQ buses have voltages below the desired operating range of [0.95, 1.05] p.u..
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Fig. 2: Convex penalty function h(x) for voltage deviation.

The convex penalty function, h, on voltage deviations from
Eq. (6) is defined by

h(x) =


(

x−Vhigh

Vmax−Vhigh

)4

, x > Vhigh

0, Vlow < x ≤ Vhigh(
x−Vlow

Vmin−Vlow

)4

, x ≤ Vlow

where Vlow = −0.02 and Vhigh = 0.02 are the lower and
upper bounds on the desired voltage region, while Vmin =
−0.05 and Vmax = 0.05 are limits defining voltage violations
(Figure 2).

For comparison, we implement the sensitivity-based control
algorithm of [4], which proceeds as follows. The controller
first calculates voltage sensitivities of each bus i due to a
reactive power change at bus k using the Jacobian matrix J
by

Λi = min
j

∣∣∣∣ ∂Vi∂Qk
/
∂Vj
∂Qk

∣∣∣∣ , 0 ≤ Λi ≤ 1.

It then divides the system topology into M control areas for
M voltage violating nodes. Given any threshold Λ∗, each
area k has nodes defined by the set Ak = {∀i : Λi >
Λ∗ for any injection at bus k}. Areas are combined if they
are not disjoint, Ax ∩ Ay 6= ∅. In each area, the controller
enumerates all possible control actions and selects the set of
actions S that minimizes f(S).

In the following subsections, we present the performance
of submodular control Algorithm 1 and adaptive control Al-

gorithm 2, as well as the sensitivity algorithm, for the two test
cases we created. Buses are labeled by integers from 1 to 300
following the order in case300.m. We choose the parameter
ε = 0 for both Algorithm 1 and Algorithm 2.

B. Comparison of Submodular and Sensitivity-Based Methods
Figure 1(a) shows the initial voltages prior to any control

actions for test case 1. 19 PQ buses have voltages below
0.95 with a minimum voltage of 0.8834 p.u. at Bus 282.
The maximum voltage is 1.0498 p.u. at Bus 300, which is
within the limits. The initial operating point has a total cost
f(∅) = 537.6943.

Since the error in the linear prediction of voltage deviation is
negligible, we observe that Algorithm 1 and Algorithm 2 give
the same switching set Ssub = {133, 157, 270}, which lowers
the total cost to f(Ssub) = 20.4634. After control is exerted,
no bus voltage falls below 0.95 p.u., while the voltage of Bus
127 is at the upper limit (Figure 1(b)). We observe that, while
19 buses experienced low voltages, only one of them (157)
was selected to inject reactive power.

For the sensitivity approach in test case 1, a threshold
Λ∗ = 0.2 is used as suggested in [4]. The sensitivity-
based algorithm took five times as long to complete as the
submodular control algorithm on a Macbook with 2.4GHz
dual-core Intel Core i5 processor and 8GB RAM. The sen-
sitivity approach identifies four areas (A1, A2, A3, A4) con-
taining 1, 3, 5 and 18 buses, respectively. Four sets of buses,
S1 = {293}, S2 = {44, 45, 48}, S3 = {124, 157, 158, 159},
and S4 = {268, 269, 271, 272, 285, 290, 291} are selected to
inject reactive power in areas A1, A2, A3 and A4, respectively
(Figure 1(c)). This control solution (Ssens = S1∪S2∪S3∪S4)
results in 3 PQ buses with voltage below 0.95 p.u. while 1 bus
(127) has a voltage of 1.0599 p.u., which is above the upper
limit. The total cost has been lowered to f(Ssens) = 40.9636.

An intuitive explanation for the different outcomes of the
submodular and sensitivity-based algorithms is as follows. In
order to reduce computation time, the sensitivity algorithm
partitions the power system into regions around buses with
voltage violations, and attempts to find a set of reactive power
injections within each region to resolve any voltage deviations.
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Fig. 3: Comparing adaptive submodular and non-adaptive submodular voltage control in test case 2. (a) Initial voltage deviation.
Initially, 31 buses are below the desired operating voltage. (b) Effect of the adaptive submodular control algorithm on system
voltages. After exerting control, 1 bus is above 1.05 p.u. and 1 bus is below 0.95 p.u.. (c) Effect of the non-adaptive submodular
control algorithm on system voltages. After exerting control, 1 bus is above 1.05 p.u. and 4 buses are below 0.95 p.u..

