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Abstract

In this paperwe presentan approacho the nonlinearmodelreduction
basedon representinghe nonlinearsystemwith a piecevise-linearsys-
temandthenreducingeachof the pieceswith aKrylov projection.How-
ever, ratherthanapproximatingheindividual componentsispiecavise-
linear and then composinghundredsof componentso malke a system
with exponentiallymary differentlinearregions,we insteadgeneratea
smallsetof linearizationsaboutthestatetrajectorywhichis theresponse
to a ‘training input’. Computationakesultsand performancedataare
presentedor a nonlinearcircuit anda micromachinedixed-fixed beam
example. Theseexamplesdemonstratehat the macromodelobtained
with the proposedreductionalgorithm are significantly more accurate
than modelsobtainedwith linear or the recently developedquadratic
reductiontechniques.Finally, it is shavn thatthe proposedechnique
is computationallyinexpensve, andthatthe modelscanbe constructed
‘on-the-fly’, to acceleratsimulationof the systenresponse.

1. Intr oduction

Integratedcircuit fabricationfacilities are now offering digital system
designersheability to integrateanalogcircuitry andmicromachinedle-
vices, but suchmixed-technologymicrosystemsare extremely difficult
to designbecausef thelimited verificationandoptimizationtoolsavail-
able. In particular thereare no generallyeffective techniquedor auto-
matically generatingreduced-ordesystem-lgel modelsfrom detailed
simulationof the analogandmicromachinedlocks. Researclover the
pastdecadenautomatianodel-reductiomasleadto enormougprogress
in stratgiesfor linear problems suchasthe electricalproblemsassoci-
atedwith interconnectand packaging,but thesetechniqueshave been
difficult to extendto the nonlinearproblemsassociatedvith analogcir-
cuitsandmicromachinedievices.

In this paperwe presentan approachto the nonlinearmodelreduction
basedon representinghe nonlinearsystemwith a piecavise-linearsys-
tem andthenreducingeachof the pieceswith Krylov subspacerojec-
tion methods.However, ratherthanapproximatingthe individual com-
ponentsas piecavise-linearand then composinghundredsof compo-
nentsto make a systenmwith exponentiallymary differentlinearregions,
we insteadgeneratea small setof linearizationsaboutthe statetrajec-
tory which is theresponseo a "training input”. At first glance,suchan
approachwould seemto work only whenall theinputsarevery closeto
thetraininginput, but asexampleswill shaw, thisis notthecase.In fact,
the methodeasily outperformsrecentlydevelopedtechniquedasedon
quadratiaeduction.

We startin the next sectionby describinga circuit anda micromachined

i) iy(v) i) ig(v)

T T

Figure 1: The nonlinear circuit example.

device example,to male clearthe nonlinearmodelreductionproblem,
andthenin Section3 we describethe existing nonlinearreductiontech-
niguesin amoreabstracsetting.In Sectiond, we presenthetrajectory-
basediecavise-linearmodelorderreductionstratgy andoutlineanap-
proachfor acceleratinghe needecsimulation. Examplesare examined
in Sectionb, andin Section6 we presenbur conclusions.

2. Examplesof nonlinear dynamic systems

A large classof nonlineardynamicsystemamay be describedisingthe
following statespaceapproach:

{ ) — £ (x(t)) +Bu(t) @

wherex(t) € RN is avectorof statesf : RN — R is anonlinearvector
valuedfunction, B is an N x M input matrix, u: R — RM is an input
signal,C is anN x K outputmatrixandy : R— RX is theoutputsignal.

In thispapemvewill focusontwo distinctexamplesof nonlinearsystems
which may be describedby equationg1) and,dueto their highly non-
linear dynamicbehaior, illustrate well the challengesassociatedvith
nonlinearmodelorderreduction.

The first example,consideredy Chenet al. [1], is a nonlinearcircuit
shavnin Figurel. Thecircuit consistof resistorscapacitoranddiodes
with a constitutive equationiq(v) = exp(40v) — 1.1 For simplicity we
assumehatall the resistorsand capacitorshave unit resistanceandca-
pacitancerespectiely (r = 1,C = 1). In this casetheinputis thecurrent
sourceenteringnodel: u(t) = i(t) andthe (single)outputis choserto
bethevoltageatnodel: y(t) = vy (t).