In this case, however, any additional switching actions beyond
S4 within region A4 results in a minor reduction in voltage
deviation at a high switching cost. The sensitivity algorithm
therefore selects S4 as the local optimal control actions within
this region. On the other hand, our submodular control algo-
rithm restores the voltages to the desired range by selecting
devices outside the region A4 to inject reactive power. In
summary, this test case suggests that the submodular algorithm
provides a better performance than sensitivity-based algorithm
when different areas of the grid are highly interdependent. This
is because an optimal strategy has to take into account local
voltage deviations as well as the coupling between areas.

C. Comparison of Non-Adaptive and Adaptive Algorithms

We now compare the performance of the adaptive con-
trol algorithm (Algorithm 2) with the non-adaptive algorithm
(Algorithm 1) in test case 2. The initial operating point has
31 buses with low voltages, including a minimum voltage of
0.8338 p.u.. Voltages at the other buses are within range, with
a maximum voltage of 1.0498 p.u.. Before taking any control
actions, the initial total cost is f(∅) = 3853.8877.

This is a much more heavily loaded operating point com-
pared to test case 1. Buses 280, 282 and 287 have voltages
that drop below 0.85 p.u., which must be mitigated through
reactive power injection. We set ε = 0 for both the non-
adaptive Algorithm 1 and the adaptive Algorithm 2. A large
threshold Λ∗ = 0.92 is used for the sensitivity algorithm,
which divides the system into 10 areas with a maximum
area size of 17 buses. This value of the threshold is chosen
to limit the number of buses in the largest control area
to a reasonable amount. Table I shows the control actions
and the resulting costs. While all algorithms significantly
reduce the total voltage deviations, Table II shows that the
submodular algorithms (Algorithm 1 and 2) achieve better
voltage profiles than the sensitivity-based controller. Figure 3
illustrates the performance of adaptive Algorithm 2 compared
to non-adaptive Algorithm 1. We observe that the adaptive
algorithm provides better performance due to a more accurate
prediction of voltage deviations in the heavy loading case.

TABLE I: Comparison of control actions selected by adaptive
submodular, non-adaptive submodular, and sensitivity-based
algorithms in test case 2

Algorithms Buses selected to
inject reactive power, S

Total cost, f(S)
(initial 3853.8877)

Adaptive {31,44,45,124,162,266,268} 21.0875
Non-adaptive {45,124,162,266} 27.8693

Sensitivity {27,32,34,35,44,45,46,157,269,272,280,281,282,
283,284,285,286,287,288,289,290,291,293,297,298} 184.2068

TABLE II: Voltage profile after exerting control under adaptive
submodular, non-adaptive submodular, and sensitivity-based
algorithms in test case 2

Algorithms
Number of buses
with low voltage
(below 0.95 p.u.)

Number of buses
with high voltage
(above 1.05 p.u.)

Lowest
voltage

Highest
voltage

Adaptive 1 1 0.9496 1.0510
Non-adaptive 4 1 0.9374 1.0510
Sensitivity 11 0 0.9053 1.0498

D. Voltage Control Following Generator Tripping

Any change in system topology, such as a generator or trans-
mission line tripping, could also cause low voltages (V < 0.95
p.u.). This is because after rebalancing the generation and load
following the topology change, the total reactive power loss
may increase, for example, due to more power flows on high
inductance transmission lines . This subsection presents a test
of the proposed submodular voltage control algorithm on an
initial operating point that has dozens of buses experiencing
low voltage following a generator tripping, with a comparison
to the sensitivity-based control algorithm. The goal of this
test is to demonstrate the ability of our proposed submodular
voltage control algorithms to correct voltage deviations arising
from a system topology change.

As in the previous two test cases, the initial operating
point for this test case is obtained from the IEEE 300-bus
system by scaling the active and reactive loads in the original
data case300.m down by the factor α = 0.89. The OPF
solution shows that all bus voltages are then within the range
V opfmin = 0.95 to V opfmax = 1.05 p.u.. All other parameters and
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Fig. 4: Comparing submodular voltage control and sensitivity-based voltage control in generator tripping case. (a) Initial voltage
deviation. In total, 25 buses are below the desired operating voltage. (b) Effect of the submodular control algorithm on system
voltages. After exerting control, no bus is above 1.05 p.u. and 2 buses are below 0.95 p.u.. (c) Change in voltage due to the
sensitivity voltage control. After exerting control, 1 bus is above 1.05 p.u. and 11 buses are below 0.95 p.u..

assumptions are the same as in the previous test cases.
The generator at Bus 165 is chosen to be tripped. Without

load shedding, the resulting loss in active power is fully
compensated by the slack bus. After this generator tripping,
a power flow solution produces a voltage profile with 25
buses having voltages below 0.95, the lowest voltage being
0.8614 p.u. These low voltages occur due to an increase
in reactive power losses from 3972.5 Mvar to 5641.6 Mvar
throughout the grid. Before exerting any controls, the voltage
deviations resulting from the generator tripping incur a total
cost f(∅) = 1564.8701.