1In the linear model, consideredater on, we assumethatig(v) = 40v
andin the quadrationodel—ig(v) = 40v+ 800/,
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Figure 2: Micr omachined fixed-fixed beam (following Huang et
al. [8]).

Theotherexampleis amicromachinedixed-fixedbeamstructureshavn
in Figure2. Following Huanget al. [8], the dynamicbehaior of this
coupledelectro-mechanical-fluidystemcan be modeledwith 1D Eu-
ler's beamequationand 2D Reynolds’ squeezdilm dampingequation
givenbelow:
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wherex, y andz areasshavn in Figure2, E is Youngs modulus|| is the
momentof inertiaof thebeam Sis thestresscoeficient, p is thedensity
pa is theambientpressurejl is theair viscosity K is the Knudsenum-
ber, w is the width of the beamin y direction,u = u(x,t) is the height
of thebeamabore the substrateand p(x, y,t) is the pressurelistribution
in thefluid below the beam.The electrostatidorceis approximateds-
sumingnearlyparallelplatesandis givenby Fejec= — % wherev is
theappliedvoltage.

Spatialdiscretizationof equations(2) and (3) using a standardfinite-
differencescheme(cf. [17]) leadsto a large nonlineardynamicsystem
in form (1). In this casethe statevectorx consistof heightsof thebeam
above the substratgu) computedat the discretegrid points, their time
derivatives,andthe valuesof pressureébelonv the beam.In this casewe
selectour outputy(t) asthedeflectionof thecenterof thebeamfrom the
equilibriumpoint (y(t) = r(t) —cf. Figure2).

3. Model Order Reductionfor nonlinear systems

Supposeéheinitial dynamicsystem(1) is of orderN, i.e. is describedy
N statesThemaingoalof modelorderreductiontechniquess to gener
ateamodelof this systemwith q statewhereq <« N), while preserving
accuratelytheinput/outputbehaior of theoriginal system.Virtually all
thenumericalmodelorderreductionstratgiesarebasedon the concept
of projectingthe statesof the initial systemonto a suitablyselectede-
ducedorderstatespace Thismayalsobeviewedasperformingachange
of variables:

x=Vz (4)

wherezis ag-th orderprojectionof thestatex (of orderN) in thereduced
orderspaceandV is anN x g orthonormalmatrix representing trans-
formationfrom the original to the reducedstatespace.In otherwords,
columnsof V defineanorthonormabasiswhich spanghereducedrder
statespace.

Substituting(4) in (1) andmultiplying thefirst of theresultingequations

by VT yields:

dz(t) =VTf(Vz(t))+VTBu{t)
{ y_(‘S =CTvzt). ©

Therearetwo key issuesconcerningepresentatiofs) of theinitial dy-

namicsystem(1). Thefirst oneis selectinga reducedasisVv, suchthat
system(5) provides good approximationof the initial system(1). For

thelinearcase(i.e.if f(-) is alineartransformation)thereareanumber
of methodsfor determiningv. They include: selectingvectorsfrom or-

thogonalizedime-serieslata[8], computingsingularvectorsof the un-

derlying differentialequationHankel operator{6] or examiningKrylov

subspacefl], [2], [4], [7], [10], [11], [12], [15], [17]. The approach
basedon usingtime-seriegataextendsdirectly to the nonlinearcases,
andtheHanlel operatormndKrylov subspacbasedstratgiescanbeex-

tendedo thenonlinearcaseusinglinearization(Taylor’s expansionspf

thenonlinearsystemfunction f (-) [1], [2], [11], [17].

Theotherkey issuein applyingformulation(5) for reducedrdermodel-
ingis finding arepresentationf VT f (V-) whichallows low-coststorage
andfastevaluation.Supposel = 100 000andq = 10. If noapproxima-
tions aremadeto the nonlinearfunction f(-), thencomputingv " f (Vz)
requiresO(100Q 000) operationsandis too costly. The simplestapprox-
imationfor f(-), which allows O(q) (not O(N)) storageandevaluation
of VT f(V-) is basedn Taylor’s expansionaroundtheinitial state(equi-
librium point) Xo:

f(x) = f(XO)+AO(X*XO)+%\M)(X*XO)@(X*XO)

where® is the Kronecler product,andAg and\Wy are,respectiely, the
JacobiarandtheHessiarof f(-) evaluatedattheinitial statexp. Thisap-
proachleadsto thefollowing reducedrdermodelsproposedn [1], [2],

[11] and[17]. For thelinearcasethereducedrdermodel(5) becomes:

{ 928 — VT £ (x0) + Aorz+V T Bu(t) (6)
y(t) =CTvzt)

where Ay, = VTAQV is a q x g matrix. The quadraticreducedorder
modelis givenby [11]%:

{ 920 _ VT £ (x0) + Ao 2+ 2y (222) +VTBU(t) @
y(t) =CTVz(t)

whereWp, =VTWh(V®V) isaqgx ? matrix. In theabave formulations,
dueto the fact that the reducedmatricesare typically denseand must
be representedxplicitly, the costof computingV ™ f(Vz) termandthe
costof storingthe reducedmatricesAor (Agr andWp, in the quadratic
case)are O(q2) (in the linear case)and O(q3) (in the quadraticcase).
Therefore,althoughthe methodbasedon Taylor's expansionsmay be
extendedo higherordersof nonlinearitied11], this approachs limited

in practiceto cubic expansionsdueto exponentiallygroning memory
andcomputationatosts.For instancejf we considerquarticexpansion
of orderq = 10, then the memory storagerequirementexceedsg® =

100 000 elementsandthe computationatostis O(g®). In mostcasest

becomesnefficient to useso computationallyexpensve reducedorder
models.

4. Piecewise-lineamodelorder reduction

As describedin the previous section,reducedorder modelsbasedon
Taylor seriesexpansionbecomeprohibitively expensve whenthe order
of includednonlinearitybecomedarge. Onthe otherhand,asimplelin-

earizedreducedcbrdermodel(6), althoughcomputationallyinexpensve,

2An alternatve formulationof thequadraticeducedrdermodelis pre-
sentedn [1]. Bothformulationsgive almostidenticalresults.



maybeappliedonly to weakly nonlinearsystemsandis usuallyvalid for

a very limited rangeof inputs[17]. This leadsusto proposingan ap-
proachtowardsmodel orderreductionbasedon quasi-piec&ise-linear
approximation®f nonlinearsystems.The ideais to represent system
asa combinationof linear models,generatedat differentlinearization
pointsin the statespace(i.e. differentstatesof the initial nonlinearsys-
tem). Thekey issuein this approachs thatwe will be consideringmul-

tiple linearizationsaroundsuitablyselectedstateof the systemjnstead
onrelying on a singleexpansionaroundtheinitial state.

4.1 Piecewise-linearepresentation
Let us assumene have generated linearizedmodelsof the nonlinear
system(1), with expansionsaroundstatesy, ... ,Xs_1:
dx _
dt
wherexg is theinitial stateof thesystemandA; arethe Jacobiansf f(-)

evaluatedat statesx;. We now considera weightedcombinationof the
above models:

f(xi) +A(x=x)+Bu

dx s—1 s—1
= 2T+ S BOAGx) 1B (@)

whereW;(x) are weightsdependingon statex. (We assumethat, for

all x, Zi;&vvi (x) = 1.) The choiceof weightsis discussedateron in

this section. Assumingwe have alreadygeneratea g-th orderbasisV
(cf. (4)) we may considerthe following reducedorderrepresentationf

system(8):

y=Cz

whereB; =VTB,Cr =CTV, Ar = [AqrArr ... As_1)] andAy =VTAV,
y=1[o---Ys-1] =

[VT((%0) — Ao0), - VT (F(%s 1)~ As 1% 1)]

and[zp,2,...,Zs—1] arerepresentationsf linearizatiorpointsxg, .. . , Xs—1
in thereducedasis:

{ & = (A w@")zty-w@)" +Bru 9)

[207217 s 725—1} = [\/TXO)VTle e 7VTXS—1]

Finally, w(z) = [Wo(2) ... ws_1(2)] is avectorof weights(norm||w(z)|| =

1 for all 2). At this point we needto find a procedurefor computing
the weightswi, given currentstatez andthe linearizationpointsz. We

assumehatweightsw; for the reducedmodelsA;i arecomputedbased
ontheinformationaboutthedistanceg|z— z|| of thelinearizationpoints
from the currentstatez. We requirethatthe ‘dominant’ modelA|, is the
onecorrespondingo thelinearizationpointz; whichis theclosesto the
currentstateof the system.