We select the same parameters for algorithms as in test case
2, in order to limit the computational times of the different
algorithms to a comparable amount. For both the non-adaptive
Algorithm 1 and the adaptive Algorithm 2, we set ε = 0. For
the sensitivity algorithm, the threshold Λ∗ = 0.92 is used,
which divides the power system into 5 areas with a maximum
area size of 17 buses. In this test case, the sensitivity-based
algorithm requires at least three times the computing time
required by the submodular control algorithms.

Table III lists the buses selected for reactive power injection
and the resulting cost for each algorithm. The detailed voltage
profile after exerting control with each algorithm is given in
Table IV. We observe that the submodular voltage control
algorithms select fewer buses to inject reactive power but
results in a solution with more buses returning to the normal
operating region compared with the sensitivity algorithm. In
particular, both the adaptive submodular algorithm and non-
adaptive submodular algorithm are able to find a “key” bus,
Bus 270, where injecting reactive power can mitigate voltage
deviations at most buses. The voltage at this bus, however,
is less sensitive to its own reactive power injection compared
to its effect on some other buses. Because a large threshold
Λ∗ = 0.92 is used to ensure that the sensitivity algorithm
is computationally feasible, Bus 270 is excluded from the
control area in this case. Although a large number of buses
are selected, the sensitivity-based algorithm cannot effectively
reduce the voltage deviations at all buses compared to the
submodular algorithms.

Figure 4 demonstrates the shift of voltages at all PQ buses

with the non-adaptive submodular and the sensitivity-based
algorithms. We observe that in the case of tripping a generator
at Bus 165, the proposed submodular voltage control can
achieve better voltage profiles compared to the sensitivity
approach.

TABLE III: Comparison of control actions selected by
the adaptive submodular, non-adaptive submodular, and
sensitivity-based algorithms after generator tripping.

Algorithms Buses selected to
inject reactive power, S

Total cost, f(S)
(initial 3853.8877)

Adaptive {44,270} 19.1012
Non-adaptive {270} 20.5082

Sensitivity {35,44,45,157,269,272,280,281,282,283,
284,285,286,287,288,289,290,291,293} 165.4577

TABLE IV: Voltage profile after exerting control with
the adaptive submodular, non-adaptive submodular, and
sensitivity-based algorithms after generator tripping.

Algorithms
Number of buses
with low voltage
(below 0.95 p.u.)

Number of buses
with high voltage
(above 1.05 p.u.)

Lowest
voltage

Highest
voltage

Adaptive 1 0 0.9473 1.0500
Non-adaptive 2 0 0.9471 1.0510
Sensitivity 11 1 0.9080 1.0524

VI. CONCLUSION

This paper proposed computationally efficient centralized
voltage control algorithms with provable optimality bounds
that are scalable to large power systems. It presented a discrete
optimization approach for selecting a subset of reactive power
injection devices to minimize switching costs and voltage
deviations from desired levels. We proved that this formulation
is equivalent to submodular maximization with a matroid basis
constraint, leading to efficient approximation algorithms with
provable bounds. The algorithms were evaluated numerically
on the IEEE 300-bus transmission system and compared to an
existing voltage control algorithm. We found that our proposed
submodular control approach achieves voltage profiles with
less voltage deviation in the same computation time.
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APPENDIX

Proof of Lemma 3. The proof contains two parts. First, the
condition |A ∩ {vj0, vj1}| = 1 for all j ∈ Ω implies Ω =
A0 ∪A1 and hence we have∑

j∈A1\O

cj +
∑

j∈O\A1

bj =
∑

j∈A1\O

cj +
∑

j∈A0∩O
bj .