Thefollowing proceduresf computingw; ensureshattheabore require-
mentis satisfied:

1. Fori=0,...,(s—1) compute:d; = ||z— z]|>.
(Alternatively we maytake d; = ||Cr(z—z)||2.)

2. Computem=min{d; :i=0,...,(s—1)}.
3. Fori=0,...,(s—1) computew; = (exp(d;)/m))~25.

4. Normalizew;.

Onemay notethat, in the abore procedurethe distribution of weights
changesather‘'sharply’ asthe currentstatez evolvesin the statespace,
i.e. oncee.g.zj becomeshe point closestto z, thenweightw; almost
immediatelybecomed.. This providesarationalefor referringto model
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Figure 3: Generation of the linearized modelsalong a trajectory of
anonlinear systemin a 2D statespace.

(9) asa piecavise-linearreducedordermodel of nonlinearsystem(1).
Clearly, the procedurgresentecbove providesonly anexample.Nev-
erthelessasshavn in thefollowing sectionsjt may be effectively used
in practice.

4.2 Generation of the piecewise-linearmodel

So far it hasnot beendiscussechow to generatethe weightedmodel
given by (8) or, morespecifically how to selectlinearizationpointsx;.
We may assumethat linearizationof a nonlinearsystem,generatedat
statex; is valid or accuratdor agivenstatex if thisstateis ‘closeenough’
to the linearizationpoint x;, i.e. ||x— || < €, which meansthatx lies
within a ball (in an N-dimensionalspace)of radiuse and centeredat
Xi. Supposeve would like to cover an N-dimensionalstatespacewith
suchballs. (Thereforeassuringthat for ary statewe will find a valid
linearizedmodel.) Then, assuminge.g. that the statespaceis an N-
dimensionahypercube:[0;1] x ...[0;1] € RN, N = 1000ande = 0.1,
thetotal numberof modelsto be generateavould equalroughly 161000,
This is clearly a totally infeasibleapproachdueto enormousmemory
andcomputationatosts.

Insteadof finding linearizedmodelscovering the entire N-dimensional
statespacewe proposeto generate collectionof modelsalongasingle,
fixedtrajectoryof the system?® This meanswe generate trajectoryby
performinga singlesimulationof the nonlinearsystenfor afixed‘train-
ing’ input. (In fact, we may performa fasterapproximatesimulation,
whichis discussedateronin this section.)This procedures depictedn
Figure3. Givenatraininginput signalu(t) andinitial statexy we pro-
ceedasfollows: 1) We generate linearizedmodelaroundstatex; (ini-
tially i = 0); 2) We simulatethe behaior of the nonlinearsystemwhile
||x—xi|| < &, i.e.while the currentstatex is closeenoughto thelastlin-
earizatiorpoint; 3) We take anew linearizationpointxj+1 = x (i := i+ 1)
andreturnto stepl). In this procedurave mayfix themaximumnumber
of modelswe wantto generatelt shouldbestressedhatthis piecavise-
linear approachis differentfrom methodspresentece.g.in [3] or [9],
wherepiecavise-linearapproximation®f individual element®of thecir-
cuit (e.g.diodesor transistorspreconsidereédndavery largecollection
of linearmodelsis used.In our algorithm,the piecavise-linearapprox-
imationappliesto atrajectoryof the entire nonlinearsystemandthere-
fore the numberof linearizedmodelsmay be keptsmall.

3Theideaof usingacollectionof linearizedmodelsalonge.g.anequilib-
rium manifold or a giventrajectoryis alsousedin designof gainsched-
uledcontrollersfor nonlinearsystems- cf. [14], [16].



System response for step input voltage v(t) = 9H(t)
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Figure 4: Comparison of systemresponse(micromachined beam
example) computed with linear, quadratic and piecewise-linearre-
duced order models(q = 40 and q = 41) to the step input voltage
u(t) =9 (t > 0). The piecewise-linearmodel was generatedfor the
7-volt stepinput voltage.

As illustratedin Figure 3, the procedureproposedabore allows oneto

‘cover with models’only the part of the state-spacéocatedalongthe
‘training’ trajectory (curve A). Let us assumethat the reducedorder
model(5) is composedf linear modelsgeneratedlongthis trajectory

If a certainsystems trajectory correspondindo a giveninput signalu,

lies within theregion of the statespacecoveredby thesemodels we ex-

pectthattheconstructegbiecavise-lineamodel(5) will suitablyapprox-
imatetheinput/outputbehaior of theinitial nonlinearsystem(cf. curve

B). It shouldalso be stressedt this point that, althoughthe consid-
eredtrajectorystayscloseto the ‘training’ trajectoryin the statespace,
the correspondingnput signal can be dynamicallyvery differentfrom

the ‘training’ input. In otherwords,we may apply the piecevise-linear
modelfor inputswhich aresignificantlydifferentfrom the ‘training’ in-

put, providedthecorrespondingrajectoriestayin theregion of thestate
spacecoveredby thelinearizedmodels(cf. resultsin Section5).

Whentheinput signalcauseghe trajectoryto leave the region covered
by the linearizedmodels(cf. curves C and D in Figure 3), then the
piecavise-linearmodel (5) will mostlikely not provide a significantly
betterapproximationto the nonlinearsystemthan a simple linear re-

ducedmodel(6). This situationhasbeenillustratedin Fig. 4. Dueto a
differencen amplitudesbetweerthe ‘training’ input (u(t) = 72) andthe
testinginput (u(t) = 9°) the piecavise-linearmodelis no longerableto

reproduceaccuratelythe responsef the nonlinearsystem.Now, if we

generatehepiecavise-lineamodelwith a 9-volt traininginput (cf. Fig-

ure5), thenthis modelis ableto reproduceaccuratelythe nonlinearre-

sponse. One shouldnote that in this casethe piecevise-linearmodel
is ableto accuratelymodelthe dynamicsof a highly-nonlinearpull-in

effect (the beamis pulled down to the substrate)which is of particular
importancen applicationg8]. Onemaynotefrom thegraphthatthelin-

earmodelis notableto reproducehis phenomenonwhile the quadratic
modelis unableto reproducethe correctdynamics. Still, this example
shaws thatif the piecavise-linearmodelis to be usedfor inputs with

very differentscalesoneshouldconsidermorecomplicatedschemef

generatindinearizedmodels basecde.g.on multiple traininginputs.

4Theadditionalrationalefor this obserationis thatin typical situations
thedimensionsf obsenableandcontrollablespace®of a dynamicsys-
tem are much smallerthan the dimensionof its statespace. (This is
expectedo betruefor theexamplesof nonlinearSISOdynamicsystems
presentedn Section2.)

System response for step input voltage v(t) = 9H(t)
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Figure 5: Comparison of systemresponse(micromachined beam
example) computed with linear, quadratic and piecewise-linearre-
duced order models(q = 40 and q = 41) to the step input voltage
u(t) =9 (t > 0). The piecewise-linearmodel was generatedfor the
9-volt stepinput voltage.

One may note that the proposedmethodof generatingthe piecavise-

linear modelof a nonlineardynamicsystemrequiresperformingsimu-

lation of theinitial nonlinearsystem(1) which may be very costly, due
to theinitial sizeof the problem. In orderto reducethe computational
effort we notethatit is unnecessarto computethe exacttrajectoryfor

the ‘training’ inputin orderto generatea collectionof linearizedmod-

els. In factit suficesto computean appioximatetrajectoryandobtain
only approximatdinearizationpoints. This leadsusto a fastsimulation
algorithm, which may be summarizedn the following points® 1) Us-

ing basisV we constructa reducedorderlinearizedmodelaroundstate
X (initially i = 0); 2) We simulatethe reducedorderlinear systemob-

tainedin Stepl while |[Vz—x;|| < §, i.e. whenthecurrentreducedrder
statez is closeenoughto thelastlinearizationpoint; 3) We take a new

linearizationpointxy1 = Vz (i :=i 4+ 1) andreturnto Step1.8

Matrix V, whosecolumnsdefinethe reducedorder basisusedto rep-
resentapproximatelystatevectorsof the system,is computedwith a
proceduradescribedn the next section.