Then it suffices to show that, for each PQ bus i,

f̂i(A) = h

∑
j∈A1

ωij |∆Qj | − V̄i


when the condition |A ∩ {vj0, vj1}| = 1 holds for all j ∈ Ω.
We have∑
j∈A1

ωij |∆Qj | =
∑

j∈A1∩Pi

ωij |∆Qj |+
∑

j∈A1∩Ri

ωij |∆Qj |

=
∑

j∈A1∩Pi

ωij |∆Qj |+
∑
j∈Ri

ωij |∆Qj | (12)

−
∑

j∈Ri∩A0

ωij |∆Qj |,

where (12) follows from the fact that, under the assumption
on A, Ω = A0 ∪ A1 is a partition of the set Ω, and hence
Ri = (Ri ∩A0) ∪ (Ri ∩A1) and Ri ∩A1 = Ri \ (Ri ∩A0).
Then

h

∑
j∈A1

ωij |∆Qj | − V̄i


= h

 ∑
j∈A1∩Pi

ωij |∆Qj |+
∑

j∈A0∩Ri

|ωij ||∆Qj |

−

V̄i −∑
j∈Ri

ωij |∆Qj |

 = f̂i(A),

as desired.

Proof of Theorem 1. The approach of the proof is to
show a more general result, namely, that any function g(A)

defined by g(A) = h
(∑

j∈A αj − β
)
, where αj ≥ 0

and β ∈ R, is supermodular as a function of A. Define
ρ =

∑
j∈A\B αj∑
j∈A∆B αj

, where ∆ is the symmetric difference
operator. Since all αj’s are nonnegative, ρ ∈ [0, 1]. We have

∑
j∈A

αj = ρ
∑

j∈A∪B
αj + (1− ρ)

∑
j∈A∩B

αj ,∑
j∈B

αj = (1− ρ)
∑

j∈A∪B
αj + ρ

∑
j∈A∩B

αj .

By substitution, we have

g(A) + g(B) = h

∑
j∈A

αj − β

+ h

∑
j∈B

αj


=h

ρ
 ∑
j∈A∪B

αj − β

+ (1− ρ)

 ∑
j∈A∩B

αj − β


+ h

(1− ρ)

 ∑
j∈A∪B

αj − β

+ ρ

 ∑
j∈A∩B

αj − β


≤ρh

 ∑
j∈A∪B

αj − β

+ (1− ρ)h

 ∑
j∈A∩B

αj − β


+ (1− ρ)h

 ∑
j∈A∪B

αj − β

+ ρh

 ∑
j∈A∩B

αj − β


=g(A ∪B) + g(A ∩B),

which establishes the supermodularity of g.
Since the function f̂i(A) can be obtained from g(A) by

setting αj = |ωij ||∆Qj | and β = V̂i, each f̂i(A) is su-
permodular. The terms

∑
i∈A1\O ci +

∑
i∈A0∩O bi can be

shown to be modular. The function f̂(A) is therefore a
sum of supermodular and modular functions, and hence is
supermodular.

Proof of Theorem 2. Let A∗ = {vi1 : i ∈ O∗} ∪ {vi0 :
i ∈ Ω \ O∗} and A = {vi1 : i ∈ O′} ∪ {vi0 : i ∈ Ω \ O′}.
Define a function ĝ(A) = M − f̂(A), so that ĝ is a
nonnegative submodular function. By Lemma 2,

(2 + ε)ĝ(A) ≥ ĝ(A ∪A∗) + ĝ(A ∩A∗). (13)

From Algorithm 1, Line 22−26 implies that f̂(A) ≤ f̂(Ω\A).
Applying it to (13) yields

(3 + ε)ĝ(A) ≥ ĝ(A ∪A∗) + ĝ(Ω \A) + ĝ(A ∩A∗). (14)

By submodularity and nonnegativity of ĝ, we have

ĝ(A ∪A∗) + ĝ(Ω \A)

≥ ĝ(Ac ∩ (A ∪A∗)) + ĝ(Ac ∪ (A ∪A∗))
= ĝ(Ω) + ĝ(A∗ \A) ≥ ĝ(A∗ \A).

Applying this inequality to (14) yields

(3 + ε)ĝ(A) ≥ ĝ(A∗ \A) + ĝ(A ∩A∗)
≥ ĝ(A∗) + ĝ(∅) ≥ ĝ(A∗)

by submodularity of ĝ. By Lemma 3, ĝ(A) = M −f(O′) and
ĝ(A∗) = M − f(O∗). Substitution of ĝ then gives (11).

Proof of Proposition 1. Let O′i denote the set O′

after i iterations of the algorithm. By construction,
f(O′i) < (1− ε)f(O′i−1), and hence f(O′i) < (1− ε)if(O′0).
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Let T denote the number of iterations before the algorithm
terminates. By definition,

fmin ≤ f(O′T ) < (1− ε)T f(O′0) ≤ (1− ε)T fmax.

Rearranging terms yields T ≤ T0. Each iteration requires at
most N evaluations of the objective function f(O′) in order
to identify a capacitor/reactor bank to activate or deactivate,
implying that the computation is O(NT0) in the worst case.
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