4.3 Generation of the reducedbasis
ThereducedbrderbasisV = [v1,...vq], wherey; € RN, is obtainedn the
following threesteps:

1. We considerthe linearizationof the dynamicsystem(1) around
theinitial statexg:

dx
= 1000 Aolx—20)+Bul)
{ y(t) =CTx(t) (10)

whereA is theJacobiarof f(x), evaluatedatx = xp. We construct
an orthogonalbasisV = {vi,...,vi.x} in the I-th order Krylov
subspace:

Ki(AyL,Ay1B) = spar{A, 'B,... ,A,'B}, (11)

SDetailsof this fastsimulationalgorithm,in the context of modelorder
reduction,areto bepresentedn aforthcomingjournalpaper

6This approachshareseatureswith reducedbasismethodsfor solving
parabolicproblemg5]




usingthe Arnoldi algorithm[17] (or block Arnoldi algorithm[13]
if thenumberof inputsM > 1). This choiceof basisV ensureshat
I momentsf thetransferfunctionof thereducedrder linearized
model matchl momentsof the transferfunction for the original
linearizedmodel(10)[11].

2. We orthonormalizethe initial statevectorx with respectto the
columnsof V andobtainvectorvy1. To this endwe may use
e.g.theSVD algorithm.

3. WetakeV asaunionofV andviyy1: V = [V;Vimg1]-

So, the final size of the reducedbasisequalsq = IM + 1. The lasttwo

stepsensurethatwe will be ableto represenexactly the initial statexg

in thereducedasisV. (Notethatif theinitial stateof thesystemis zero,
then steps2 and 3 becomeunnecessary Exactrepresentatiorof the

initial stateguaranteeshatwe will correctly startthe fastapproximate
simulationof the nonlinearsystemin thereducedrderspace’

5. Computational results

This sectionpresentsesultsof computationsisingpiecavise-linearre-

ducedordermodelsobtainedwith the MOR techniqueproposedn Sec-
tion 4. Our main goalis to find out whetherthis techniquedoesreally

generate modelof our system Let usrecallthat,in theproposedOR

algorithm,themodel(which basicallyconsistof acollectionof reduced
orderq x g matricesAgr, A1r, ..., A(yl),) is obtainedby performinga
fastsimulationfor a giventraining input signal. In orderto showv that
we have indeedgenerated modelwe shouldverify thatit givescorrect
outputsfor notonly for theinputit wasgeneratedvith, but alsofor other
inputs.

This verificationwas doneexperimentally We consideredur nonlin-

earcircuit for N = 100 andgeneratedh reducedorder piecevise-linear
modelof orderq = 10 usinga stepinputi(t) = H(t — 3). For this ex-

ample thelinearizationpointchanged! times,thereforeour modelcon-
sistedof 5 reducedrdermatricesAq, ..., A4r. Thereducedrdermodel
wastestedfor a cosinusoidalnputi(t) = (coq2mt/10) +1)/2. There-

sultsareshavn in Figure6. Onemay notethat the outputvoltageob-

tainedwith the piecavise-lineareducedrdermodelaccuratelyapprox-
imatesthereferencevoltage(the curvesoverlapalmostperfectly).

Figure7 providesananalogougestfor the exampleof amicromachined
fixed-fixed beamdescribedn Section2. In this casethe reducedorder
model(g = 41) wasgeneratedor the 8-volt steptraininginput voltage.
(Themodelused9 linearizationpoints.) Thenit wastestedfor a cosinu-
soidalinput with a 7-volt amplitude.Onceagain,the transientobtained
with the proposedmodel matchesvery accuratelythe referenceresult
obtainedwith thefull nonlinearmodelof orderN = 880.

Figures6 and 7 alsoprovide a comparisorof the proposediecavise-
linear reducedorder modelwith linear and quadraticreducedmodels,
generatedusing methodsdescribedn [1], [11] and[17]. It is appa¥F

entfrom the graphsthatthe piecavise-linearreducedordermodelgives
significantlymoreaccurateesultsthanthelinearandquadraticeduced
ordermodelsusingTaylor's expansionaroundtheinitial state.lt should
bestressedt this pointthatall models(linear, quadraticandpieceavise-
linear) wereof the sameorderand,morewer, appliedthe samebasisvV

(obtainedwith the proceduredescribedn Section4.3).

"Above we presentednly the simplest(and the leastcomputationally
expensve) algorithmof generatinghereducedasisvV. Onemayeasily
extendthis schemeo constructabasiswhichincludese.g.statesusedas
subsequeniinearizationpoints and basisvectorsfor Krylov subspaces
correspondingo thesestates.
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Figure 6: Comparison of systemresponse(nonlinear circuit ex-
ample) computed with linear, quadratic and piecewise-linearre-
duced order models (of order q = 10) for the input currenti(t) =
(coq2mnt/10)+1)/2.
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Figure 7: Comparison of systemresponse(micromachined beam
example) computed with linear, quadratic and piecewise-linearre-
ducedorder models(of order q = 40and q = 41) for the input volt-
ageu(t) = 7coq4rt). The piecewise-linearmodel was generatedfor
the 8-volt stepinput voltage.

Tablel shavs a comparisorof performancef thediscussedOR tech-
niguesand the reducedorder solvers. All the algorithmswere imple-
mentedin Matlah The testswere performedin a Linux workstation
with Pentiumlll Xeon processar One may note that performancefor
linearandpiecevise-linearMOR algorithmsis comparable The gener
ation of the quadraticmodelis significantlymore expensve, dueto the
costly reductionof the Hessiammatrix, which requiresg? computations
of the matrix-vector productW (x® x), whereW is a full orderN x N?
Hessiammatrix (in this caserepresentedmplicitly — cf. [1]).

The memorycompleity of the piecavise-linearreducedordersolver is

O(sqz), wheres is the numberof linearizationpoints. Consequently
the memorycostis roughly s timeslarger thanfor the linear reduced
ordersimulator(for which this costis O(qz)). The costof the quadratic
reducecbrdersolveris O(q®) (thereducedbrderHessiarmustbestored



MOR Modelgeneration Simulation
method time[s] time[s]
linear

MOR 44.8 1.18
quadratic

MOR 2756.5 315
piecavise-

linearMOR 80.7 8.0

Table 1: Comparisonof the times of generationof the reducedmodel
and reduced order simulations for the quadratic and piecewise-
linear MOR techniques.The initial problemhad sizeN = 150Q The
reducedmodel had sizeq = 30. The testswere run for the nonlinear
circuit example.

explicitly asamatrix), soif s= g, thenthememoryrequirementgor the
piecavise-linearsolver are approximatelythe sameasfor the quadratic
solver. For our examples(cf. Figures6 and7), s= 5=~ /2 ands= 9~

q/4, respectiely, soin factthe memoryusedby the piecevise-linear
algorithmequaledoughlyonly half (anda quarter)of thememoryused
by the quadraticsolver.

6. Conclusions

In this paperwe have proposedan efficient numericalapproacttowards
automaticmodel orderreductionand simulationof nonlinearsystems.
The resultsobtainedfor the examplesof a nonlinearcircuit and a mi-
cromachinedbeamindicate that this method provides good accurag
for differentapplications. The methodalso provesto be characterized
by low computationabnd memoryrequirementsthereforeproviding a
cost-eficientalternatve for thenonlinearMOR techniquedasednlin-
earandquadrationodels.

Althoughthe algorithmin its currentstatehasproved to be very effec-

tive, a numberof its aspectgequirefurtherinvestigation,including the
proceduref meging (weighting)thelinearizedmodelsor themethodof

selectinglinearizationpoints. Therearealsomary possibleextensions
of the presentedechnique which may include applicationof multiple

reducedbaseqinsteadof a singlebasisgeneratedt the initial state)in

thereducedrderpiecavise-linearsimulatorsor developingschemesor

automaticmodelgeneratiorwith multiple ‘training’ inputs,which may
allow oneto extend the validity of the quasi-pieceise-linearreduced
ordermodelto inputswith differentscalesof amplitudes.

It shouldbe stressedhat applicationof the discussediecavise-linear
reducedorderapproachs notlimited to theclassof SISOor MIMO dy-
namic systemsfound in circuit or MEMS modeling. It may be easily
extendedfor usein macromodelingpf secondorder systemsarisingin
e.g.coupleddomainproblemsnvolving micromachinecelectromechan-
ical devices.

This work wassponsoredby the DARPA compositeCAD program,the
NSFprogramin computeraideddesignthe DARPA muri program,and
grantsfrom SynopsysCompadandintel.
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